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ON THE DEGREE OF CONVERGENCE OF LAPLACE’S SERIES* 
BY 


T. H. GRONWALL 


§ 1. Introduction. 


Let S denote a sphere of unit radius, and refer its points to a geographical 
system of codrdinates, @ being the polar distance and ¢ the longitude; the 
north pole and the zero meridian may be fixed arbitrarily. Further let 
f (6, ¢) be a uniform function of the position on the sphere, and suppose 
this function to be absolutely integrable in the Riemann sense, so that 


[1r@, lao 


exists, where do = sin 0d6d¢ is the surface element of S. We finally denote 
by 6’, ¢’ any point on S, the corresponding surface element being do’, and 
by vy the angle between the two vectors from the center of the sphere to the 
points 6, g and 6’, ¢’ respectively (or, in other words, the distance between 
the two points in question, measured on the great circle joining them). This 
angle y is completely determined by the condition 0 = y = 7, and we have 


cos y = cos 6 cos #’ + sin @ sin 6’ cos (g’ — ¢). 


Then the Laplace series corresponding to f (8, ¢) is 


() F (0,0) © [ $00", 1) Pa (c08 7) do’, 





P,, being the nth Legendre polynomial; the equivalence sign © sign fies that 
the series is considered in a purely formal way, and implies no statement in 
regard to its convergence. 

An important particular case is obtained by supposing f (@, ¢) independent 
of ¢; writing cos @ = x and f (0, ¢) =f (cos é) =f (x), the Laplace series 
(1) becomes the Legendre series corresponding to f (x): 


Q) f(z)» DowPalt); m= —g— | f(y) Paly)ay. 





* Presented to the Society February 22, 1913. 
Trans. Am. Math. Soc. 1 Uh 
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The present paper is concerned with the degree of approximation obtained 
by replacing f (6, ¢) by the sum of the first n + 1 terms in its Laplace series, 
or in other words, with the investigation of the function 


@) m{f(O,e)} =$0, 0) — Lg | F(6", @) Pr (cos ¥) do! 





‘under the assumption that for any two points 0, ¢ and @’, ¢’ the function 
f (0, ¢) satisfies a generalized Lipschitz condition of the form 


(4) If (0, 0) —f (8, o)| Zo (y), 


where, for y increasing, w (y) never decreases, and w (vy) / 7 never increases, 
while lim.) w (y) = 0. On account of the last condition, f (@, ¢) is ob- 
viously continuous all over the sphere S. 

In a recent paper, Jackson* has treated the corresponding problem for the 
Legendre series (2), assuming that f (2) satisfies the condition 


(5) |f (me) —f(m)|Zo(|e—m|), -lémnZzl, -lZanee 


the function w being subject to the same restrictions as above. He confines 
his investigation, however, to the points of the interval 


(6) Pel tege ce eee 


where ¢€ is any positive quantity. The methods of the present paper apply, 
on convenient specialization, to Legendre’s series for x = = 1; whenever the 
occasion arises, we shall compare our results with those of Jackson and thus 
bring out the fundamental difference between the behavior of the Legendre 
series in the interior points of the interval (— 1, 1) and in the end points. 

Section 2 of the present paper gives a lemma of fundamental importance: 
supposing f (8, ¢) in (1) limited by the condition that |f (0, ¢)| = 1 at 
every point of S, then there exists a function f (@, @) of this kind which 
makes the absolute value of the sum of the first m+ 1 terms in Laplace’s 
series a maximum p, at a given point 6, ¢, and it is shown that these con- 
stants pn, which we shall call the Lebesgue constants for Laplace’s series,t 
tend towards infinity with n as Vn,t{ or more accurately, that § 

* Dunham Jackson, I. On the Degree of Convergence of the Development of a Continuous 
Function According to Legendre’s Polynomials, these Transactions, vol. 13 (1912), pp. 
305-318. , 

+ Lebesgue first showed the fundamental importance of the corresponding constants for 
Fourier’s series; see Lecons sur les séries trigonométriques, Paris, 1906, § 45. 

t Jackson shows (I. c., pp. 8306-309) that the corresponding maximum for Legendre’s series 
in the interval (6) is inferior to a constant multiple of log n. ks 

§ The first proof of this relation may be found in §2 of my paper Uber die Laplace’sche 


Rethe (Mathematische Annalen, vol. 74 (1913), pp. 213-270); the present proof con- 
tains several simplifications and also some new developments which will be used in § 4. 
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im #- = 247 


In § 3 it will be shown that f (6, ¢) may be approximated by a sum 7’, (0, ¢) 
of spherical harmonics of degree not exceeding nm in such a way that 


. - 1 
6 tae as (600) 2 Ko(*) Or ae, 


at every point of the sphere S, K being a constant independent of n. The 
method of proof is closely related to that of Jackson* for the corresponding 
problem regarding f (a). 

In § 4, the preceding results are used to show that for all points of S 


Ira lf(8, 0) 1] ZK'o(2) Ve Cr al eyes ely 


K’ being a constant independent of n, and that, conversely, if Q(y) is a 
function subject to the same restrictions as w (7) and furthermore 


ey) 
yao ® (Y ) 





0, 


then there exists a function f (0, ¢) satisfying (4) and such that at a given 
point 6), ¢o the inequality 


lta tf (6s, ¢0)} |= Kra(=)vn 


is satisfied for an infinite number of values of n, the constant K” being in- 
dependent of n.t 


§ 2. The Lebesgue constants for Laplace’s series. 


The sum of the first » + 1 terms in (1) is equal to 


sn {f(0, 0)} = x | £00", 0") 90 (cos 1) de! 


where 


(7) sn(2) = (vt A cael 8 


Limiting f (6, @) to the class of absolutely integrable functions which are not 


* Dunham Jackson, II. Uber die Genauigkeit der Anndéherung stetiger Funktionen durch 
ganze rationale Funktionen gegebenen Grades und trigonometrische Summen gegebener Ordnung. 
Inaugural-Dissertation, Gottingen, 1911. III. On Approximation by Trigonometric Sums and 
Polynomials, these Transactions, vol. 13 (1912), pp. 491-515. 

t For f (x) and z limited by (6), Vn may be replaced by log n and 2 (1/n) by w (1/n) 
in the two statements regarding r,. (Jackson, I, theorems 1 and 3.) 
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greater than unity in absolute value at every point of S, we see at once that 


jon (£08, 0) 11 Z ae [90 (cos 7) | do’, 


and the absolute maximum 


pn (9, o) = max. |sn{f (9, 9) } = gf 10 (cos ¥) | de’ 


is reached at the point 6, ¢ by defining f so that 


f (8, o) = sgn. Sn (cos y), 


where, in the notation of Kronecker, 


+1, a>0O 
sgn. @ = 0, a=0 
1— 1, a<0. 


Moving the north pole of our coédrdinate system to the point 0, ¢, we obtain 
+ = 6’ and 


1 if 1 : a Ms : / / 7 
pn (0,0) = gz J | (008 7) | do -zJ f | sn (cos 6’) | sin 6’ dé’ dy 
=3{ | s, (cos 6’) | sin 6’ dé’, 
0 
so that pn (0, ¢) = pn is independent of 6, ¢; writing cos 6’ = x, we find 


a4 
(8) p= 4] 3a (a) dane (n=0,1,2, => 
Lit 


In order to investigate the order of magnitude of p, with respect to n, 
we begin by developing an asymptotic expression for sn (cos @), which will 
furnish approximations to the roots of the equation s, (cos 6) = 0. 

From the well-known equation of definition of Legendre’s polynomials 


1 
V1 — 2ez+ 2 





(9) Say dC ew alice fl. 
n=0 


where the square root equals unity for z = 0, the equally well-known formula 
ease 0 or sD »\ on 
(1 = er ees n )Pn(x)z 

is easily obtained, and on multiplying both sides by 


1 iv) 
em 
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and using (7), it is seen at once that 


1+3 . e 
(10) (1 = Daz f Pye Lehn (w)2", |z[ <1. 
If we write 1 / z instead of z and introduce x = cos 0, this becomes 
2 (z2+1) i. 
(11) (2 — 0*)82 (z — eH) 32 © #0 (cos 8) 2 ; |s|>1, 


the radicals being determined so that their real parts tend toward + o when 
z tends toward infinity by real and positive values. Then the application of 
Cauchy’s theorem gives 


; 1 n+1 1 
(11) Sn (cos 6) = qi f G = “ep 


the contour of integration C enclosing both of the singular points z = e” 
and z = e". Now let « be a positive quantity which will later be made to 
tend toward zero, and let C consist of the circuit C; around z = e”, composed 
of the three parts: (1) the straight line from z = 0 to z = (1 — e)e”, (2) 
the circle z = e*+ e*, 0—aw7<@<S6+7, (8) the straight line from 
z= (1 — e)e™ to z = 0, followed by the circuit C, around z = e~”, composed 
of the three parts: (4) the straight line from z = 0 to z = (1 — e)e~, (5) the 
circle zg = e+ e*, —9@—a7<@<X 7-86, (6) the straight line from 
s=(l—e)e"toz=0. 

To make the passage to the limit e = 0 possible, (11) must be transformed 
so that the integrand in (11) becomes infinite of an order less than one at the 
singular points, and to this purpose we use the identity 

z+1 - WF 1 
(— e)Ks— eo") le — e%)i(z — e "3 


d 1 
"i aoe (z—e*)z—e =r | 











which gives, upon integration by parts, 


ont] (z + 1) . ntl 
fe v PV ae ey oF =e = ih ae ee Gee SC ety @ 
gnt2 D 
- 2{ = —1) . (z—e")¥(z— gay 
Pee ust ae hee ee 
~~ g—1 (z—e*)(z— 6%)! 


(2n + 3)2"} 
tale =A) G@— Ka ee 


Qent2 
ed ees 1?(z—- ef) (gz — ye 
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Integrate over the circuit C,; the expression outside of the integral signs 
vanishes at the beginning and the end of C; (2 = 0); making e = 0, the 
integrals over (2) vanish, and those over (3) become equal to the correspond- 
ing ones over (1), owing to the fact that (z — e®)* changes its sign when z 
describes the circle (2). We therefore obtain 











1 271 (zg+1) (2n + 3)2"7 
bats ig ny @ val’ (z— moe: 
Degnt2 





ad, G1 Ga i 


the path of integration being the straight line from z= 0 to z = e®, and the 
initial values of the radicals for z = 0 having their real parts positive (being 
positive for z = + o and never passing through zero as z moves along the 
real axis). We now introduce a new variable of integration, making 


z= oF (1 uy Wt ON ad ip 


then, on account of the manner of fixing the values of the radicals for z = 0, 











6—r. 
(z—e%)t=e?. yw}, uw2o, 
on ety Vom (a) 
2 tin) sin a) eee Seed F 
2 sin 6 
where 
pdr be 3 
Losey apa Seino 108 fOr ah == 0 
Introducing all this in the integrals above, and writing 
6—r wy. 
e2 e\?-3) : 
Ce. fel ieer he rie worry 
2 sin= 
2 
we obtain 
all 2" (zg +1) _ 2n+3 Fs Bal eb u3(1— uy) 
OniJde (2—-e*)i(z—e ye” . (ows 


2 sin : (2sin6)?*” 


am 2 ett 20t— ant -[{ aq ele ae _ yn 
i (2sin$) (2 sino sin = 3) (2 sin @)? (1 = au)? (1 — Bu)! Buy" 


In exactly the same way it is seen that the corresponding integral over the 
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circuit C2 has a value which is conjugate to the one just obtained for (,, 
so that, by (11), 











3) (2n a 3) R en th) 0t—3rt 1 un (1— u)rH 
» (1— aw) (1 — Buy! du 


$n (cos @) = F 
2 sins (2 sind)! 


4 et t9) 0t— int 1 un 2(1 ik u)nte 


(2 sins ) sing” (1— au)? (1 — Buy® 


where R denotes the real part of the expression following it. 
This formula will now easily give the desired asymptotic expression for 





s,(cos@). On account of (12), we have for 0 Z wu = 1 





Bee (ee tee (ee ol 
ial aul? = (1 5) + Geott§ > 5 Zee 
pe gates ae : u® 2 > ( _ uy 1 
|1 — Bu | (1 5) + ipeot Os alk) 5 274 
so that 
ike eee tae 
(14) eran. ries ula 


furthermore the identity 





1 A \, ere 
feearpot 1 J, (a = au)? (1— Bui 2’ aS aay ia aa) 


shows, by the aid of (14), that 
| 1 | 23 23 Su 

| s-<{ zl + ; |¥<sino 
(1—au)(1—fu) 0 2 sing 2sin@ sin@ 


From the first integral in (13) we now obtain 


2(2n+ 3) p ae a ieee Wat) a oF, 
— 
| aerre 9 (2 sin 6)# (1 = ant) ( BH 


(n-+1) 01-304 L 
—2? Unt) R oe ft = wy dy 
2 sin 5 (2 sin 6)! ; 
e 2 fant 3) 1 


8 ek 
- are ea of ut (l—u)"" du, 
2 sin 5 (2 sin 6 )* : 























or evaluating the Euler integrals of the first kind occurring in this formula and 
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reducing the result by means of [(a-+1)=2aI (a), 
9 (2n + 3) e (ntl) bi—3ri un} (1 _ ged Ui ate) a 
‘ tere 


























i 2 sins (2 sin 63 nea cmneracaiee 
r(; T(n+2) si 1)@—-— 
4 9 (n= ) sin (n+ ) Ton 
é r(n+5) 2 sin (2 sin 6)! 
3 
4 3 r(5)rom+2) 16 
Sa\ aa 7\ 0) gia 
r(n+5) 2 sin (2 sin 6) 
1 
iP (5)rint2) : 
Ae Sl\in ewe 
r(n+3) 2 sins (2 sin @)# 
The second integral in (13) may be estimated directly by (14), which gives 
4 ents) ei— ri un Cal — y)nte 
Tr az aay Cee 
(2sin) (2 sino) sin = 5) (2 sin 6)? 
4 VR IL 4 
<-> — [ ut (4 — uu)" du 
(2sing ye sin 6)? ) 
1 
_4 93 r(5)- (m2) - Tn 2) 
mr a Dn ch nnys 
wei ee 5) 5 
(2sin5) (2 sin @) (n+3)r(»+3) 
1 
4 9.9 r(5)rim+2) 
<— ee eS ee Se 





4 Pee: sin 6)? r(n+3) 
2 2 
Introducing these approximations in (13), we obtain the asymptotic expression 
1 
, r(5)rimt 2) sin ist 1)6— 7) 
i r(n+5) 2 sin 5 (2 sin 6)? 


ar(g)r aa 24 an 6) 
Hf P(n+3) 2 sin 5 (2 sin @)3 


Sn (cos @) = 


(15) 








+ 


’ 
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where 
ln (n,6)|<1 for C505 and Niles os 


To obtain some information regarding the zeros of s, (cos 6), we write (15) 
in the form 
T - (» oh 5) 0 
Cy 5 GE 2 sin 5 (2 sin 6)? - 8, (cos 0) 
(16) r(5)rim+2) 


= sind sin ((n-+1) 0 T+ ee 
Subjecting the integers n and y to the inequalities 
(17) n> 45, 
CAB) evict (7/1 )F, 
we introduce the special value of 6 
(18) oo a te k= +1, 


in the expression (16). From (18) it follows that 


(nF 1) y= nt ay Tye 


and 
7 7 eee; — v = Psu & 
sin( (n+ 1) 00 — +) = (—1)’xsin Goer 
Furthermore, we have, by (17) and (18) , 


pa 
aaug geal 


and, on account of sin 2 > 22/7 for 0 < x< 7, we find, in case 0 << 7/2, 


Ci ELE Saeed 
7 mt1=(n+1)? 


Veer epee U0 


Wak aes 





sin 0) > sin ee 


VT 
nm+1 
and in case 7/2 < 0) < 7, 

nm—v 2n-—yvp 


2 
ae Tals bia 1)?’ 


‘ . vtil 
sin 0) > Ba esl has 
and finally 


: T : T 2 i} = A 
sin((n+1)60— F) |= sine pay = (m+ 1b (n+ 1) 
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From these inequalities it follows that 


pa : 2 z: 
sin @ sin (n+ 1) 60 - +)\> Con Cease 


eee 12 24 Eat 
(acetals aaron as one 





I 





and consequently, for 6 = 6), the expression (16) has the same sign as the first 
term on its right side, so that 


sen. Sn (09) = (— 1)” 
whence we conclude that s, (@) changes sign an odd number of times in the 
interval 


4 
(19) Le Dioed Xe T Avi Lier, 7 


MEE Te aa SS bak Tenby) 
whenever n and » satisfy the inequalities (17). In case the interval (19) 
should contain several zeros of odd order of s, (6), let 6, be the smallest 


among them; we then obviously have 
4yv+17 eh h, w 
nan (n+ 1)®’ 


Returning to the expression (8), let 21, 22, +++, Ym, where 1 > a> 2 
> +++ > am > — 1, be the points at which s, (a) changes sign in the interval 
—12221. Such points exist, on account of (20), and on the other hand, 
Sn (x) being, by definition, a polynomial of degree n, we have m z n.* For 
reasons of symmetry, we also write % = 1 and tm41 = — 1; as P, (1) =1, 
Sn (1) is positive, and consequently 


nit) | 1a Jeena ye eis eee eas AX=0,1,-**) 7, 


so that 


Pn 5 J le (enlae= (5 f+ af +o +5) le (a)| de 


= (-10f *on(2)de. 


2 x=0 TA44 





(20) 6, = Ly esas 


* We do not need to use the fact that m = n, which is easily proved by Christoffel’s formula 


Pa( 2) — Pay (2) 
1l-—<z 


6) Sasa 1b) 


and the fact that the zeros of P, (2) lie between — 1 and + 1 and separate those of Pn4i (2). 
Substituting for x two consecutive roots of Pn4:(2) =0, we obtain values of s,(2z) of 
opposite signs, and consequently the zeros of s, (2) separate those of Pn4i(2),orm =n. 
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Using the formula 
(21) sy (a) = By SE 


we obtain 





1 m™ 
Pr= = ipa eee) Lh oe et baer tty) te ( tee Patt (tai) |. 


or rearranging the terms, 
il m 
Pn = al Pn (x0) + Pris (20) ] + Jas Lees (ti) Pape (t,) | 


( eg | jar 
eee eat) te Paci (tert) I 


or finally, observing that P,, (1%) = 1, Pa (amu) = (— 1)", 


(22) p= 1+ 2 (= 1)[Pn (a) + Poss (4), 


Let »; be the smallest, and v2 the greatest, of the integers v satisfying (17); 
then to each v, where v1 = v Z v2, there corresponds, according to (20), 
an index A, (1 < A, < m) such that 


cos 6, = %,, yyy. 
We obviously have \,,; > A,, and by the definition of 6,, there is an even 
number of roots of s, (cos@) = 0 (or none) between 6, and 6,11, so that 


Avu1 — A, = 1 (mod. 2), 
-or 


A441 — (v +1) = A, — v (mod. 2). 
We may therefore write (22) in the form 


=(—1).™ yy (— 1)’ Pn (cos 6,) + Pnii (cos 6,)] +1 
> (— 1) CPs (aa) + Pats (aa) 1, 


the second sum extending over such values of \ as are not of the form },, 
(711 Sv» Sv»). As m <n, the number of terms in 2’ does not exceed 
n — (v2 — v1 +1), which is less than or equal to 2 (n+ 1), by (17). Each 
term in D’ not exceeding | Pn (a,)| + | Pati (a,)|< 1+ 1 = 2 in absolute 
value, we have * 


epee ETP. (a) Para (4) |< 1+2(n+1)?-2=0(n'), 





* The notation f (n) = O(g(n) ) signifies that for n sufficiently large, | f (n) | < Ag (n), 
where A is a constant independent of n. Similarly, f(m) =o(g(m)) stands for 
f(n) 
lim 
n=0g(n) zi 
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and consequently 


(23) pa = (— 1) ors 1) Pui Cens 02) 4) Pay (00s 0) 1 One 


v=) 


Our next step will obviously be the asymptotic determination of the general 
term in the series above, and to this purpose we use the following formula, 
due to Stieltjes* and constituting a generalization of the well-known asymptotic 
formula of Laplace: 

















r(5)rim+n cos(™F*9—T) 
Fore ae ( 3 (2 sin 0)! 
2n+3 37 
P cos( -*t) 
ICE OM 
2 2n+2p—1 , 2p—1 ) 
ih, 12-32.5?---(2p—3)? (=e oe ae 
2-4-++(2p—2)(2n+3)---(2n+2p—1) (2 sin 0) 
12.32.52. --(Qn—1)? M (p,m, 8) 
T 9-4.--Dp(Qn+3) (Qn+5)---(Qnb2ph1),.. , BH? 
(2'sintt Oy. 
where 


| M Cpy7, 0) |= 25 for 0S 0a: 


For our purpose, it is sufficiently accurate to make p = 1 in (24), and we obtain 


oP(5)rin+1) 2 cosscos ((n+1)4— 4) 
Pn (cos @)+Pns1 (c086)= 7 3 (2 sin @)’ 














1 ; 2n-- oar 
+ Geta amo —28indom(“F#-F) 
M(1,n,0), 2n+2M(1,n+1,@) 
25 
oy ac 2 TEE 2 | 





1 
= SONG {cos ((nt1)0- 7) [cot § 
M’' (n, @) , 


r(n+5) 2 
+ (one 3) (2 sion 


*T. J. Stieltjes, Sur les polynémes de Legendre, Annales de la Faculté des. 
Sciences de Toulouse, ser. I, vol. 4 (1890), pp. Gl — G17. The method used 
above for arriving at the asymptotic expression for s, (cos @) was suggested by Stieltjes” 
proof of (24). 
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where 
| M’(n,0)|<4 for OS O67. 


By (20) and the various inequalities following (18), we have 


h, + 
cos((n+1)0, — i= (-— LEMTS ea gt 


= oar o( a) --rr[i +0(2)} 


6 5 
cots < << < (n+ 1); 








consequently 


cos ((n+ 1)6,— 7) yeot® = Soe Voor +0(.4), 


and furthermore 


M’' (n,6,) a ae pg Ca 
ae a een Osea ear 1, ')=0 (=): 


finally Stirling’s formula, 
log P(a+1) = (a+ 4) logr—a+ log 2e + 





(1) Be 1 
4(Qp—1)-2y a2 


(= 1)? Bo4s 











pti) @et2jets 8S 7S: 
gives, for p = 1, and since B} = 2, B. = 3,1 (4) = Vr, 
2T(h)T(n+1) 2 E sh (a I. 
eo) co UG ee So) ee -;,+0 n? 
Introducing all this in (25), we obtain 
(= 1)" [Pa (cos 8,) + Pass (008 0,)] = = afoot f+ o(5 i), 
whence, by (23), 
Ay)—Y1 a 2 = li 2 
a0 ee: Lg eae) cot + 30 (a) + 0(n'). 


In the second sum, each term is less than a constant multiple of n-*, and 
the number of terms is less than 7, so that 


ae et) gcc): 
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and consequently 
Aa 

i 1 Ay,—¥1 po ee ail 2 
( ) p one cot 5 + O(n‘), 


which may be written 














LG een 4y+3 9 gett 0, (3) 
SE ry saeco a nF 4) Vs + Ona) 
By (17) and (20), we have 

4y,+3¢e7 4y—ldr 

aeruL Via ean tice 


and the preceding equation gives, when we increase n indefinitely,* 


lim (— 1)" eit ties 
merng a Vn «woe 7 


From the equation of definition (8), it follows that p, is positive, and con- 


sequently 
(—1ywn=1 


for all sufficiently large values of n, so that 


ieee = —- [" sjeot ® aa 
n=aVn TV T 


Making the substitution cot 6/2 = u’, we obtain 


[y ee eee 
ae N icon Oars | a tty Ae) | hae 


and by a classical application of Cauchy’s theorem, the latter integral equals 
27z times the sum of the residues of the integrand in the upper half plane, or 


.{ (2u Qu? ee ee 1 = 
ari (as ania t (is) cas = riV2(Fi5+ 3a) TV 2, 
2 v2 


so that finally, 
(27) lim °% = 2 ae 
Vn 7 





n=O 


$3. Approximation to functions satisfying a generalized Lipschitz condition 
by finite sums of spherical harmonics. 


TuHEorEM I. Let f (0, ¢) be a uniform function of the position on the sphere S , 
satisfying the generalized Lipschitz condition for any two points 0, ¢ and 6’, 


(28) lf (0, ¢) —f(@,¢)|<Zo(y), 


* The integrand decreasing monotonously as 6 increases, this passage to the limit is seen 
at once to be legitimate, although the integral obtained is an improper one. 
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the function w (vy) being subject to the conditions* 


aye Be) Onn Sasa yews 





& ese CY)» ae 


limw(yv)=0. 
y=0 


Then there exists, for every positive integer n, a sum T, (0, @), of a finite 
number of spherical harmonics of order Zn, approximating f(@, ¢) in such 


a way that ie 
lf (@,¢) — Tn (0, ¢)| = Kw (1/2) 


at every point of the sphere S, K being a constant independent of n. 
In order to prove this theorem, we shall use a special type of functions 


T, (0, ¢), defined by f 











aay, | 
sl a 
ii f (0, ¢) do’ 
. sin 2 
(30) di (6, g)= ain 7 4 ’ 
2 
‘ll do’ 
‘| aint 
ry" 
where the integer m is related to n by 
(31) 2(m—1) SZ n< 2m. 


The function 7, (9, ¢) is actually a sum of a finite number of spherical har- 
monics of order < n; to prove this assertion, we start from the relation 





sin my myt _ myt 
UE Glae —m—% 1l—em oD eT 
(32) = yi yi =16 Cee at mnt ye, 
og Me Te ks 1 — e%* 
. ay 2 2 v=0 
sm > Cu 6 
2 
whence 
my \* 
sin 9 m—1 m—1 m—1 m— +2(m—1) 
2) a etn SESS certmevetrort = SS" eyo 
sin a v1=0 vo=0 v3=0 v4=0 TF perry 


a 


Changing y and ) into — y and — X, we see at once that c, = c_, and the 


* From the last condition, it follows that f (@, ¢ ) is continuous in every point of S . 

1 The corresponding finite trigonometric sums for a function f (x ) satisfying the ordinary 
Lipschitz condition |f (2) —f (a1) |=2|z2 —21|, \ = const., were first introduced by 
Jackson (see papers II and III, quoted in § 1). 


[January 
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last equation becomes 
Pay te 
sin 2(m—1) 


2(m—1) 
=ot+ > «(e+e ™”) =o+2 dD a cosry. 
A=1 A=! 





(33) 

sno 
Expressing cos Ay as a polynomial of degree \ in cos y, and this polynomial 
being expressed by the Legendre polynomials in cos y of degree < A, we 


reduce (30) to the form 
&m—1) 
Tn(9,9) = 2 ay J (8, @') P, (cos y) do’, 


the general term on the right side being obviously a spherical harmonic of 


4 


order vy = 2(m—1) Zn. 
Having established this point, we may write (30) in the form 
. my 
SiN) oe 


do’ 





fis@, ©) -F6, ¢ 1 | — 
pan 


4 





f (8,9) — Tn (8, @) =~ fo 
ek ote 
do’ 





4 aie 
2 


. my 
Shee 


and by (28) we obtain 
faty)|— | a’ 
i sin 2 


lf (0,¢)— Tr (9, ¢)| = Ens 
Slt 
5 
do’ 





(34) 
S| sin te 
Ps 


a 


In the integrals, we now move the north pole to the point 6, ¢; then y = 6’ 








and do’ = sin y dydg, so that 
el aA 

sin 5 pes sin —5 

fom do’ = [ Hl w(y) sin ydydg 
sin ~ ayers sin ~ 
2 2 
Petrys| 
sin —— 
2 . 

sin y dy, 





shiiag) 
: sin 
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1914] 
4 4 
sin“ in sin 
{| do’ = an sin y dy. 
S| sin ~ : sin = 
2 2 
By the aid of (29), we obtain 
2 my 4 q my 4 
: 7 sin ox 1jn or " 1/n 1 sin tor 
f w(v) sin-ydy = [ + | =i (5) =) sin ay. 
0 ar 0 1/n 0 n al 
Z 2 
(i) [ans] 
a@ os sin > 
+f 1 a sin y dy 
1/n te pac td 
a sin 5 
any |; . my )\4 
i r | SiN~> 1 ahah 
= = ij sin yd n (2) sin y d 
o(=) f ant ydy + nw\ one cat v dy 
2 2 
4 . my 4 
1 z sin 1 _ 10 oa, 
2 <o(5) [ + sin ydy + 2mo(*) f lis 7 sin y dy. 
sin 5 sin 5 
nce n < 2m, by (31), it follows from (34) that 
4 
sin 
2m [oy sin y dy 
1 sin 5 
G5) [f(0, e) — Ta(8, e)| <o(>) |1+ eer 
oa Sih fe 
| sin y dy 
if sin 5 
Observing that sin z > 24/7 forO<«< 7/2andsina <x«for0<a<7, 
we find 
_ my |* 
, |sin-> Ps sin ™ |" sint 
am J OY sin ydy < 2m [ OY y dy = 2r* m | — 
0 ae, 0 4) 
sin = = 
2 7 
2 int y * sint 
— me f ad ce me [i - d ; 
a 0 ay eS re 0 ne u 
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4 











. my 
= ana 7} sin" ) 
i aon Wee > “a ydy 
0 eee Lf t af 
sin 5 sin 9 9 


mr 


ws gM 
32 Tey 8 ! sint y 8 * sint 
T dyn gmt | Sandy 2am |S aMar, 


3 
oa y T 


i) 








and from (34) we obtain 
” sint y 





1 of g dy 
£(0, 0) — Ta(8, 0) <o(F)] 1+ 1 sien 


"4 sin4 
8 i] > dy 
: 0 Y 
which proves our theorem. 
Although not necessary for the application in § 4, it is interesting to derive 
from (35) a fairly small numerica! upper limit for the constant K in theorem I. 
With the notations 








Ceagtery ale 4 
eae See Et ie 
m ~~ Am? P .Y sin y ay, In= 5 [ a sim y ay 

Boho) sin 5 


equation (35) may be written 


(36) £@0)— MO el<(1t+z)o(4), 


and making y = 2u and using the inequality wu cos u < sin u (0 << 5) 
we have 


Tv 
1 2 sint mu cos u 
t be = 5 


m Jo sin? w 


Tv 
; 4 (* uwsin* mu cos u 2 sin4 mu 
) Se ate du iyi cet FR 
mM Jo sin ®w m sin 


Considering first the integral J,,, we integrate ee parts and obtain 


Ai (ee Alaa Green: 
Mm Lm = yh sae ces eh i — 5 sin Sear 





U; 


(37) 





TT 
ff 2 sin? mw cos mu 
} sin? wu 


du 








=F he at Le 
= ATA om ff sin’ mu cos mu - d cot u 
(—1)™"—1 A tie We : Ae 
= aA eames 2m (3 sin? mu cos? mu — sin*t mu) cot u du; 
0 
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as 3 sin? mu cos? mu — sin’ mu = 4 (cos 2 mu — cos 4mu), this gives 


Cale 1 


Im = 4m? 


asi 


where 


av 


2 
jm = if cot u (cos 2 mu — cos 4mu) du. 
0 


Consider the difference jm — jm—1; the identities 
cot u[ cos 2mu — cos 4mu — (cos 2(m—1)u— cos4(m—1)u)] 
= cot u[ — 2 sin wsin (2m — 1) u+ 2 sin 2u sin (4m — 2) w] 
= — 2cosusin (2m —1)u+ 4cos? usin (4m — 2)u 


— 2cosusin (2m —1)u+ 2 (1+ cos 2u) sin (4m — 2) u 


— sin 2mu — sin (2m — 2) w+ 2 sin (4m — 2)u-+ sin 4mu 
+ sin (4m — 4) u 
give, upon integration between the limits 0 and 7/2, 


5 , 1 ™ m—1 


soe a ries 


where, for m = 1, the second term on the right side should be replaced by 


zero. On account of jp = 0, we conclude that 


m 


in = | (Wt eg - I-11 +55 | 


—j1)™ == = yy) 
couen, 2 st E[ P+ A | 


2m 2m —1 yp 2v 








the result being also true for m = 1, if the sum on the right side is replaced 
by zero. It is now seen that 


(88) In= (St GO 2 igh aed Atsake 














aa y—1 2m m—1 Am? 
and 
rs Cs (rt 2 (at 
a cs 2m 4m? 2(m+1) > 2m+1. 4(m+1)? 
or, when the cases m odd and m even are separated, 
: dd 
am? (2m +1)? ™ O° 
eet at db a 1 
m even, 





2(m + 1)? (2m + 1)’ 
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so that in both cases 


(39) 1 Bn Be 
For m = 2, (38) gives the value 2/3, whence by (39) 
(40) In > 4 = 0.6667 — for mS 2. 


To form an idea of the approximation furnished by (40), we observe that by 
equations (39) and (88), 


2m—1 Bie! 1 vi 1 2 





m=0 m=0 v=1 v Avie), 


; 2m—1 9 ™ 9 2m—1 ») 
=tim( S54 - Dy) = tm 2 2p — 1 


mM=o pal v=) m=o v=m-+1 


: ene 1 ‘dz 
pir ral ONTO MEAN a 
2° 2n-—1 


= log 2 = 0.6931 +. 
Passing to the last integral in (37), we have 


vw 
re ? sin’ m mi De phe sin mu \? 
=— (1 — cos 2mu) : du. 
sin? u mM Jo sin wu 


Writing y = 2w in (32) and squaring, we obtain 





+(m—1) 


, 2 m—1 m—1 
sin mu . , - 
( . ) = ¢2(m-l)ui > > ervitvaut — > C errui. 


sin U v1=0 vo=0 A==G7=1) 





changing wu and \ into — wu and — X, we find c, = c_,, so that 


hf 2 m—1 
sin mu 
( : ) = ¢) + 2>5 c cos 2du, 
A=1 








sin w 
whence 
4 (2% sin ma 2 (z : see 
ae Sane = ua =f (1 — cos 2mw) (c, +2 au €, COS 2x) du 
es To 
Se ae 


From (32) it is seen immediately that c; is the constant term in the expansion of 





teat) (ee en ~ 
am = gD) (1 — Qa™4 a) DV (vy +1) 2", 
v=0 


1 
or Cc) = m, so that we obtain from (37) 


(41) Lea: 
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Equations (40) and (41) now give 
I 3 Aa 
Ny gl l+><6 1Or) 7 23 


that is, on account of (31), for n S 2, and from (36) we derive the desired 
result 


1 
(42) If (8, ©) — Ta(8, 9) | < 6o( =) GEE AC EES 
Before leaving this subject, we shall evaluate the integral 
ev ' 
(43) Tamed | (3) FA 
m 0 sin WU 


occurring in Jackson’s investigation of the approximation to a function f (2) 
of period 27 and satisfying a Lipschitz condition 


fra) (21) |W] Ma 2s | 


by finite trigonometric sums. By an asymptotic process, Jackson* shows 
that 

(44) eee ie awe ling Ja = 

Writing y = 2wu, we obtain at once from (33) 


Co T 
ipye Se Se 
aan A 2 


By (82) and (83), ¢o is obviously the constant term in the expansion of 


1 — a™\# 
gr 2(m—1) j= ) = Aerie) (1 ee 4am =o 622" ae) 43m + gi) 


1-—2 
= (y-+1)(v +2) (v +3) , 
xd owe ay 





so that, the terms in the infinite series with y = 2(m— 1) andy = m-— 2 
being the only ones contributing to ¢, 
~ (2m — 1) - 2m (2m+1) | Cin em nea L yy 


m 
po NUS inter da ae Pi Rae ha 2 
ion 8 feos gq vem + 1), 





Co 
and consequently 

T 1 
(45) In=F(1+ 54). 


From this expression, the two properties (44) follow at once. 
* In the paper previously quoted as III, pp. 503-507. 


i) 
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$4. The degree of convergence of Laplace’s series for functions satisfying a 
generalized Lipschitz condition. 


TuEorEeM II. When f (0, ¢@) satisfies the generalized Lipschitz condition 


(28) If (6, 0) —f(8, ¢)| So(y) 


for any two points 0, ¢ and 6’, ¢ on the sphere S, the function w (vy) being 
subject to the conditions 
w(y) , #(7') 


(29) wly) S(7’), = ,~ for0<y<7'<7, lima(y) =9, 
Y Y ve 





then f (0, ¢) ws approximated by the first n+ 1 terms of its Laplace series in 
such a way that the remainder 


ral £0, €)) =f, €) — 5046, =F, ) — gf £00", 1) 90 (c0s ) do’ 


satisfies the inequality 
1 = 
VRE: e)}|< Kol) vn (m=15,,233; see), 


K’' being a constant independent of n. 
The principle of the following proof is due to Lebesgue, in the case of 
Fourier’s series.* From the identity 


740; ¢) = TA8, Data CO NW ioe TUG, ¢)] 
and the definition of the remainder r,, it follows that 
tr {ft (0; ep) }=Tnr{ Te (05 0) + Tard (0. g)— VMS Ce ¢) }; 


the Laplace series of 7, (8, ¢) being obviously this function itself, it is seen 


that 
Pattee 0. ¢) } = (). 


The definition of r, then gives 
lt, veg e)|= [rn {f (6, oe Legs g)}|s lf (6, eg om TAGs ¢) | 


1 
+z [ise gv’) — Tn (6, 9’) || $n (cos y) | do’, 
and if we apply theorem I, 
1 1 uf 
r: ] < Kw| — ah af , 
EASE ROCA gh o(+)+ Ko (=) Gy, | 8n (eos ¥) | do 
- 1 
a Ko (=) (+), 
nN 
* H. Lebesgue, Sur la représentation trigonométrique des fonctions, etc, Bulletin de la 
Société Mathématique de France, vol. 38 (1910), pp. 184-210; pp. 196-197; 


Sur les intégrales singulitres,y Annales dela Faculté des Sciences de Tou- 
louse, ser. 3, vol. 1 (1910), pp. 25-117; pp. 116-117. Compare also Jackson, 1, isn 
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by the definition of p, at the beginning of § 2. On account of (27), there 
exists a constant ¢ independent of nm and such that 


Pn <cVn (ites oe 


The preceding inequality now shows that 


Inf f@, 9)}|SKU+eV no (=) eile) o(=) ie K'e(>) Vn, 


which proves our theorem. 
It follows, in particular, from theorem II that whenever 


lim w (=) Vn = 0; 

NANT TT 
the Laplace serves corresponding tof (6, ¢) is convergent and equal to this function 
at every point of the sphere S. 

In the particular case of the Legendre series corresponding to a function 

f («) =f (cos 6) satisfying the condition (5), which is analogous to (28), 
Jackson* has shown that for any positive e there exists a constant K’ (e) 
independent of n (but depending, of course, on €) such that 


Ire (£(2) 1] < KY (6) 0 (=) log m (n=2,3,4, -+-), 


uniformly in the interval 
—i+eSa<l-e. 


This result cannot be extended to the limiting case « = 0; on the contrary, 
we have the following theorem, which may be considered as the reciprocal of 
theorem IT: 

TuHeorEM III. Let w (vy) be a function subject to the conditions 


of 2 Aae, for 0 <yS7'< 7; limw(y) = 0, 
y=0 


(29) wly) S(y7’), 
and Q (vy) any other function such that 


a, (GGL 
coo ne Ta 





there exists a function f (0, @) satisfying the generalized Lipschitz condition 


(28) If (@, o) —f(8,9)| S (7) 


for any two points 0, ¢ and 6’, ¢' on the sphere S, and such that, at a given point 





* Paper referred to as I, theorem (1). 
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60, Go, the remainder in its Laplace series satisfies the inequality 


° 


ln 1 (0, v0) }| 2K” (=) Vn 


for an infinity of values of n, the constant K"’ being independent of n. 

To prove this theorem, we shall construct a special function f (6, ¢) having 
the required properties,* choosing the given point at 0) = 0, go= 0, and 
making f (8, ¢) = F (6) independent of ¢, so that our Laplace series will 
reduce to a Legendre series. Our function F(6) will be built up from 
elements of the form F,, (@), this latter function being defined by 


4u+ 1 


- a 
n+1 4’ 


n+1 








IA 
IA 


6 


| 3 


(47) Fp, (@) = sin ((n+ ie +) for 
= 0 outside of this interval, 


uw and n being positive integers (or zero) to be determined later. F, (@) is 
continuous, as it vanishes at the end points of the interval above, which we 
may denote by (u, 7). 

By (47), we have F, (@) = 0 for 6 = 0, so that, developing F, (6) in a 
Laplace series, we find 


fait Fy (0) to= 3s) PO = — 5 | Fa (6) 9» (cos) do’, 
TJs 
or, introducing do’ = sin 6’ dé’ dy’ and using the well-known formula 
2a 
{ P,, (cos y) dg’ = 2r P, (cos 6) Py (cos 6’), 
0 

making 6 = 0, so that P, (cos @) = 1, and finally writing 6 instead of 6’, 

t{f,(0)}=— al F, (0) sn (cos @) sin 6 dé. 

0 


Since F,, (8) is identically equal to zero in part of the interval of integration, 
we may write 


~ 
_ 


ba | 


w+ 


1 n+1 
ra{Fa(0)}=—5 f F, (0) 8, (cos 6) sin 6 dé; 


n+1 4 


or introducing the value fF, (6) = sin ((n +1)60— 5) in the interval in 
question, and using (15), 








* In principle, the method of proof is due to Lebesgue, who applied it to Fourier’s series; 
see papers by Lebesgue and Jackson previously quoted. 
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; r(5)r(nt2) 
mielal0) p= == 4X 


r(n+5) 


4ut+in | +9 mre: : Ry its 
ie 7 | sin ((n+1)9 +) im 9 4 2dn(n, 0) sin((n+1)6 7) 
ees ¢ as 2 sin 5 (2sin 0)! 


(48) 








dé. 





ee 
nt+14 


Now assume pw < 3 We then have, in the interval of integration in (48) 






































6 1 2 0 2 
saaaiaas a . oes 9 ‘ eas Lol ae 
(49) cos oe 6> siné > a 2 sin-> > fa 
so that 
se T sin? gia) 0 <i eile 
I ; (2 sin 6)? er é V6 ua 
n+1 4 ma 
Tv 
1 ari 7 sin? ((n+ 16-7) 
pee 4v-—3 V6 a 
n+1 ie 
1 wets sint (n+ 16-7) 
v=l 4v—3 Jp la 
hee n+1 4 
Aer haters Deegan 
8 VYn+1V4y+1 
US el f re ae a 
8 Yn+1 V4u+1 
et (V4Gi-A1)-F1—8). 


16 Tea 


For the second part of the integral in (48) we obtain, using (49) and observ- 
ing that | (n,6)| <1, 


26 T. H. GRONWALL: [January 














| cf ; nes Ratt 
pMonanseloron’),, cf = 
ia setae Seale 1 nt22, oa 
nti 4 sin 5 ( sin @) meee =07(% 
51) 37? ee Q 
n+l bee i 
n+1 4 





and on combining (50) with (51), it is seen that 


| 











| 
| 
| 
| 











; : cos dé 
9 i : | 
J a4 Conn “2nk3 asin 82 sin 6 )* 
Vie hes 127 1 
V4 1)+1-3 a ( -7Er3) 
> 
= Sale ae 1 
for n and uw sufficiently large, c;, as well as c2, c3, +--+ which will be intro- 


duced below, signifying a certain positive constant, independent of n and yp. 
By (26) we have, for n sufficiently large, 


20h(3)D(n-+2) 
a T(n+#) 


so that we finally obtain from (48) 
(52)) [in 1 Bal 0) tl Stes Vue for a a ee 


= CoV n + ite 





On account of (27) there exists a c4, such that 
(53) Pn<esV¥Vn+1 (n =1 9 eee 


We now select an infinite sequence of positive integers 1, N2, 3, +++ subject to 


the conditions 
Wen, 





(a eae al2e 
eet a 2 Gee) Nee eti yo 


()<zelt) Grass 
fied = = 94 Ey Oi eeeeae 
Mi} ~ Vnirti \m 


(54) 
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‘The determination of such a sequence is possible, because after determining 

M1, M2, ***, Ni-1, We may satisfy the last two inequalities (54) by making n; 

large enough, on account of lim,co w (y) = 0 and lim,.) Q (vy) /w (vy) = 0. 
To each n; we now associate a py; by the condition 


dad Ma 1 c thi t 9. 
FBS coh EY (Mate im a rs oer iy hf Neg 


then any two intervals (u;, n;) and (y;, m;), im which, by (47), Fn, (8) 
and F’,, (6) respectively are not identically zero, have no points in common. 
Finally, we make v; equal to zero or unity, according as 


at 7 
h {antsy Pa oe | 





(55) 





exceeds 





& Hie a ( i) 
Ar Nagi + 1 Ni ar 1 
or not. Then the expression 


(66) F (0) = Lg mo (— 45 ) Fa (8) 
has the properties required by theorem III. 

Since for any given value of 6 not more than one of the terms in the series 
(56) is different from zero (the intervals in which any two different functions 
F,,(@) are not identically zero, having no point in common), the series is 
convergent. Furthermore, F (6) satisfies the condition (28). To prove this, 
we first assume that @ and @’ belong to the same interval (u;, ;); in this 
interval we have 


Vz ry : T 
Fey = so( ; )sin( (nit 1)@-— i) 
We now determine an integer \ by the condition 


20 2. + 2 
Be ad gO 
meio! Pat percha 


and denote by @” that one of the two quantities 


2d\1r 2 + 2 
and 


m+tl1 Carer 


which is nearer to 6’; then we have 





hay 








O.-- 


T 


T 


mt ntl?’ 





(57) 








= 
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F(6’) — F(0) = F (0’) — F(@”) 
= xe(—T4): Ve eta Ly Osa) cos ( (mi + 1)é -f), 


— lying between 6’ and @’”’, and consequently 


aa) 
. m+1 


1 
| F(’) — F(8)| <5: 0” — 6" | 











T 
Nn; +- 1 
(Gray 
| Nec) lee 
“i egatt  o(e sl) |) aan 
Nj + 1 
or, on account of (57) and the fact that w (vy) /y does not increase with y, 
(58) | F (") — F(8)| < $0(|0" —0'|) S$ $0 (|6" —4]). 


Next suppose that 6 belongs to the interval (y;, n;) and 6’ to the interval 
(u;, n;), and let 6; be the end point of (u;, n;) nearest to 6’, and 6; the end 
point of (u;, n;) nearest to 6;; then, since Ff (6;) = F (6;) = 0, we have 


[ECO —F (6) | = | (0) kOe (6s) — (02) + FO eee 
SF (8) — F (0;)| + | F (0c) ae 


Applying (58) and considering that w (vy) does not decrease as y increases, we 


find 
[FiO ) =F (07) sp (106 — 07) 5 5 (0 — e)), 


[F (0) — FO) <9 o(| 0: 8|) a $0 (| 0 — 01), 
so that finally, for any values of 6 and @’ in the interval (0, 7) 
|F (6") = F(8)| <w (6 —6]). 


Now |6’ — 6| < y, since |6’ — 6| is one of the sides in the right-angled 
spherical triangle of which y is the hypothenuse, and consequently 


PEO gerne) ee (y ) 
We now complete the proof by showing that 
rf POO)[ZK"A(@) vm = 1, 2,8, 9, 
On account of (52) and (55), we have 


dit a Coe yiite 1 7 
rele 8 (eres) Me etre Ngee eee) 
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so that in case v; = 1 we have, in view of the definition of 2;, 


ra at o( a) Ps (0) j] 2 rade git) oy 
— |u| eae” o( ei) Ps (0) } > 3 Varies i) 
) 


2 (ae ( T )- a [mE o( 
Ar rea ye. ntl 4 reer ey i Nit 1 


In case 0; = 0, the definition of v; gives 
rm} Zag ayer Fo f= |rm| Serene aa) Fe | 
om} Zag a) Po (0) f= |om| Lage (ag) Fe 


eee ea ( T ) 
dn Nie ole Vn + 1)! 
so that we always have 


co |raf Beene aa) m0 ||> Sees) 


From (56) and (59) it follows that 
_, islrohlzh|Edee(ata)s0] 
= Jon] 235% (Ger) Fa Of | 


Pear te aes aes (+) 


for all values of @, it follows from the definition of p, and the inequality (53) 
that 


rad 2308 ( apt) Po} 
1 ty fo oe! T 
(61) S5-0(—* 5) ae ff lsn (eos) | do = pee (sey) en 
Pooeaet 


Qa (esa 7 i Vari es 
Making 6 = 0, we conclude from (60), (59) and (61) that 


C3 ntl 7 C4 
lm {F(0)}| > q- tos Rg » (45 )-#e (4) vt fer: 



































and s nce 
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The second inequality in (54) shows that the right-hand expression is greater: 

















than 
a ae T jee (=) 
. 8a Nava ti°\n; +1) = 84 Nazwa +1° \ni)? 
since 
T 1 
pa 
Nee 
and from the last inequality in (54) we finally obtain 
} C3 1 —— 
ck oe ; (= 1, 2,°8 ee 
mmf F (0) f [> fh 0(4) vata (i ) 


which completes the proof of our theorem. 

In the case of the Legendre series, Jackson has shown (I. c., I, theorem III) 
that there exists a K’’ independent of n and a function f (a) = f (cos @) 
satisfying (5) such that 


Ite {£(0) }|> K(7)togn 


for an infinity of values of n. Apart from the introduction of Vn instead of 
log n necessitated by the asymptotic expression for p,, our theorem III differs. 
from Jackson’s result in two respects: first, by the introduction of the function 
Q (vy) converging toward zero with y more strongly than w (vy), and second, 
by the fact that while the two conditions 


| f (cos 6’) — f (cos 0) | Z w (| cos 6’ — cos A] ) (Jackson), 
| f (cos 6’) — f (cos 0)| Z w(| 6’ — 4]) (present paper) 


are essentially equivalent in the interior of 0 < @ < 7, this is no longer the case- 
in the vicinity of 0 = 0, since 

>, cos 0 —'cos 0 

N11 0 eeepc tara ha 


6, 0/=0 g’ re 7] 


CuicaGo, ILx., 
February 10, 1913. 


LINEAR ASSOCIATIVE ALGEBRAS AND ABELIAN EQUATIONS* 


BY 


L. E. DICKSON 


1. In the recent development of the theory of linear associative algebras 
the codrdinates of whose numbers range over the field of ordinary complex 
numbers, an important rdle is played by the so-called simple algebras, the . 
only ones being the matric algebras with r? units. For the more general case 
of algebras the coérdinates of whose numbers range over any field (Kérper) K 
of finite or infinite order, a corresponding importance is to be attached to 
simple algebras; an algebra is simple? if and only if it is the direct product 
of a matric algebra and a primitive algebra (one in which every element has 
an inverse). The problem of primitive algebras is the chief outstanding 
problem in the theory of algebras over a field K. Aside from real 
quaternions the only known primitive linear associative algebras are fields. 
We proceed to exhibit a primitive algebra LZ with r? units over K. 

Let x (x) = 0 be a uniserial abelian equation of degree r with respect to 
the field K, i. e., let the equation have as its coefficients numbers in K, be 
irreducible in K, and have as its roots 


(1) u; A(z), Clevi==0 102), PE, Git) eec?(.0 Ca) Ken? Ca L) 3 
where @ (2) is a polynomial with coefficients in K , while 
(2) 6" (24) =2. 


Then the algebra in question is the linear associative algebra L over K (i. e., 
the codrdinates of its numbers are arbitrary elements of K) with the r? units 


(3) ae 7 (es hae Oe iace Y  f ia) 
where 

(4) fp=O(t)j, 

(5) Jag (ginK). 


* Presented to the Society, April 14, 1906. Cf. the abstract in the Bulletin of the 
American Mathematical Society, vol. 12 (1905-6), p. 442. But §§ 9-22 were 
added March, 1913. 

+J. H. M. Wedderburn, Proceedings of the London Mathematical Society, 
ser. 2, vol. 6 (1907), p. 99. 
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Using the associative law, we readily deduce (7) and hence 


ae (ifs +k<r) 
-gptt* (ifs tkZr), 


6) TOV AOY EE TIONICAOD), 


where / (2) and f (2) are any polynomials in 7 of degree < r with coefficients 
in K. Conversely, it is readily verified that the associative law holds when 
multiplication is defined by the preceding relation and the.supplementary 
law that the product of two polynomials in 7 is found as in ordinary algebra 
with a subsequent reduction of the degree to r — 1 by use of the equation 
xk (2) = O of degree r. We may of course write 7, for 7° and 7; for 7* in our 
formule. Hence to any uniserial abelian equation* of degree r with respect 
to K there corresponds a linear associative algebra LZ over K with r? units. 

For r = 2, Lis a generalization of quaternions discussed in §9; we may take 
 =c; thent Lis primitive if and only if g is not the norm 2? — cy? of any 
number x + yi in the field K (7). 

As stated in the abstract of 1906 (see the first reference above), an algebra 
L with r? units is primitive when g and the coefficients of x(a) are suitably 
chosen numbers of the field K. The argument in my manuscript of that date 
is as follows: Take r = 3 and denote the general number of the algebra by 
M = R+Sj+ Tj?, where R, S, T are numbers of K(i). For M +0, the 
equation XY M = M’ uniquely determines a number X of the algebra if and only if 


R gly gS2 
A='/S Ry gTs 
Tee ie 


vanishes only when R = S = JT = 0, where R, = R(6), Ro = R(6), 
Si=8(0), Sa=Sl@@)4; Te TUG) cele Oa eile 


If T = 0, S + 0, then A = 0 implies that g = n(— R/S), where the norm 
SS, S_ of S is denoted by n(S). If T +0, T has an inverse in K (7), so 
that it suffices to consider numbers M with 7 =1. Then 


A = g? +9 (S81 82 — RS, — Ri So — RS) + RR, Ro. 





* Note the special case of a binomial equation x —h=0O. If a primitive rth root e¢ of 
unity occurs in the field K, and h is not the rth power of an element of K, and if risa 
prime, x” — h is known to be irreducible in K. The algebra is then defined by 


woh, f=9, f=gq. 


If we set h = g = 1, we lose the irreducibility property, but obtain the algebra (7 = e2, 
j = 61) considered by Wedderburn, Proceedings of the Royal Society of 
Edinburgh, vol. 26 (1906), pt. 1, p. 48. 

{ Dickson, these Transactions, vol. 13 (1912), p. 66. 
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If S = 0, then A = 0 implies that g = 0 or n(— g/R), according as R = 0, 
or R +0. Henceforth, let S + 0. To simplify A, set 


R= S82Q, g=Gn(S8). 
Then A has the factor n?(S8) and A = 0 implies that 
G@+a(l1—Q—-Q — @)+QQQ = 0. 
The product of this by G — 1 may be written in the form 
Gn(Q—1)=n(Q-@). 


Thus, if @ + 1, G (and hence g) is the norm of a number of K(i). If Q=1, 
then (G—1)?=0. Hence ¢f g ts not the norm of any number of K (7), the 
algebra L is primitive. 

For a general value of r the last theorem was found in November, 1913, by 
Professor Wedderburn ; his brief and elegant proof will appear in an early 
number of these Transactions. 

It will be proved that any linear associative algebra having the properties 
specified in § 2 contains a subalgebra of type L. It is later proved that there 
exist such algebras, not identical with their subalgebras L. Some remarkable 
algebras are obtained in this way. 

2. Let A be any linear associative algebra the codrdinates of whose numbers 
range over any given field ¥ and for which the following three properties hold: 

(a) There exists in A a number 2 satisfying an equation ¢ (x) = 0 of degree 
mn with coefficients in F and irreducible in F. 

(b) Any number of A which is commutative with 7 is in the field F (7). 

(c) There exists in A a number 7, not in F(z), such that 72 = Oj) +0, 
where 6 and o are in F (72). 

Note that the field (2) is composed of the totality of polynomials in 7 
with coefficients in F. Indeed, in view of the associative law, any two powers 
of 2 are commutative; hence any two polynomials ini are commutative. That 
the quotient of two polynomials in 2 can be expressed as a polynomial in 7 is 
proved as in the theory of algebraic numbers. * 

Conditions (a)—(c) hold when A is the system of quaternions with codér- 
dinates in the field of real numbers. Conditions (a) and (b) are satisfied for 
any linear associative algebra D over F in which each right-hand and left- 
hand division is always possible and unique. In fact, any number 7 of D 
satisfies an equation with coefficients in F and irreducible in F. Choose 7 
so that the degree n of the equation is a maximum. If a number 2 of D is 


*Cf. Bachmann, Allgemeine Arithmetik der Zahlenkérper, 1905, p. 15. 
Trans. Am. Math. Soc. 3 
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commutative with 7, it is in the field F (7). For if not, a standard theorem 
on algebraic numbers shows that the field F (2, v) would contain a number 
satisfying an equation of degree exceeding n and irreducible in F. 

For a linear associative algebra over F satisfying condition (a), the number 
of units is a multiple of n; they may be taken to be 


Dee Wart ew Play oi (s =0, 1, 29) ee 


In case the number of units is 2, jz is necessarily a linear combination of the 
7, 27 and hence is of the form 67 + @ in (ce). 

These remarks serve to indicate the origin of conditions (a)—(c). All three 
conditions are satisfied by any algebra of type L (§ 8). 

3. From the relation in (c), we find by induction that 


jis _= ej + (9-1 + ge? gt ae. + p22 + 78-1) g, 


fors>1. Weare here using ordinary powers of 6 and not symbolical powers 
as in (1). Multiply the members of the equation by c,; and sum, where 


$() = Docsa® 
is the function in (a) with the rootz. Thus 
O= 6(0)7 + cig + Dy (Ot a ee croe 


But 7 is not in the field F (7). Hence ¢@(@) = 0. Suppose first that 6 = 7. 
If o = 0, then 72 = 4, 7 not in F (2), contrary to (b). Henceo +0. The 
preceding relation thus gives 


0= e+ disit 1c, = 6’ (4). 


s=2 


Thus « would be a double root of ¢ (a) = 0, contrary to its irreducibility. 
Hence 6 +2. Thus Jz = 6J if 





J Pires at 
Hence after a suitable choice of 7 we have relation (4) and 
je = [6 (a) 9 (s=1, +++, 2). 
If f (x) is any polynomial with coefficients in F, 
(7) Ut) = POV Ip. aig aa alee a 


the last relation following by induction and the use of the notation defined in 
(1). In particular, if f (a) is the function ¢ (2) which vanishes for x = 2, 


1914] LINEAR ASSOCIATIVE ALGEBRAS AND ABELIAN EQUATIONS 35 


we see from the first relation that 6(7) is a root of ¢(x) =0. Hence 
[8 (x) ] = 0 has the root 7 in common with the irreducible equation ¢(x) =0 
and therefore the root 6(7). Thus 6? (2) is a root of 6(2) = 0. We see 
in this way that each of the numbers (1) is a root of 6 (a) = 0. Hence there 


must be an equality 
6° (4) = OF (¢) (r>0). 


hk = 0, (2) holds: Ifk > 0, x =-0@ (2) is a root of 
(8) Qktr-1 Ga) — Qk-1 eae 


Since this equation with coefficients in the field FY has a root in common with 
the equation ¢ (x) = 0, irreducible in F, it has also the root x = 7. Then 
(8) for x = 7 gives a relation like the initial equality but with lower symbolic 
powers. Proceeding in this manner, we ultimately obtain relation (2). 

Let r be the least positive integer for which (2) holds. If r= 1, (4) would 
be in contradiction with (b). The argument just used shows that the numbers 
(1) are all distinct. 

Theorem 1. The algebra A contains a number j not in the field F (2) and 
satisfying relation (4). Among the roots of ¢(x) = 0 occur the r(r > 1) 
distinct numbers (1); they form a closed cycle since relation (2) holds. 

4, In the last equation (7) takes =7,f(4)=2. By (2), 


Het == 0" (2) 4" = 27".. 
Hence, by (6), 7” is in the field F (7): 
(9) w= 9 (4), 


-where g (7) is a polynomial with coefficients in . Henceforth we shall 
assume that g (7) + 0. 
For p = 1 and p = 2 we know that the numbers 


(10) 18S 4, alee Cie Lies (8) uO Ad ee ae arte ls UL one tt) 


are linearly independent with respect to the field F. Assume that the pn 
numbers (10) are linearly independent. Then these and the m numbers 
i* 7? are linearly independent. For, if not, there is a polynomial 7 (2) + 0 
such that 7j° is a linear function of the numbers (10) with coefficients ins Be. 
Since 7 has an inverse in the field F (2), 


(11) fealty hi os ge 


where each R; isin F (i). Multiply each term of (11) by 7 on the right and 
apply (7). We get 


6° (4) j0 = Roi + Bid (4) Gt --- + B10? (i) jr. 
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Eliminating 7° by means of (11) and noting that the numbers (10) are linearly 
independent with respect to F, we see that 


6° (7) Ry = R,O* (4) [K=0,1, -+-, p—1; (4) =e]. 
Since k< p<r, 0°(t) +6* (2) by Theorem I. Hence each Ry, = 0. 
Then 7? = 0 by (11), so that 7” = 0, contrary to the assumption on (9). 
Theorem 2. The algebra A contains a linear associative subalgebra S over F 
with the rn units 


(12) iy UG, UP eee, eo gs 00 tae 
linearly independent with respect to the field F. The product of any two of these 
units can be expressed as a linear function of the units by means of ¢ (1) = 0 
and relations (4) and (9). 
5. In view of the first relation (7), 
f= O(t)j, j0(t) = PW (2)j, 
JEN) ON, ae Je te eet a 

where the final equation has been simplified by use of (2). Hence if s; is an 
elementary symmetric function of the numbers (1), 


(13) 


(14) Sk = Sh). 


Let K be the field composed of all rational functions with coefficients in F of 
these elementary symmetric functions: 


(15) K = F (81, 8; One ot be 


Hence any number of K is commutative with 7 and, being a polynomial in 7, 
also with 2. Thus any number of K is commutative with every number of 
the algebra S. 

If a number JN of S is commutative with every number of S, then JN is in 
the field K. For, by (6), N is in the field F(z). Next, if OS s<r7r, 
Nj = 7° N requires, by (7), that 


Ni(2) 9 = Ned ae 


Multiply each member by j’~* on the right. Since the terms of (9) are not 
zero, we get 


N(t) = N[6*(2)] (2=0, ** Feat 


If we exclude the case of fields F having a modulus dividing 7, we obtain, by 
addition and division by 7, N (2) expressed as a symmetric function of the 
numbers (1) and hence as a number of K. But we can easily give a proof 
valid for all fields F. By means of the equation of degree r having the roots 
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(1), we can express NV (7) as a polynomial in z of degree r — 1 with coefficients 
ie hus 
N(@)=ata2e+---+a,1271 (a’sin K ) 


holds fora =72. But the left member is unaltered when 2 is replaced by any one 
of the r numbers (1). Since an equation of degree r — 1 with r distinct roots 
is an identity, N (7) = a,a, = 0,°:-. 

Theorem 3. A number of the subalgebra S over F with the wnits (12) ts com- 
mutative with every number of S rf and only «uf it is in the field K defined by (15). 

Corollary. The right member of (9) is in the field K. 

6. Let (a) = 0 be the equation with coefficients in K and irreducible in 
K which has the root 7. Since 7 is commutative with every number of K, 
in view of (14), relations (7) hold for any polynomial f (a) with coefficients 
in K. Taking y (x) as f(a), we conclude that every 6° (2) is a root of 
w(x) = 0. Thus the latter has the r distinct roots (1). But these r numbers 
are the roots of an equation x (2) = O with coefficients in K,, in view of the 
definition of kK. Hence x (2) is irreducible in Kk. 

Theorem 4. The r numbers (1) are the roots of an equation x (x) = 0 of 
degree r with coefficients in the field K and irreducible in K. 

7. Any number of algebra S, 1. e., any linear function of its units (12) with 
coefficients in F', can be expressed by means of the equation x (z) = 0 of 
degree r as a linear function of the r? numbers (3) with coefficients in the field 
K. These r? numbers are linearly independent with respect to K; the proof 
is as in § 4 with n replaced by r, F by K, F (1) by K (1) = F (2). Hence 
the algebra S over F can be exhibited as the algebra L over K defined in § 1. 

Theorem 5. Any linear associative algebra A over the field F with the proper- 
ties (a), (b), (c), and such that g (7) + Oin (9), has a subalgebra S over F which 
can be exhibited as the algebra L over K with r? units (38) linearly independent 
with respect to K. 

8. If N is a number of the algebra L which is commutative with z, then NV 
is a polynomial in 2 with coefficients in the field K. Indeed, 


Vo ltg Selita te Re 97 25 
where each R, is a polynomial in 2 with coefficients in K. By (7), 
Piao (ay, 
Ni= Roit ho (gt --- + Rit 2) 7. 


Equating the latter to 7N and noting that the units (3) are linearly independent 
with respect to K, and that the numbers (1) are distinct, we find that R,, 
R., ---, R,-1 are zero. 
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Theorem 6. Any algebra of type L has the properties (a), (b), (c), with n 
replaced by r and F by K. 


Axrgesras A WirH r= 2. 


9. For r = 2, the irreducible equation satisfied by 2 may be given the form* 
v = c by applying a linear transformation onz. The algebra L then has the 
units 1,7,7, &, where 


(16) 
| = — cg, je=—ge=-—k, kt = — cj = — tk. 
The relations in the second line were derived from those in the first line by 
use of the associative law. Right-hand and left-hand division} is always 
possible and unique in this algebra L if and only if ¢ is not the square of a 
number in K and q is not expressible in the form 2? — cy’, with a and yin Kk. 
We shall assume henceforth that these conditions are satisfied. Then L is 
a generalized quaternion algebra over K. | 

Consider an algebra A related to this Z as in Theorem 5. Then K is of 
rank n/ 2 with respect to its subfield F. When K is so related to F, algebra 
LI can evidently be exhibited as an algebra S of 2n units over F. We seek 
algebras A with such a subalgebra S but distinct from S$. Since right- and ~ 
left-hand division is always possible in S, the number of units m of A is a 
multiple of 2n. 

10. For the simplest case n = 2, K = F and A has L as a subalgebra. 
Let A have the least possible number 8 of units: 


PR eine dir I3)- 


Then fi = Q+ Rf, where Q and R are in L. Multiply by 7 on the right. 
Thus R? = c,Q:+ RQ=0. HenceR= +2. If R=1,thnQ=aq+lk, 
and 7 is commutative with f+ jl/2 + ke/(2c), contrary to (b). Hence 
R=—1,Q=710,Q=e+h. Taking f — 1/2 — te/(2c) as anew unit f, 
we have 


(17) fi= — ff. 


Next, f7 = 0+ wf, where v and w are in ZL. Multiply by 7 on the right. 
Thus vw = 9,w = $j7,y9 = jo=0. 





* We exclude fields having modulus 2. 

t These Transactions, vol. 13 (1912), p. 66. Division is always uniquely possible 
in the more general algebra (9), p. 67, since A(X ) = A’(X) =o?. 

t The ordinary quaternion algebra if c = g = — 1 and if K is the field of all real numbers. 
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For the upper signs, v = ri+ sk. Taking f — kr/ (29) as a newf, we see 
that (17) remains true and that 
(18) fj = sk + Gf. 
Multiply (17) on the right by 7. Thus fk = — scj — kf. Multiply (17) on 
the left by f. Thus f? is commutative with 7. Hence, by (6), 


(19) ff=at+ bi Ca, bin FY: 
Multiply (18) on the left by f. Thus bk = — s?cj — bk, b=s =0, 

(20) Ot eee im tee fei kp ot faa. 

The general element is Q + Rf,Qand Rin L. We have 

(20’) (Q+ Rf) (a+ 1f) = Qa + Rr* a+ (Qr + Rg*) f, 


where r* is derived from r by changing the signs of the coefficients of 7 and k. 
Since fr = r*f, (rp)* = r* p*, the algebra with the multiplication table 
(20’) is associative. It is not an algebra A over F since every element is 
commutative with jf. Indeed, Qj = 7Q*. 

For the lower signs, » = e+ lj, so that 


fpseth—z. 
Multiply (17) on the right by 7. We get 
(21) fk=—ea—Ilk+ hf. 


Now the multiplication table (16) for LZ is unaltered in form if we set 


j=, k=en, g=— cg. 
Then, by (21), 


f= —Si— latin. 


Dropping the subscripts, we have the former case fj = v + jf. 

Theorem 7. There does not exist an algebra of type A with 8 units. 

Nor is there any algebra A > Lin which every number satisfies a quadratic 
equation with coefficients in F. For, if so, we may set f? = constant. Then 
(f + 7)? is a linear function of f = 7, so that fz + 2f is a linear function of 
f +7 and also of f — 7 and hence is a constant: 

fityf=a, fituf=e, fk + kf =, 
Sty ye) 8 (Gf — C2) erg = hf —e24-b 019. 
Hence 2fk and thus f isin L.. Thus* A = L. 

* We may thus give a remarkably simple proof of the famous theorem that a linear associative 
algebra (over the field of reals) in which division is always possible and unique is either the 
field of reals, the field of ordinary complex numbers or the system of real quaternions. Indeed, 
it is very easily shown that if there be more than two units, the algebra has a subalgebra of 


the quaternion type [ making use of these Transactions, vol. 13 (1912), p. 64, first lines 
of §6]. See $11 of Linear Algebras (in press), Cambridge Tracts. 


40 L. E. DICKSON: [January 


AxgeBrAs A Wiry 16 Unirs. 


11. For the next case n = 4, there exist algebras A with the minimum 
number 16 of units. We may take K to be the field F (&), where 


(22) 5) (v not a square in F'). 
As the 8 units of algebra S we may take 
(23) Ly Ey, FU tbs SIG eed anaes a eames 


The products of these by f on the right may be taken as the remaining 8 units 
of algebra A. Then fé= Q+ Rf, where Q and R are in S. Multiplying 
by € on the right, we see that 


GPs iT, 


ete (€+R)Q=0. 
If é+ R +0, then Q=0, R= &, fe = &f, so that A is an algebra of 8 


units over the field F (£) and hence, if existent, is a quaternary algebra L 
over a larger field (§ 10). We therefore take R= — &. Taking f—Q/ (2é) 


as a new f, we have 


(24) ‘fe=— ef. 


Thus £ is commutative with g + rf, where q and r are in S, if and only if 
r= 0. But € is commutative with f?. Hence 


(25) T= Ny [\, win F(¢)]. 


12. The following notations will be employed. If w= a+ bé, where a 
and b are in the field /, write wu’ = a— dé TE a=r-+<st, where r and s 
are in the field F (£), write a = r — si. Hence 


(26) fu =u; I = 07, ka=ak [uin F(t), ainF(i)]. 
13. We must have 


f= Q4 Rf, Qa a, eR a ee 
Then 
fe= f= U4 ROL, c=, ako =0 


(27) d=y+9, S(y+7) =), 
(28) gbs=—al(ity), a=B(i-y). 
First, let 6 = 0. If either a or B is not zero, then 


/ 2 


y= #1, C=Y=e, 


1914] LINEAR ASSOCIATIVE ALGEBRAS AND ABELIAN EQUATIONS 41 


and 7 satisfies the equation 2? = c, with c in F, contrary ton = 4. Hence 
a=B8B=0,fi=7f. Nowy=e¢+y,2,y, andc’ beinginF(£é). Thus 
c= 7? gives cy=0. If y= 0, then 2? = c= 2”, and i= = 2’ would be 
nF(é). Hencexz=0, 


Es) fr= yy, c= y'c [yin F(£)]. 


If a number of A is commutative with 2 it is easily seen (see § 19) to be in 
F (7), so that property (b) holds. 

Next, lett 6 +0. Then by (272), y=or1,0 in F(é). If 8 +0, we find 
by eliminating a from (28), and using (27,), that c’ = c. Hence B = 0, 
a= 0, and 


cL) ft = (o1 + 67) f, ce’ = co? + 98 [coin F(t), 6+0inF(i)]. 
14. We must have fj = g+7f,qandrinS. Then 
(29) IA APS ce Os SO a we PE fot fe 


Set g = B+ Cj,r= D+ Ej, where B, ---, Earein F(z). Then 
(30) g = D?+gEE, E(D+D)=0, 
(31) gC+DB+gEC=0, Bt+DC+ EB=0. 


First, let E=0. Set D= w+ 2, w and z in F(£&). Since D?= q’ 
isin fF (2), we= 0. Ti z= 0, then 7? = g = w”, and 7 = + w’ would be 
in F(é). Hence 2 +0, D=z2. Eliminating B from (81), we get 
((¢— D7)=0.. lf C +0, then j= =2. Hence C=0, B=0, and 


(II) f7 = xf, g =2c¢ [zn F(é)]. 
Next, let EH +0. Then, by (30), D = wi, win F (€), and 
(32) g’ = ca + gELE. 


Multiply (311) by 7 and substitute the resulting value of cwB into the product 
of (312) by we. By use of (32), we get 


Ge CGiaag j= 0, 


If g’ + g, then C = 0 and, by (81), B = 0, since the case EE =1,w=0, 
is excluded by (382). Hence 


(II’) fi = (wit Ej)f, ad, E + 0 [subject to (32) |. 


For g’ = g, it is simpler to employ conditions (29). Then r?= 7?, r= +7. 
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If r = 7, set fj = if. Then (I) and (I’) hold with f replaced by fi and 6 by 
— 6. Also . 


= 8 a ed 


Hence it suffices to treat the caser = — 7. Then f7 + jf = ¢ is commutative 
with €. But, by (24), (f7 +f) & = — (fj + jf). Hence 
(I1”) If =o a eee 


15. It remains to combine one of the cases (I), (I’) with one of the cases 
(II), (II’), (II’’”).. The combination (I) and (II) is readily excluded. Multiply 
(I) on the right by 7 and apply (II). We get 

fk = yr + xf = yeef = fy’ 2’ c’, k=y'2'c', 
whereas k is not in F (é). 


16. Let (I) and (II’’) hold. By the latter, f?7 = jf?. Hence by (25) 
and (262), \=A, “=p, so that \ and uw arein F(é). By (I), 


y2 


Pi= yy) ye =. 
Using (25), we see that u = 0 or A = 0, according as yy’ = + 1 or — 1. 
For the present, let the first alternative hold: 
(33) Vy tool ieel aN 
where \ is in F(é). Then f is commutative with \. Hence by (26;), Xd is 
in F, 

Writing* fi, fo, fs for of, gf, kf, we may express any number of the algebra 
as a linear combination of 1,2,7,k,f,f1, f2, fs, with coefficients in the field 
F(é). The associative law then uniquely determines the multiplication 
table for these eight units: 

| a 7 k ai fi fo fs 
a Cc k Cj fi cf fs che 
Tape Pree af Tiga O 
ki — @ Gu. GC es ee gh — geof 
Dib. Wet Fo eee cee yt —hj — yk 
fil yef —fs — yefo chy —Ak — ycrj 
AE a EA Ee! gf: J — yk — gr gy 
fs|—yof2 — of: ygof we —yody — gdh — gych 


* The rest of this section and § 17 are not essential in the later work. 
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Let N be unity or one of the seven numbers 72, ---, fs at the head of the 
table. Let N; be one of the same eight numbers. Let x and wu be any numbers 
in F(é). Then 


(34) (xN) (uN,) = (aU) (NN) fe ape y a Regs Wa) 
By means of the table and (34), we can express the product of any two linear 
functions of 1, 2, ---, f3 with coefficients in F (£) as a third such function. 
Multiplication thus uniquely defined is associative; it is far simpler to prove 
this fact by means of the condensed notations of § 18. 
17. The preceding algebra can be given a simpler form by using a functional 
notation in addition to the notations in §12. If A = w+, where w and 


v are in F (é), write A* = wu’ + yor. Then by (26), (1), II”), 
(35) Potter a = Aj,. cA = At 6, 
where ¢ = jf. Any number of the algebra is of the form 


N= xX+Y4+24+Wo ([X,-:-,Win F(i)]. 


Then 
(36) Nea by Cy + De) = P+ 07+ Rf-+ 8¢; 
where tf - 
P= XA+ YBg+ ZC*)\ — WD* gq, 
Q= XB+ YA— ZD*y\+ Woy, 
(37) 


R= XC+ YDg+ ZA* — WB* Gg, 
S= XD+ YC — ZB*+ WA*. 


18. A further simplification is effected by writing the general number of 
the algebra in the form U + Vf, where U and V are in S (i. e., are generalized 
quaternions), on writing Ut} = X* — Y*j7 if U= X+ Yj, X and Y being 
in F(z). ThenfU = Ujf. The law of multiplication is now 


(38) ames pe )UG VAY NS (OR ev Gt) 7, 


This multiplication is seen at once to be associative since the element 
f? = dof F is commutative with every U and since 


(39) (UV )t = UT VT, (UT)t = U. 
The latter relations follow at once from 
mee Yt — Xe Ye (XY )t=X*Y*, (X*)*=X, (X)*=X*, 


where X, Y are any numbers in F (2). Relations (40) are easily verified, 
use being made of (I), (33), (u’)’ = uw, (uwv)’ = wu' v’. 
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19. Let 2 be commutative with U+ Vf. Then Ui = iU, so that U is in 
F(t), and yVi = 2~V. Multiply the latter by 2 on the left. Then 


Va PVH yhi=y(yii=yeo. 


If y? = 1, then c’ = c by (1) and 2 is a root of the equation 7? = ¢ with co- 
efficients in fF, contrary to n= 4. Hence V = 0. Thus any number of 
the algebra commutative with 7 is in the field F (7). 

20. Since yy’ = 1, the condition in (I) may be written c’ y’ = cy. Hence 
cy is in the field F, so that c = dy’, din F. Set y= a — bé, a and b being 
inF. Then yy’ = 1 gives 
(41) ao — 7 = 1. 


Now 7 is a root of 2? = ¢ and hence of 
a=d(a+ bé), (2? — da)? = db’ v. 
By using (41), we see that 7 is a root of 
(42) at — 2daz?+ a = 0. 


Theorem 8. Jf a,b,d,,9,vare numbers in the field F such that (41) holds 
and such that equations (42) and & = vp are irreducible in F, and if we set 
y = a— bé, ec = dy’, the linear algebra over F with the 16 units 1,7,97,k,f, fi, 
fo, fs and their products by & on the left, with multiplication defined by (34) and 
the table in § 16, or more compactly by (88), is a linear associative algebra with 
the properties (a), (b), (ec) of § 2. 

The conditions on a, b, d are easily discussed. For example, let F be the 
field of all rational numbers: Take p= —1, d=] = 1, a=0, b=oe 
Then (41) holds and (42) becomes the equation x*-++ 1 = O for the primitive 
eighth roots of unity and is known to be irreducible in the field of rational 
numbers. 

Then y = — £,c = + &, and K is the field of the numbers r + sé, where 
r and s are rational and & = —1. While it is not an essential condition on 
our algebra, we may choose g so that division* is unique in the algebra L. 

21. We have treated the first one (33) of two alternatives. Next, let 


Uy Se oe 


* Evidently c is not the square of r + sé, since then 2s? = + lor —1. Next, there isa 
rational number g not of the form x? — cy?, where « =r+sé, y=l1-+mé. Indeed, 
e—iyv=A+BE, A=r—8+2lm, B=2rs—P +m. Take B=0. If r=0, 
then A = + 22?—s2. If r+0, we eliminate s and get 4rA ={2r?+(1+m)?} 
{2r2? —(l—m)?}. If 2r? — v® is divisible by the prime p, but not by p?, then p=8k=+1. 
For 27? + v? the condition is p = 8k +1 or 8k +3. The primes not in either set are 
p =8k-+5. Hence we may take as g a number divisible by an odd power of a prime 
8k + 5. 





1914] LINEAR ASSOCIATIVE ALGEBRAS AND ABELIAN EQUATIONS 45 

By jf° =f" f, weget p= .— yp. Thus p= té, 

(43) CO ee! eR I aS (tin F). 
Define A* as in § 17, and Uj asin $18. As before, 

eee Ulf) (AB)* = At B*,  CUV T= Uf Vt; 

but we now have 

(45) (A*)*=4, (Ut)tj=5jU, [(X4+ VAtht=xX+ Vj, 

of which the last two equations are equivalent. Multiplication 

(46) en) eG By UG Vy pita CUR 4 VOT) f 


is easily verified to be associative. Also § 19 holds here. By (1), 


cy’ & = cys, e=dy'é (din F) 
As in § 20, a? — vb? = — 1, while 7 is a root of 
(47) x* — 2bdva? + rd? = 0. 


The first condition is satisfied if a = b = 1, vy = 2, and for d = 1 equation 
(47) becomes x* — 42? + 2 = 0, which is irreducible in the field of rational 
numbers. Hence we have an algebra for which (a), (b), (e) hold. 

Theorem 9. /f a, b, d, t, g, v are numbers in the field F such that 
a* — vb®> = — 1 and such that (47) and #& =~» are irreducible in F, af 
y=a—bé, c =dy'é, and tf U and V are numbers of the algebra (16) over 
F (&), then the numbers U + Vf , subject to the law of multiplication (46), define 
a linear associative algebra with 16 units and having the properties (a), (b), (ec) 
of § 2. 

22. Finally, let (I) and (II’) hold. Multiply (1) by 7 on the right and 
replace the f7 introduced by its value in (II’). Thus 


fk = yoo + yEkf. 
Multiply this by & and eliminate the fk introduced. Then 
—eg f= yy (Ek) f+ yoo (1+ yE)k. 


If w + 0, then yE = — 1 and, by the coefficients of f, cg = ce’ g’. Nowy 
and hence EF is in F(£), so that E= EH. Hence y EE=1. Multiply 
this by ¢ and apply (I). Thus c’ HE = c. But (82) then gives w = 0. 
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Hence w = 0. Consider the case yE = — 1. By (I), yy = =1. Thus 
E=+y',9 =9y. Let J =k, K=cj. Then 


fi=yf, fl=—-Jf, wW=K, P=6, K=—-cG, 


where G = — cg = G’. Hence the algebra is equivalent to that in § 16. 
As it is not our purpose to enumerate all the algebras A with 16 units, we do 
not consider the remaining values of /, nor an algebra in which (I’) holds. 
Theorems 8 and 9 show that there exist linear associative algebras A with 
the properties (a), (b), (¢), and distinct from their sub-algebras S. Hence 
the class of algebras A is more extensive than the class of primitive algebras L. 





SOME THEOREMS CONCERNING GROUPS WHOSE ORDERS ARE 
POWERS OF A PRIME* 


+ 


BY 


WILLIAM BENJAMIN FITE 


Professor Burnside has called attention to certain limitations on the nature 
of the derived groups of groups of prime power order.t One of these limita- 
tions is that such a derived group cannot be non-abelian and have a cyclic 
central. Theorem I of the present paper gives a slight generalization of this 
limitation, and an obvious modification of the argument used in the proof 
of this theorem establishes the important result that the second central of a 
_group whose order is a power of an odd prime cannot be cyclic. 

The results given at the end of the paper are continuations of some obtained 
by Professor Burnside in the article just cited. 

Throughout the paper frequent use is made of the theorem that in a group 
whose order is a power of a prime the operations which correspond to the 
invariant operations of the 7th cogredient are commutative with all of the 
ith commutators of the group. 

We shall represent by G a group of class & and order p™, where p is a prime; 
by G’ the first cogredient of G; by H; the zth central§ of G; by K; the jth 
commutator subgroup; and by K;, ; the subgroup of K; that is contained in H;. 

Suppose that K;, » is cyclic and generated by the operation t of order p*. 
If k > 3, every operation of K;, 3 of order p must be contained in K;, » since 
the operations of this latter group are invariant in K, and its operations of 
order - are invariant in G. Hence K;, 3 has only one subgroup of order p. 
It follows at once that K;, 3 is cyclic if p is odd. If p= 2, K;, 2 contains 
an operation of order 2? that is invariant in K;,3. But in the non-cyclic 
group of order a power of 2 with only one subgroup of order 2 no operation of 





* Presented to the Society at the Cleveland meeting, January 1, 1913. 

+Proceedings of the London Mathematical Society, ser. 2, vol. 11 
(1912), pp. 241, 242. 

{ Fite, these Transactions, vol. 7 (1906), p. 62. 

§ I follow here the notation of Burnside’s Theory of Groups, first edition, p. 62, rather than 
that of the second edition, p. 120. Cf. de Séguier, Hléments de la théorie des groupes abstratts, 
p. 87. 
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order 2? is invariant. We conclude therefore that in this case also K;, 3 is 
cyclic. 

Suppose then that K;,3 is generated by the operation ¢; of order p*t*. 
If we denote by K,, ; the subgroup of the jth commutator subgroup of G’ that 
is contained in the (7 — 1)th central of G’ , it follows from what has been proved 
that K;,, must be cyclic. Hence the quotient group K;, 4/ K;, 3 must be 
eyclic. If it is of order p’ and f2 is an operation of K;, 4 that corresponds to a 
generator of it, 2” is a power of t; whose exponent is relatively prime to p, and 
therefore K;, 4 is cyclic. An obvious continuation of this argument shows 
that K; is cyclic. This establishes the following 

TheoremI. The jth commutator subgroup of a group of prime power order is 
cyclic uf those of its operations that are contained in the second central of the group 
form a cyclic subgroup. 

Since Ky, 2 is contained in the central of K,, Theorem I includes as a special 
case Professor Burnside’s theorem referred to in the introduction. 

In case p is odd an argument closely analogous to the one used in the proof 
of Theorem I shows that if Hy were cyclic G itself would be cyclic. But if G 
were cyclic there would be no Hz. This proves 

Theorem II. The second central of a group of order p™ , where pis an odd prime, 
cannot be cyclic. 

If p = 2, the preceding argument does not apply, since the operations of H2 
are not all necessarily invariant in H3 and therefore an operation of H3 of order 
2 may give a commutator of order 27. We can however proceed as follows. 

If k > 3, Hs contains a commutator ¢; that is not in H,. Now { Ho, t, } 
is an abelian group with only one subgroup of order 2, since ¢; is commutative 
with every one of its commutators. Hence this group is cyclic. If H3 con- 
tained an operation s of order 2 that is not in { He, t, }, s would transform 
into itself multiplied by an invariant commutator of G of order 2. Hence s 
would be commutative with ¢, and accordingly every operation of G would 
transform it into itself multiplied by an invariant commutator of G. But 
this is not consistent with the fact that sis notin H.. We conclude therefore 
that H3 contains only one subgroup of order 2. It contains the operation t, 
and every one of its operations transforms ¢, into itself multiplied by an 
operation of H,. But this would be impossible in case H3 were non-cyclic. 
We conclude therefore that H; is cyclic. 

The continuation of the argument up to the point of showing that Hy; 
must be cyclic is the same as in the case of an odd prime. But beyond this 
point the argument breaks down, since G/ H;_; has no commutator besides the 
identity. Asa matter of fact, there are groups of order 2” whose second centrals 
are cyclic—for example, the diedral groups of these orders when m > 3. 

Suppose now that K;, is cyclic and generated by the commutator ¢ of order 
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p*, where pisodd. Ifk > 3, G/ Hj_2 is metabelian* with a cyclic commuta- 
tor subgroup. If p’ is the order of this subgroup, G/ H,-3 must contain an 
invariant commutator of order p’ and the invariant commutators of G/ H;,_; 
must form a cyclic subgroup of order p*, where s 2 r. 

Since any operation of G/ H,_3 that corresponds to an invariant operation 
of G/ H;~2 is commutative with every commutator of G/ H;3, no operation 
of H;_; can transform ¢ into itself multiplied by a commutator that is not in 
H;,_3. But some operation of G must transform ¢ into #*7?", where a is 
relatively prime to p, and r<s,; <r-+s, since otherwise ¢ would be con- 
tained in H;_2 and G/ H;~2 would be abelian. But this is impossible since G 
is of class k. 

Suppose then that A is so selected that 


AtA = pte", 
where 2 is relatively prime to p, and s; is a minimum. Then 
Aus tp A = pp” tap" - oa {P” A = fp" taps | 
Now since #?” is contained in H;-2, while ¢?” ~ is not, it follows that 
r+s2rt+s, reset alge 
Hence s; = s, and therefore 
An?” t AP” = titer)?” 


But 
(1 + en) =I) > apts (mod ptt) , 


Moreover r + s < 28+ 1 <X, since the lowest power of ¢ that is contained 
in H,_3 is the p"**th power and since H,_3 must contain a commutator of 
order p*. Hence 


(1+ xp’) = 1 (mod p*), 


and A” is not commutative with ¢. Since however G/ Hz» is metabelian 
and contains no commutator of order greater than p’, A”” must be contained 
in H;,-,. We conclude therefore that if K, is cyclic and k > 3, not all of the 
operations of Ky are invariant in Hy_-1. 

This argument with a slight modification is valid when p = 2, provided 
that s > 1; but when s = 1 it breaks down and the conclusion does not hold, 
as may be seen from the groups of order 2°. 

We have assumed that k > 3. The existence of metabelian groups with 
cyclic commutator subgroups shows that the conclusion does not hold when 


*T use the term metabelian in the sense defined by me in these Transactions, vol. 
3 (1902), p. 331. Burnside uses the term in a different sense. See his Theory of Groups, 


second edition, p. 57. 
Trans. Amer. Math. Soc, 4 
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k = 2. When k= 3 every operation of H2 is commutative with ¢t. But 
the following conclusion from this argument for k > 3 does hold when k = 3; 
namely,* af Ky; 2s cyclic, Hy-1 cannot coincide with Ky. 

The commutator formed by any two operations, ¢; and t, of K, is con- 
tained in Hy_3, since G/ Hy_3 is of class three and the commutator subgroup 
of a group of the third class is abelian. The index of Ky, ,-3 under K; is at 
least p*. If it is exactly p?, we can assume that f, is equal to the product 
of some operation of H,~. and ¢t;. Hencet the commutator formed by 
and ¢, is in H;_4 and the index of the commutator subgroup of K, under K; 
is at least p’. 

If ¢; and ¢, are operations of K; they are ith commutators or products of 
ith commutators and correspond to invariant operations of the 7th cogredient 
of G/ Hx-2:-1, since they are contained in H;_;. Hence the commutator 
formed by ¢; and #2 is contained in Hy 2:1. Now if K; is non-abelian the 
index of K;, ,-2:-1 under K; is at least p*t?. If it is exactly p**!, we can show 
by an argument similar to the one used in the special case just considered 
that the commutator formed by 4, and ft, is contained in H;-»:-2. Hence 
the index of the commutator subgroup of K; under K; is at least p*t? if K; 
is non-abelian. ; 

If the jth derived group is contained in H,, the (7 + 1)th derived group 
is contained in H, (41), provided that x >7-+1. Hence the ith derived 
group is contained in Hy_;(;41);2, and therefore in a group of order p™ whose 
ith derived group is not the identity we must have k > 7(¢+1)/2. Hence 
m2=2+7(¢+1)/2. Forz > 4 this exceeds the lower limit for m given by 
Professor Burnside. 


CoLumBIAa UNIVERSITY, 
July, 1913. 








* de Séguier, loc. cit., p. 127. This follows also from Theorem II. 
t This result is given by Burnside in the article cited in the introduction. 


LIMITS IN TERMS OF ORDER, WITH EXAMPLE OF LIMITING 
ELEMENT NOT APPROACHABLE BY A SEQUENCE* 
RALPH FE. ROOT 
1. INTRODUCTION. 


The importance of the réle of the order relation in the theory of the linear 
continuum has been recognized since the appearance, in 1872, of Dedekind’s 
Stetigkeit und irrationale Zahlen,t and it received added importance at the 
hands of Cantort in 1895. A later contribution to the theory was made by 
O. Veblen§ in 1905, and a systematic account of the theory of the continuum 
as a type of order was given by E. V. Huntington|| the same year. The 
work of these writers is directed toward a complete characterization of the 
linear continuum in terms of order alone. A set or class of elements, other- 
wise undefined, is assumed to fulfil conditions, stated in terms of order, suf- 
ficiently restrictive to admit of effective use of the class in the réle of range of 
the continuous independent variable. 

Meanwhile certain classes have been recognized as being, in effect, the 
range of an independent variable, while not fulfilling all the conditions of the 
linear continuum. ‘The desirability of utilizing analogies that exist between 
theories that pertain to these classes and the theory of the continuum is 
obvious. To this end it is important to generalize, as far as may be, the 
notions of point sets so as to be applicable to such classes. 

The thesis of M. Fréchet§ was a notable effort toward this form of general- 
ization. He presupposes a definition of limit of a sequence of elements, the 
definition fulfilling certain mild conditions, and defines in terms of this the 
notion of limiting element of a subclass, and develops a theory applicable to 
any class for which a limit relation can be defined fulfilling the prescribed 

* Presented to the Society (Chicago), March 21, 1913. 

7 English translation by W. W. Beman, in a volume titled Dedekind’s Essays on the Theory 
of Numbers, 1901. 

tMathematische Annalen, vol. 46 (1895), p. 481. 

§ These Transactions, vol. 6 (1905), p. 165. 

|Annalsof Mathematics, ser. 2, vol. 6 (1905), p. 151, and vol. 7 (1905), p. 15. 
{ Rendiconti del Circolo Matematico di Palermo, vol. 22 (1906), 


p. 6. 
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conditions. He later adopts an analogue of the distance function (vozsinage), 
the restrictions of which give a much more extensive theory. 

E. H. Moore, in his paper at the Rome Congress in 1908,* and in his later 
published work on general analysis,t introduces a form of generalization of 
different character, considering properties of classes whose elements are real 
valued functions of a variable absolutely unconditioned. This general variable 
admits of a wide range of special applications. 

E. R. Hedrickt{ contributes to the theory of such general classes by defining, 
in terms of the limit relation used by Fréchet, an “ enclosable property ” 
which replaces the voisinage or distance function used by the latter to define 
a special type of limit. In a paper by T. H. Hildebrandt§$ in which the 
voisinage of Fréchet is replaced by a K relation of a type used by E. H. Moore, 
it is shown that most of the theorems proved by Fréchet may be based on 
milder assumptions than he used. The papers by Fréchet, Hedrick and 
Hildebrandt each consists of two stages, the first stage pertaining to a range 
possessing a mildly conditioned definition of limit of a sequence, the second 
stage pertaining to a range conditioned in such manner as to involve a notion 
closely analogous to that of “ neighborhood,” and introducing in some form 
the notion of “ uniformity on the range.” 

In a former paper|| by the present writer postulates are stated directly in 
terms of “neighborhood,” but are free from any requirement of uniformity 
on the range. This absence of uniformity facilitates the treatment of ideal 
limiting elements, while invariance of postulates under the process of com- 
position of classes is utilized to simplify the treatment of multiple and iterated 
limits. The paper may, in some sense, be regarded as an intermediate stage 
between the two stages of each of the three papers just mentioned. 

The object of the present paper is to use in this field of generalization some 
of the simple properties of ordered classes. A triadic relation of the type of 
‘““ betweenness ”’ serves in the definition of segment, which, with certain mild 
postulates that are fulfilled by any simply ordered class, is effective in the 
development of a theory of limits and continuity. The postulates possess 
the invariance under composition and the freedom from uniformity that are 


* On a Form of General Analysis, with Application to Linear Differential and Integral Equa- 
tions, Atti del IV° Congresso Internazionale dei Matematici, Roma, 1908, 
vol, 2, p. 98. 

+ Introduction to a Form of General Analysis, published in a volume titled The New Haven 
Mathematical Colloquium, 1910. 

t On Properties of a Domain for which any Derived Set is Closed, these Transactions, 
vol. 12 (1911), pp. 285-294. 

§ A Contribution to the Foundations of Fréchet’s Calcul Fonctionnel, American Journal 
of Mathematics, vol. 34 (1912), p. 2387. 

ll Iterated Limits in General Analysis, American Journalof Mathematics, 
Jan. and Apr., 1914. 
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emphasized in the previous paper, and avoid some of the restrictions of that 
paper. 

The theory developed in sections 2-7 may be characterized as a “‘ neighbor- 
hood theory,” being based on a definition of limiting element in terms of seg- 
ment, a type of neighborhood. In section 8 we indicate the character of a 
“ sequential theory ’’* based on the same postulates, which emerges by the 
adoption of a definition of limiting element in terms of “ limit of a sequence,” 
as is done in the first stage of the paper by Fréchet. This form of definition 
is used also by Hedrick, and in the first part of the paper by Hildebrandt. 
Finally, in section 9, we define a “ sequential property ” for classes of elements, 
the presence of which, in addition to Postulates I-III, is a necessary and suf- 
ficient condition for the equivalence of the two theories considered. It is 
shown that simply ordered classes exist which do not possess this property. t 
A fourth postulate, sufficient to secure the sequential property, is discussed 
in relation to certain fundamental assumptions that have occurred in dis- 
cussions of the linear continuum and of general analysis. 


2. DEFINITIONS IN A SYSTEM (Q; B). 


The system (21; B) with which we are concerned consists of a class Q of 
elements q of any kind whatever, and a relation B defined for triads of elements 
of QQ. The relation B is said to be defined for a class © if for every three 
elements g1, g2, and q3 (distinct or not) the question “ does the relation 
Bg,a.q, hold” has a definite answer, yes or no. A simple instance of such a 
system is obtained if we take for Q the class of all points on a line, and let B 
denote the ordinary relation of “ betweenness,” so that Bg,q,¢, may be read 
“go is between q; and q3.” 

The following definitions are found convenient in developing a theory per- 
taining to a system (0; B). 

DEFINITION 1. If q: and q are such that B,,,¢, holds for some q, the class 
of all elements g such that By,¢, holds is called a segment. 

Such a segment is denoted by G,,,, or, in case clearness permits, simply by S. 

*T. H. Hildebrandt (loc. cit., p. 239) uses the term “sequential continuity”? with respect 
to functions on a range where limiting element has a definition of this form. 

tIn the Bulletin of the American Mathematical Society, vol. 17, 
(1911), p. 538, we gave a brief forecast of the principal features of the paper cited above on 
iterated limits. The closing sentence of that forecast states that the treatment is available for 
any class having linear order. The statement is exact, but the application then in view would 
give a theory for linear sets substantially equivalent to the ‘‘sequential’”’ theory for such sets 
indicated in the present paper. This result is attained by assigning to each element not ap- 
proachable by a sequence a neighborhood consisting of the element itself, thus making it an 
isolated element also in the neighborhood theory. In the last section of the present paper we 


indicate a restriction on linear sets sufficient to render the neighborhood theory of this paper 
a special case under the general theory of the paper cited above. 
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DEFINITION 2. An element q is a limiting element of a subclass 33 of Q 
if every segment containing g contains an element p- of $ distinct from q. 

DEFINITION 3. A subclass § is closed if every limiting element of [isin J. 

DerIniTion 4. A subclass $3 is dense in itself if every element of $$ is a 
limiting element of $3. 

DeriniTion 5. A subclass $ is compact if every infinite subclass of $$ has a 
limiting element.* 

DEFINITION 6. An element q is interior to a subclass $$ if there is a segment 
containing g and contained in [. 

DEFINITION 7. An element g is a limit of a sequence { q, } if for every 
segment © containing qg there is an ng such that, for n > ne, gq is in S. 

DEFINITION 8. The derived class of a class J is the class of all limiting 
elements of $3. 

DEFINITION 9. The frontier class of a class $$ is the class of all elements 
in $3 or the derived class of $$ that are not interior to }. 


3. THEOREMS REQUIRING NO RESTRICTIONS ON THE SYSTEM. 


The theorems of the present section hold for any system of the type (2; B) 
in the absence of any restrictions whatever.t The proofs, being entirely 
obvious, are omitted. 

THEOREM I. Jf < cs the derived class of 38, then the class J$ + & is closed. 

TuHeEorEM II. The frontier class of any class is closed. 

TueorEM III. Jf ¢ ws a limiting element of a subclass % it is a limiting 
element of every class containing J .t 

TueorEM IV. A class $$ 2s compact if and only if every subclass of $ as 
compact.§ 

THEOREM V._ A class formed of a finite number of compact classes 1s compact. 

TuHeorEM VI. A sequence formed by repeating a single element has that 
element as limit. 

TuHeorEM VII. If a sequence has a limit every infinite subsequence has the 
same limit. 

* Fréchet, loc. cit., p. 6. 

+ It is common, under similar circumstances, to state theorems as corollaries of definitions. 
We desire to emphasize the fact that the office of a definition is to conserve economy in the use 
of language, and that it is, in reality, a part of the statement of every proposition which involves 
the term it defines. The validity of a theorem depends on the definitions of its terms only in 
the same sense that it depends on its own hypothesis. 

t A proposition of this form is used by F. Riesz as a postulate in his paper on Sletig- 
keitsbegriff und abstracte Mengenlehre, Atti del IV° Congresso Internazionale 
dei Matematici, Roma, 1908, vol. 2, pp. 18-24. Propositions of the form of his 
other postulates occur as theorems in section 7. 


§ This theorem and the next are given by Fréchet, loc. cit., p. 7. Theorems VI and VII are 
similar in form to postulates used by Fréchet. Further reference to his work is made in section 7. 
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It should be understood that the limit of a sequence need not be unique. 
We are able to prove this property only after the adoption of Postulate III. 

TuHeorEM VIII. Jf q ts interior to B, all but a finite number of terms of any 
sequence whose limit vs q are interior to $3 .* 

TuHeorEM IX. [If there exists a sequence of distinct elements of 8 having q 
as limit, q is a limiting element of ¥. 

We note that the converse of this proposition holds only in a very restricted 
system. Itis because of this that we find a divergence of the “ neighborhood ” 
and the “‘ sequential ” theories. We discuss this question more fully in the 
last two sections. 


4. THEOREMS IN A COMPOSITE SYSTEM. 


From two systems (Q’; B’) and (Q”; B’”’) of the type under consideration 
we derive a system (20; B) of thesametype. The class © is the product class 
OQ)’ QO", consisting of all elements q of the form gq = q’ q’’, where q’ is in Q’ 
and q’’ isin 2)”. The element q is not to be regarded as a product, but simply 
as the pair q' q’’. For three elements 71, q@, qs the relation B4,q,q, holds if 
and only if m=@ 9, @2=%% and g3 = g34q;, and the relations By, 
and Bioi'q’’q,"’ hold. Thus (9; B) is a definite system of the required type, 
and is called the composite system of the systems (Q’; B’) and (2Q”; B’”’). 
Similarly any number of systems of this type give rise to a definite composite 
system. f 

A system (©; B) may fulfil the following postulate: 

PostunaTE I. Jf q is an element of Q there exists a segment containing q. 

If the relation B is interpreted as ordinary betweenness, and fulfils condi- 
tions sufficient to render © a simply ordered class, then the addition of this 
postulate is equivalent to the assumption that there is no first or last element. 
This is not, in effect, any restriction; for any simply ordered class may be 
regarded as a subclass of a class having no extreme elements. Moreover, if 
we so modify the relation B that Bggq, and Bg,qq shall hold in case q is an 
extreme element, while it remains otherwise as ordinary betweenness, then 
we find that Postulate I is no restriction on a simply ordered class. 

If each of two or more systems fulfil Postulate I their composite system does 
also. And if a composite system fulfils this postulate so must every com- 
ponent system, providing that © in the composite system contains at least 
one element. Excluding the trivial case just provided against, we may say 
that Postulate I is invariant under composition of systems. 

The theorems of this section are, for the sake of clearness and brevity, 
stated for a system (2; B) , composite of two systems, (Q)’; B’) and (Q”; B’”’). 


*E. R. Hedrick, loc. cit., p. 286. 
{+ Compare T. H. Hildebrandt, loc. cit., p. 250. 
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The notations $3, #, ete., indicate subclasses of {Q, and with suitable accents 
they denote subclasses of Q’ and Q’’. The manner of extending to the case 
of a composite system of several systems is entirely obvious. 

THEOREM X. A class is a segment vf and only if there exist segments S’ 
and S"’ such that 8 is the product class S' GS’. 

This proposition is obviously true, even for systems in which Postulate I 
is not assumed to hold. 

THEeorEM XI. Jf $3 is the product class J’ $B’ and wf q = q' q’’, then a 
necessary and sufficient condition that q shall be a limiting element of JS rs that 
q’ is a limiting element of 3’ and q"’ 1s in $B’’, or q’’ ts a limiting element of SB’’ 
and q’ 1s in SB’, or qg’ and q”’ are limiting elements respectively of 3’ and 3’’. 

That the condition is sufficient is easily seen, without the use of the pos- 
tulate. The necessity of the condition may be shown to involve the postulate 
as follows: Let q’ be in a segment containing no other element, and suppose 
q’’ is not in any segment; then q is not in any segment and is therefore a limiting 
element of every 3, but q’ is not a limiting element of any $$’. By consider- 
ing J = $Y’ B’’, where 3’ does not contain g’, we see that the condition 
is not necessary. The proof of the necessity of the condition is very simple if 
Postulate I is fulfilled. 

THeorEM XII. Jf $ = YB’ PB’, then ¥ zs closed of both P’ and $Y" are closed, 
and, in case J contains at least one element, both 33’ and $Y” are closed of B is 
closed. 

The first part of this theorem involves the necessity of the condition in 
Theorem XI, and therefore the use of the postulate, but the second part of the 
theorem involves only the sufficiency of the condition, and can be proved for 
an unrestricted system. 

TuHeorEeM XIII. Jf $ = YP’ PB’, then YG is dense in itself if and only uf one 
of the component classes, J3’ or 38’’, 1s dense in ttself. 

The proof may be arranged, without use of the postulate, as follows: 
Suppose JS’ is dense in itself. An element p is of the form p’ p’’, and a segment 
S containing p is of the form G’ G”’, where G’ contains p’ and S” contains p’’. 
©’ contains a p; distinct from p’, and p; = p; p”’ is in © and distinct from p. 
Thus every 7p is seen to be a limiting element of §§, and $$ is dense in itself. 
Now suppose neither $3’ nor $8’ is dense in itself, then there exists p’ in a 
segment ©’ containing no other element of 3’, and there exists p’’ in a segment 
©” containing no other element of §§’’, thus the element p = p’ p” is in the 
segment © = ©’ S” which contains no other element of $$. This element 
p is not a limiting element of (3, so that $§ is not dense in itself. 

TuHeoREM XIV. (a) Jf B= YP’ PB”, then rf B rs compact both YB’ and Y’’ 
are compact, provided. that each contains at least one element. 

(b) If B= YP’ PB” and P’ and YB" are both compact, then every infinite product 
class in 8 has a limiting element. 
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The proof of (a) requires the use of Postulate I, but (b) holds for any system. 
It will be observed that the compactness of the two component classes does 
not imply the compactness of $$, except in case of a more restricted system.* 

TueoreM XV. If $ = $Y’ B” and q = qq’, then q is interior to % if and 
only of q’ and q” are interior to PB’ and $8” respectively. 

This theorem clearly does not involve Postulate I. 

TueorEeM XVI. Jf q= qq", then a necessary and sufficient condition that 
q shall be the limit of the sequence { qn } is that the sequences { q, } and { ¢/’}, 
where Qn = 4, g, for every n, shall have respectively the limits q’ and q'’. 

As in Theorem XI, the necessity of the condition involves the postulate, 
while the sufficiency can be proved for an unrestricted system. The proof, 
being very simple, is omitted. 


5. LIMITS AND CONTINUITY OF FUNCTIONS. 


Functions defined on subclasses of 2 are denoted by the letters wu, ¢,6, ete. 
A function y is said to be defined on a subclass 8 if to every element p there 
corresponds a definite function value u,, which is a real number, or + © or 
— «©, With respect to a given function pu on a given class $$ we consider, 
relative to a definite limiting element / of 3, three symbols, 

lim pp, lim pp, lim py, 

pol pl pot 
which denote respectively the limit, the upper limit and the lower limit of 
as p approaches!. In this section 5, the symbol p—/ under “ lim”’ is 
omitted; it is to be understood in every case that we mean the limit as p 
approaches /, 

DEFINITION 10. Following are the conditions under which the limit, the 
upper limit and the lower limit of wp on $ exist at a given limiting element J. 

(a) lim py = a is equivalent to the condition: For every e there exists a 
segment ©, containing / such that for every p in ©, distinct from / we have 
| Hp —a| se] 

(b) lim py = a is equivalent to the two conditions: (1) For every e there 
exists an ©, containing 7 such that if p is in ©, and distinct from / then 
Mp Sate. (2) For every © containing / and every e there exists a p in © 
distinct from / such that p, 2 a — e. 

(c) lim pp = + © is equivalent to the condition: For every © containing 
1 and every a there is a p in © distinct from / such that up > a. 

*See Theorem VIII (d) of chapter II of the paper on Jterated Limits in General Analysis, 
loc. cit. In section 9 of the present paper conditions sufficient to validate such a theorem are 


stated for a system (0; B). 
+ The letter a denotes a real number, while e invariably denotes a positive real number. 
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(d) limp,» = — © and limp, = — © are each equivalent to the con- 
dition: For every a there exists an ©, containing / such that if p is in G, and 
distinct from / then pp < a. 

(e) Conditions for lim 4, = a, limp, = — © are analogous to conditions 
in (b) and (c), while conditions for limy, = + © and limy, = + © are 
analogous to (d). a: 

THEoREM XVII. Jf a function p defined on $ ts such that for a given limiting 
element | of JS there exists an a such that for every p distinct from | we have 
| up| Sa, then there exist uniquely & and a such that 


limp, =4, limp, =a. 
pol pl 

For each © containing / let G@; be the least upper bound of yu, for all elements 
p in © distinct from. It is not difficult to see that the greatest lower bound 
of Gz for all segments © containing / is the @required. Similarly the existence 
of a may be shown. The proof depends on Postulate I. 

If in the hypothesis of this theorem we remove the restriction that p is 
bounded on the range obtained by omitting the element / from {, then the 
least upper bound of uw, ona given ©, excluding p = 1, may be + © or — ©, 
so that the greatest lower bound of these least upper bounds may be + © or 
— oo. But in any case the latter quantity definitely exists, and is the upper 
limit of uw at~. Since a similar procedure gives the lower limit of u at 1, we 
have the following corollary. 

Corouuary. For every uw defined on 38 and for every limiting element | of B 
the upper limit of wu at l and the lower limit of u at | exist. fits 

But making use of Postulate I it is not possible to prove that lim uw, Zlim yp, 
and the existence of a limit for uw at a limiting element / neither implies nor is 
implied by the equality of the upper and lower limits of u at]. Furthermore, 
the limit of a function at a limiting element, when it exists, is not necessarily 
unique. ‘These points may be established by the following examples. 

EXAMPLE 1. Let Q consist of the points (x, y) of a plane, and let Ba,qg, 
hold if the three points are on a line and q2 is between qi and q; in the usual 
sense. Postulate I is fulfilled. Let $$ be the class of points in the first quad- 
rant, and let u be defined on $ so that for p = (x, y) we have pp = y/ 2, 
then for / = (0, 0) we have lim yw» = 0 and lim py, = + ©, while for every 
positive a we have the conditions fulfilled for lim u, = a, and also we have 
limwp=+o. 

EXAMPLE 2. With the same system (22; B) and the same class [5 as above, 
take u on $ so that for p = (2, y) we have up equal to unity if « = y, equal 
to one half if x is rational and greater than y, equal to zero if x is irrational and 
greater than y, equal to 2 if 2 is rational and less than y, and equal to 3 if x 


1914] IN TERMS OF ORDER 59 


is irrational and less than y. We now have a unique limit, unity, at the origin, 
while the upper limit is one half and the lower limit is 2. 

EXAMPLE 3. Again with the same system and the same class %, take u 
on $ so that for p = (x, y) we have yu, equal to unity for x rational, equal to 
zero for x irrational and equal to or greater than y, and equal to 2 for 2 irra- 
tional and less thany. The upper limit and the lower limit at the origin have 
the same value, unity, while the limit does not exist. 

We have, however, the theorem: 

TueoreM XVIII. Jf uw is defined on $Y, then uw can have no limit at a given 
limiting element | of 38 which ws greater than the lower limit of uw at 1 or less than 
the upper limit of uw atl. 

As an immediate corollary we have 

Coroutuary. If the upper and lower limits are equal, then if a limit exists 
it 1s unique and equal to the upper and lower limits. 

For further theorems we require a second postulate, which may conveniently 
take the following form: 

PostuLaTE II. Jf Gi and Ge are segments containing q, then there is a 
common subclass of S; and SG» which is a segment containing q. 

This condition is clearly invariant under composition of systems, provided 
that the composite class contains at least one segment. Several theorems 
result from this postulate. 

THEOREM XIX. [If u is defined on ¥, then for every limiting element | of B 
we have lim »-5;Mp S lim pe lip 

THEOREM XX. For a given pw on $ and a given limiting element | of , 
a necessary and sufficient condition for the existence of a limit of u at lis the equality 
of the upper and lower limits of uw atl. 

Corotuary. If a limit of yu at | exists, it is unique and equal to the upper and 
lower limits of w atl. 

THEOREM XXI. [Jf yu is defined on and | is a limiting element of 3, then 
the following two conditions are necessary and sufficient for the existence of a 
finite limit of wu at I: 

1. In every segment containing | there is a p distinct from 1 such that wp is 
jinite. 

2. For every e there is an ©, containing | such that, of pi and po are in ©, and 
distinct from I, then | up, — Mp, | Se. 

The necessity of these conditions is obvious, and the sufficiency is easily 
established by showing that the upper limit and the lower limit cannot be 
distinct. 

DEFINITION 11. The function p is continuous on $ if uy is finite for every 
p and if for every limiting element / of [5 that lies in [ we have lim up = wr. 

DEFINITION 12. The function yp is extensibly continuous on $ if w is con- 
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tinuous on §8 and if for every limiting element / of 3 not in % we have lim up 
existing and finite.* 

THEOREM XXII. Jf & is the derived class of 3 and p is defined on Y and o 
as defined on B+ L such that for every p we have wp = Gp and for every | not 
in B we have lim py = ¢1, then uf urs extensibly continuous on J, ¢ is extensibly 
continuous on + &. 

Since $+ & is closed, on this class extensible continuity is not different 
from ordinary continuity. For every / and e there exists an ©, containing / 
such that for p in G, we have | gp — g:| <e/2. For any |; in G, there is 
an G, containing J; such that for p in G, we have | ¢1, — ¢p| < e/ 2, and since 
S, and G, have a common p, we see from these conditions that for any q 
of B or Cin GS, we have | g, — gi| Se. 


6. FUNCTIONS ON A COMPOSITE RANGE. 


For theorems on iterated limits we consider functions on a composite range. 
It is sufficient for our purpose to consider a system (22; B), composite of two 
systems (Q’; B’) and (9Q”; B’’), each fulfilling Postulates I and II. The 
propositions of the present section relate to a function p defined on a subclass 
G of Q of the form ¥’ PB’, where P’ and PB” are subclasses of Q’ and Q” 
respectively. The notations /, l’, l’’ invariably represent limiting elements 
respectively of 3, 38’ and 8’. The definite significance of these notations 
is presupposed in the statement of each theorem. 


THEeoREM XXIII. Jf l=U'l’, then 

















(a) lim lim pp’ p” S lim lim pp’ p” S lim lim pp’ 9”, 
p>!’ po ph Seite pol’ p>” p> 1’ 

(b) lim fim’ po’»>” = lm “lm p,' 5” = lim “iim gp,’ >”, 
pI" pou plu! pf Pp!” plo 

(c) lim po SS lim jim ey in i i,” ee 
pr p= i” pis’ a > i” pa 1’ pol 





(d) If lim py exists then 


lim lim pp’p’= lim lim pp’ p>’ = lim pp. 
Pp 1 > it pO! p>! pl 
Propositions (a) and (b) are sufficiently obvious applications of Theorem 
XIX. Proposition (d) is a corollary of (c), which may be established as follows: 
We show that the assumption that the lower limit is greater than the iterated 
lower limit leads to a contradiction. If we make this assumption, two cases 
*In the paper on Jterated Limits in General Analysis, loc. cit., we show that in many 


applications this condition is equivalent to uniform continuity. See especially chapter IV, 
theorems V, XIII, XIV and XV. 
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may arise, the lower limit may be a finite number, or + ©. Suppose 


Limp > ay lim’ lim up’ p' = a — 46. 
p> RSI" vp’ 


Let ¢ be a function on $8” such that for every p’’ we have 


lim Mp’ p’ = Pp’’. 
ieee 





There is an ©, containing / such that, if p is distinct froml in ©., up,» 2a—e. 
This ©, is of the form GS’ G”’, and there exist p’”’ in 6” distinct from 1’ such that 
Gp" Sa— 3e and p’ in ©’ distinct from lI’ such that wy’ »’ S op’ +e. 
We have, therefore, up’ »’” < a — 2e, and the contradiction is found in the 
fact that p = p’ p’’ isin ©,. If we suppose the lower limit is + © and the 
iterated lower limit is finite, similar reasoning leads to a contradiction. 

THEOREM XXIV. (a) If I’ ts such that for every | of the form 1 =I’ p” 
we have 

lim tp = p"’, 
p>! 
where ¢ vs a finite valued function on $8’’, then ¢ is continuous on B’’ . 

(b) If l’ ts such that for every l of the form l= I' q’’, q” being in B” + L’, 

we have 

lim Up = Gq"; 

v1 
where ¢ is a finite valued function on JB’ + ’, then ¢ is extensibly continuous 
on Bp” er 

(c) If wu is continuous on YS, then, for every p’, wp’ is continuous on 8” and, 
for every p”’ , Up'’ is continuous on SS’ .* 

(d) If uw ws extensibly continuous on 3, then, for every p’, up’ ws extensibly 
continuous on S3’’ and, for every p'’, up’ is extensibly continuous on $B’. 

These propositions may be regarded as corollaries of those of the theorem 
just preceding. 

In the remaining theorems of this section we employ notions analogous 
to that of uniform convergence of a sequence of functions, and to that of a 
family of equally continuous functions. P 

DEFINITION 13. If ¢ is defined and finite on }t’’, a subclass of B’’, wp’ is 
said to approach ¢ uniformly on Rt’ as p’ approaches I’ if for every e there 
exists an G_ containing J’ such that if p’ isin GS distinct from /’ and p” is in 
MR” we have | pup’ op’ — Gp” | Se. The notation for this condition is 
lim pp’ = 9 (KR). 
ede 


* The notation uy’ indicates a function on $”’, the argument p’ being fixed while p”’ ranges 
over the class 3’. 
7 Fréchet, loc. cit., p. 10. 
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DEFINITION 14. The function p is continuous on J3’ uniformly on 3B’ if 
for every l’ in 33’ we have lim pp’ = py’ ($B). 
pil 


DEFINITION 15. The function yp is eatensibly continuous on J’ uniformly 
on SS’’ if it is continuous on 8’ uniformly on $3” and if for every /’ not in JS’ 
there is a finite valued function ¢ on $8” such that we have lim py’ = 9 (P”). 

pol’ 


THEOREM XXV. Jf l= I'l” and R” ts the class of all elements p"’ in some 
fixed S" containing l’’, then uf ¢ is a finite valued function on 8’ such that 


. —s yt 
lim pp’ = o (Rt) 
p>! 
we have 
(1) lim Mp lim Yp"'s lim pp = lim gp”, 
pol p's wv pol pil—>l"! 


provided that in case l’ is in 3’ we have the additional hypothesis 


lim gp” S lim py’ p”, lim pi’ p” S lim gp”, 
pis! pti" pls’ plot 


and in case l’’ is in S3’’ the hypothesis 


lim gp S gr" Slime,”.* 
pW pl" 

Denote the lower limits in (1) by Z and L’’. We prove L = L” for the 
case when I’ is not in $8’ and l” is not in $”’. That L is not greater than L’’ 
follows from Theorem XXIII, (c). Now suppose that L” is the greater. 
Consider first the case when L’’ = a, and let L=a-— 4e. There exists 
an G” containing /’’ and contained in the fixed ©” such that if p” is in GS 
we have gp’ => a—e, and there exists S, containing l’ such that if p’ is 
in SG and p” in GS we have | up’ »’ — Gp” | Se, whence py’ p” > a — 2e. 
Also, in every © containing / there is a p such that up Sa — 3e. We find 
a contradiction when © = GG”. Consider now L’ = + © and L=a. 
For a given a there is an G” containing /’’ and contained in @” such that if 
p”’ is in SG” we have gp” = a, and for a given e there is an GS containing /’ 
such that if p’ is in G and p” is in G” we have | up p» — Gp” | S e, whence 
Mp’ p'’ 2a—e. Also,inevery © containing / there is a psuch thatu,< a+e. 
We find a contradiction when S = @ G" and a > a+ 2e. 

The equality of the upper limits for this case follows by analogy, and in 
case the restriction as to / is removed the additional hypotheses then provided 
clearly validate the. conclusions. 

Similar considerations lead also to the following theorem, which gives similar 
results from milder hypotheses. 








* We omit the corresponding propositions involving uniform approach to + © and to 
— ©, which are stated in the American Journal of Mathematics (loc. cit., 
chapter III, theorem X), and are valid here. 
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THEOREM XXVI. [fl= I'l” andl’ is not in $”, and if ¢ and 6 are finite 
valued functions on §°’’ , then 
(a) A sufficient condition for 
lim pp Slim gp” 
pl pl—>l!! 
ws that there exist an S"’ containing l’’ such that for every e there is an SG’, containing 
l’ such that if p’ is in GS, and p” is in GS" then wp’ p'" S op’ +e: 
(b) A sufficient condition for 


lim wp 2 lim 6,” 
p>! pu" 





as that there exist an S"’ containing l’’ such that for every e there is an GS’, containing 
V’ such that if p’ is in GS, and p” is in SG" then wp’ yp’ = Op" — e. 

TuHEorEM XXVIII. If l= I'l” and S” contains I’ and KR” consists of all 
elements p’’ in S’’,, and if in every S’ containing I’ there is a p’ distinct from I’ 
such that, for some a, 

lim pp’ p” = a, 
Ppilemeytl? 


and uf ¢ ws a finite valued function on Y’’ such that 


lim pp’ = 9 (KR), 
pl 


then there is an a, such that 


lim 9p” = a1. 
pil! 


For by the uniform approach to ¢ we have for every e an S, containing 1’ 
such that if p’ is in G; distinct from /’ and if p” is in G” then 


ae 





(1) | Mp’ p’’ — Gp" 


Also there is a p, in@~ such that, taking account of Theorem XXI, there exists 
an Gj containing 1’ such that if p; and p; are in G) and distinct from 1’ 
we have 

(2) | Mp,’ py"’ — Kpy’ pa” | = e/ 3. 


Take S”’ common to G” and G’, then if p;’ and p,;’ are in GS.’ we have from 
(1) and (2) the condition | gp,” — ¢p,’"| X e, and since condition (1) of Theorem 
X XI is obviously fulfilled by ¢ at l’’, we have the desired conclusion. 

The two following theorems are easily deduced from the preceding. The 
propositions are true either with or without the words in brackets. 

THEOREM XXVIII. Jf I’ is such that in every S’ containing I’ there is a p’ 
distinct from l’ such that up’ 1s leatensibly] continuous on Y3’’, and if o isa 





64 R. E. ROOT: LIMITS [January 
finite valued function on J3’’ such that 


lim pp’ = 9 ($"), 
p> 
then o is [extensibly] continuous on J’. 
THEOREM XXIX. [Jf uw is [extensibly] continuous on 3’ uniformly on $3’, 
and if for every p’ wp’ is [extensibly] continuous on Js’, then p is [eatensibly] 
continuous on J. 


7. ‘THEOREMS REQUIRING A THIRD POSTULATE. 


Consider a class Q consisting of all integers, positive and negative. Let 
Baa, hold if qi and q3 are integral multiples of 4 and q:, is between them in 
the usual sense. The system (Q; B) fulfils Postulates I and II, but clearly 
violates several conditions usually considered as fundamental in the theory of 
limits. For example, the proposition that no finite class has a limiting ele- 
ment does not hold, since any class containing two successive integers has one 
of these as a limiting element. Again, the proposition that a sequence can have 
but one limit does not hold, for the sequence 2, 2, 2... has the limits 1, 
2, and 3. These conditions and certain others that may be desirable in ex- 
tending a theory of limits are fulfilled in a system (Q; B) restricted by the 
following postulate. 

PostunaTE III. If q, and qe are distinct elements, each contained in some 
segment, then there exist segments, ©, containing qi and G2 containing q2, such 
that S; and G2 contain no common element. 

This postulate, like the first two, is invariant under composition of systems 
if we exclude the trivial case in which the composite class contains no segment. 
Also it is obviously fulfilled by any simply ordered class, if the relation B 
plays the réle of betweenness. 

On the basis of the three postulates our definition of limiting element is 
found to fulfil the four conditions regarded as fundamental by F. Riesz.* 
The first is expressed in Theorem III, and the remaining conditions are em- 
bodied in the propositions of the following theorem. 

THErorEM XXX. (a) Jf B= Pit Ye then every limiting element of F 
ws a limiting element of 1 or of Bo. 

(b) No finite class has a limiting element. 

(c) Each limiting element of a class 33 1s uniquely determined by the totality 
of all subclasses of % of which it 1s a limiting element. 

Proposition (a) is seen to depend only on Postulate II. As to (6), if $ 
consists of a finite set, 1, po, +++, Mn, then for any q there exist, by Postulates 
I and III, segments ©, Go, --- , GS, containing q such that if p; + q the seg- 


* Loc. cit. 
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ment ©; does not contain p;. By Postulate II we secure a segment © con- 
tained in all the ©; but containing g. Since © does not contain any p distinct 
from q, q is not a limiting element of §. To prove (c), let q1 and gz be two 
distinct elements, then by Postulates I and III there exist ©; containing q 
and ©» containing gz such that G; and G_ have no common elements. If qi 
and q2 are limiting elements of S$ , they are limiting elements respectively of the 
two subclasses 3 — G2 and 3 — ©, but qiis not a limiting element of F — ©,, 
nor ge of $B — Ge. 

THEOREM XXXI. A sequence cannot have two distinct limits. 

Theorems VI, VII and XXXI show that our definition of limit of a sequence 
fulfils the conditions used by M. Fréchet on page 5 of his thesis. We can now 
prove the two following theorems, the first stated after the manner of a 
theorem by Fréchet, the second after a theorem by Riesz. 

THEOREM XXXII. If every member of a sequence of subclasses of a compact 
class is closed, contains the succeeding member and contains at least one element, 
then there is an element common to all members of the sequence. 

THEOREM XXXIII. Jf every member of a sequence of infinite subclasses of a 
compact class contains the succeeding member, the members of the sequence have 
a common limiting element. 

To prove this last theorem let { $3, } be such a sequence of subclasses and 
let { Gn } be a sequence of distinct elements such that, for every n, qn isin L,. 
The class $$ of all elements in the sequence { g, } is infinite and has at least 
one limiting element g. ‘This q is a limiting element of every class of the 
sequence { 3, }, by Theorem XXX; for, any given member of the sequence 
of classes contains all but a finite number of elements of the sequence of 
elements. 

Theorem XXXII, which does not follow from the work of Fréchet because 
of the difference in definitions of limiting elements, is an immediate corollary 
of the theorem just proved. . 

The three postulates are sufficient also to secure the following form of the 
Heine-Borel theorem. 

THEOREM XXXIV. Jf { B, } 2s a sequence of subclasses of QQ such that every 
element of a certain class $8 which is compact and closed 1s interdor to at least one 
of the ;, then there is a finite set of the 8; such that every element of 38 is interior 
to at least one class of the finite set. 

Suppose the theorem is untrue. Then there exists a sequence { pm} of 
distinct elements of § such that p,, is not interior to [,, if m << _m. The class 
JB of all elements of the sequence { pm } has a limiting element p, which is in 
38 and therefore interior to some $3;, say B,,. Let L = i+ Pz, where P, 
is the part interior to [,,, and SS. is the remainder. ‘f; is finite and has no 
limiting element. There is a segment © containing p and contained in §,,, 

Trans. Am, Math, Soc, 5 
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therefore containing no element of 2, so that p is not a limiting element of 
$2, and consequently not of $. Our supposition is therefore false. 

The proof of the following theorem, which, in view of Theorem XXX (a), 
implies Theorem I, is obvious. 

THEOREM XXXV._ The derived class of any class is closed. 

To the list of theorems rendered valid by the addition of the third postulate 
may be added the following propositions on functions. 

THEeorEeM XXXVI. (a) If $7%s compact and p ts extensibly continuous on § , 
then p rs finitely bounded on 3. 

(b) If B ts compact, then there exist qi and qo such that the the least wpper 
bound of wu on § is either wg, or lim pp, and the greatest lower bound of u on 
is either mq, or lim pp. wee 


(c) If B ws AOE and closed and uw is continuous on J, then there exist py 
and p> such that the least upper bound of wu on 33 ts wp, and the greatest lower bound 
of won B 2s Mp, : 

Proof of (a). Suppose that wis not bounded from + © , then it can easily 
be shown that there exists a sequence { p, } of distinct elements such that 
lim pp, = + ©. 

n—> «0 
The elements of this sequence constitute a class having a limiting element, 
say 1. Since yp is extensibly continuous, there is a segment © containing / 
such that for some a and for every p in © distinct from / we have wy <a. 
Since © must contain an infinite number of elements of the sequence { pp }, 
we reach a contradiction. Similarly it may be shown that yw is bounded 
from — ©, 

Proof of (b). We consider the cases when the least upper bound of uw on 
38 is finite and + ©. In either case there exists an element p such that yu, 
is this least upper bound, or there is a sequence { p, } of distinct elements 
such that the limit of uw», is this least upper bound. If the latter situation 
prevails, then this sequence gives rise to a limiting element /, and the assump- 
tion that the upper limit of » at / is different from the least upper bound leads 
obviously to a contradiction. Thus if not a p, then an / will serve as the q 
required. Similarly we may show the existence of a q2 meeting the require- 
ments of the theorem. 

Proposition (c) is a corollary of (0). 

THEOREM XXXVII. If pu ts finitely bounded on §, then, for a fixed positive 
a, the set of elements | at which 

lim pp — limpy 2 a 
pol ae. 
is closed. 
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Suppose every segment containing / contains an /, for which the upper and 
lower limits of uw differ by a quantity greater than or equal toa. Let the 
upper limit and lower limit at / be respectively @ and a, and suppose that 
a@—a<a. Takeeas one sixth of a — a+ a, then there is an ©, containing 
1 such that if p is in ©, and distinct from ] we have a—e <p, Sa+e, 
and therefore if p; and p: are in S, and distinct from / we have | up, — bp, | 
<a-—4e. But if l, is in ©, and such that the upper limit and lower limits 
of w at 1; are respectively G and ai, where a — a, 2a, then we may take p; 
and p» in &, distinct from / such that wy, 2 a — e and wp, < a + e, whence 
| tp, — Mp, | 2 a — 2e, and this affords a contradiction. 


8. A SEQUENTIAL THEORY FOR A SYSTEM (Q; B). 


In the theory of point sets a limiting point of a set may be defined as a point 
every neighborhood of which contains a point of the set distinct from itself, 
or as a point which is the limit of a sequence of distinct points of the set. 
The notion “ limit of a sequence ” being defined in terms of “ neighborhood,” 
the two definitions are known to be equivalent. In the domain of general 
analysis, where elements of arbitrary character are considered, it may happen 
that, even though the notions involved in both definitions of limiting element 
are well defined, and even though either definition may lead to a theory of very 
considerable extent, the two theories need not be equivalent. 

The definition of limiting element we have employed in the foregoing sections 
is an instance of a “ neighborhood ” definition, and the theory developed is in 
terms of ‘‘ segment,” which is an instance of the general notion of neighbor- 
hood. The theory might be characterized as a “ neighborhood theory ”’ 
for a system (QQ; B). But since the notion “limit of a sequence ”’ is defined 
(Def. 7), we might adopt a “ sequential ”’ definition of limiting element and 
develop a “ sequential theory” for a system of this type. Fortunately, 
however, this theory becomes a special case of a general theory receiving con- 
sideration in papers by M. Fréchet,* E. R. Hedrick,t and T. H. Hildebrandt.t 
Our definition of limit of a sequence satisfies all conditions used by Fréchet 
and Hildebrandt in the purely sequential parts of their papers. Hildebrandt 
shows that for many of the theorems none of these conditions are necessary. 
It is obviously true, also, that in this sequential theory we should have the 
theorem “‘ every derived class is closed,” which in the neighborhood theory 
must be stated, “‘ if every element of a sequence whose limit is q is a limit of a 

* The first part of the paper by M. Fréchet referred to above is purely ‘‘sequential”’ in 
character. 

t On Properties of a Domain for which any Derived Set is Closed, these Transactions, 
vol. 12 (1911), pp. 285-294. 


t A Contribution to the Foundations of Frechet’s Calcul Fonctionnel, AmericanJournal 
of Mathematics, vol. 34 (1912), p. 237. 
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sequence of distinct elements of 3, gis a limit of a sequence of distinct elements 
of 3.” This proposition, with the conditions on “limit ” postulated by 
Fréchet, forms the basis for the first part of the paper by Hedrick. 

It appears, then, that a considerable body of ‘‘ sequential theory ”’ is avail- 
able for a system ({Q; B) subject to our three postulates. We show by the 
following two examples that for such a system theorems of like form in the 
sequential and neighborhood theories need not be equivalent theorems. 

EXAMPLE 4. Let © be the class of all infinite sequences of real numbers. 
For any three such sequences, 71 = gi, 97, @,°°',@2=@, @, @, --°3 and 
3 = 93, 9%, 4G, °*+, let the relation B,,¢,q, hold if and only if, for every value 
of 7, we have either qi < qi < qi or gi < qi < qi. The three postulates are 
obviously fulfilled by this system (<Q; B). Let $3 be the subclass consisting 
of all infinite sequences of positive real numbers. The element g = 0, 0,0, 

- isa limiting element of [ , but gis not the limit of any sequence of elements 
of . For suppose the sequence { p, } to have the limit q, then the element 
p= p', p’, p®, «++, where p’= pi, with any sequence of negative real 
numbers, clearly determines a segment such that no element of the sequence 
{ pn } is in the segment. 

The system (Q; B) of this example may be regarded as a composite system, 
composite of a denumerable infinitude of systems (Q*; B*), in each of which 
©)" is the class of all real numbers and B' is the ordinary relation of betweenness. 

ExampteE 5. Let & be a non-denumerable class of elements k to which a 
definite normal order has been assigned, 1. e., let & be well-ordered but not 
capable of a one-to-one correspondence with the class of natural numbers or a 
subclass of it.* Let 38 consist of all denumerable subclasses of &, and let OQ 
consist of all elements of $$ together with all real numbers except those between 
zero and one. For this class Q we define first a relation of precedence (< ). 
With respect to the real numbers in © the relation precedes shall have the usual 
significance. Every element p of $$ shall precede all positive real numbers 
in Q, and shall follow all other real numbers in SQ. Of two distinct elements, 
p, and po, of $$, that one precedes which contains the first element k, ac- 
cording to the normal order of &, which is in one and only one of the two sub- 
classes p; and po of &. The relation of precedence so defined is transitive, 
so that the conditions for linear order are fulfilled. It may also be shown 
that © is dense, and that the pseudo-archimedean postulate used by Veblen 
is fulfilled. 

Let Bgjqg, hold if and only if qi <q2 <qs or gs < q2 < qi, then it is 
clear that all three of our postulates are fulfilled by the system (0); B). 

* Compare O. Veblen, Definition in Terms of Order Alone in the Linear Continuum and in 


Well-ordered Sets, these Transactions, vol. 6 (1905), p. 169. 
tO. Veblen, loc. cit., p. 165. 
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Now the element go= 0 is a limiting element of the subclass $8. For, given any 
p, a denumerable subclass of &, we may take p; as a subclass of & including 
every k in p and one additional k; then p; <p. But no sequence { pp } 
of elements of $$ can have the limit qo ; for the least common superclass of the 
subclasses p; that occur in the sequence is denumerable, and an element p 
consisting of this and one & in addition will precede every p;. 

It thus appears that the equivalence of the “ neighborhood” and the 
“ sequential ”’ definitions of limiting element involves serious restrictions on a 
system (2; B), in addition to our postulates, and even in addition to the 
assumption that © is simply ordered, dense, and satisfies the pseudo-archi- 
medean postulate. 


9. THE SEQUENTIAL PROPERTY. 


We shall say that a subclass $$ of Q has the sequential property if every sub- 
class of $$ that has a limiting element g contains a sequence of distinct elements 
whose limit is g. This property is definite for any subclass of a class QO for 
which the two notions, “ limiting element of a subclass”? and “ limit of a 
sequence ” are defined.* In particular, if the idea of neighborhood of an 
element is available for a class QQ, then definitions of the form of definitions 
2 and 7 of section 2 afford a definite sequential property. 

Relative to a system of the type (0; B) we consider the following postulates. 

PostuLaTE IV. For every q there exists a sequence { Gp, } of segments con- 
taining q such that, for every segment © containing q, there 1s an ng such that, 
ifn > Ne, Gy is a subclass of S. 

PostuLaTE IV’. For every q there exists a sequence { Sy } of segments con- 
taining q and having no other common element. 

Each of these postulates is invariant under composition, provided only that 
the composite system shall possess at least one element. If © is simply 
ordered and B is the ordinary relation of betweenness, then these two postulates 
are equivalent, and each is equivalent to the assumption that O has the 
sequential property. Without the assumption of linear order, it is easily seen 
that Postulate IV implies I and II, and that III and IV together imply IV’. 
The illustration at the beginning of section 7 is an instance of a system ful- 
filling I, II and IV, but not III or IV’. Example 4 fulfils I, II, III and IV’ 
but not IV. It may be shown that in any system fulfilling Postulates III 
and IV the class Q has the sequential property, and therefore that for such a 
system the sequential theory and the neighborhood theory are equivalent. 

Systems which satisfy Postulates III and IV, and therefore I, II and IV’, 
are of very frequent occurrence. In the definition of the linear continuum 

* The question of a sequential property is obviously trivial in case the sequential definition 


of limiting element is employed. It is conceivable that various definitions of limiting element 
may be given, without the use of sequence or neighborhood. 
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given by O. Veblen, condition A (linear order) and condition FE (postulate of 
uniformity), the latter so modified as to be effective without B, C, and D, 
and weakened by the omission of properties 1 and 38, are sufficient to secure 
such a system, where the relation B is ordinary betweenness.* This modified 
E may be replaced by the stronger “ postulate of linearity ” which is due to 
G. Cantor and occurs in E. V. Huntington’s exposition of the modern theory 
of the continuum. This postulate would require that there exist a denumer- 
able subclass §t of 2. such that every segment must contain at least one element 
of #t, and that © shall be dense. 

Turning now to a consideration of the sequential property in relation to a 
general notion of “ neighborhood,” of which the notion segment is obviously 
a special case, we observe that this property is present in systems of much more 
general character than a system (©; B) fulfilling Postulates III and IV. In 
the paper on iterated limits in general analysist we take the notion “ neigh- 
borhood ” as undefined, that is, a relation 7 between subclass and element is 
undefined but subject to postulates that validate a theory in which a class 
having the relation 7 to an element serves as a neighborhood of that element. 
The postulates, stated in the second chapter of the paper, pertain to a system 
(%; U; 7), in which § is a class of elements, 1 is a class of ideal elements, 
and T' is a relation between subclasses of $$ and elements of the class Q = % 
+1. We obtain a special instance of a system of this type from a system 
(2; B) if we set B = Q, let UU be the null class, and let a class # have the 
relation 7 to an element p if and only if 9t is a segment containing p. Pos- 
tulates III and IV on the system (Q; B) are sufficient to secure the five 
postulates used for the system (3; U; 7’), in fact, all but the third and fifth 
result from the type of ({Q; B), without the use of postulates. Now Theorem 
IV of the second chapter of the paper cited shows that every subclass has the 
sequential property; and the proof of this theorem involves only Postulates 
(1), (II), (IID) and (V), while (II) may be dispensed with in case no ideal 
elements are present. 

Other systems in terms of which a system (3; U1; 7’) may be set up in such 
manner as to satisfy Postulates (I1)-(V), and which, therefore, secure the se- 
quential property, are discussed in the fourth chapter of the same paper. 
These include cases of neighborhood defined in terms of voisinage as used by 
M. Fréchet,§ and in terms of suitably conditioned K relations of the type 
used by E. H. Moore|| and T. H. Hildebrandt. { 

*O, Veblen, loc. cit., p. 166. 

7 E. V. Huntington, Annalsof Mathematics, ser. 2, vol. 7 (1905), p. 15. 

t Loc. cit. 

§Rendiconti del Circolo Matematico di Palermo, vol. 22 (1906), 
Dede 


|| Introduction to a Form of General Analysis, part II, p. 125 et seq. 
Loc. cit., p. 242. 
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In his paper on properties of a domain for which any derived set is closed, 
E. R. Hedrick* reverses the process we have used and defines “ neighbor- 
hood ” in terms of “ limit.” Assuming a limit relation fulfilling the condi- 
tions prescribed by Fréchet, and using a sequential definition of limiting ele- 
ment, he postulates that the fundamental domain is compact and that the 
derived class of every subclass is closed. He later assumes the “ enclosable 
property,” which affords a set of subclasses subject to conditions that validate 
their use in the sense of neighborhood. The type of neighborhood thus 
available may be used to set up a new definition of limiting element, in which 
case the fundamental domain is found to have the sequential property, so 
that the sequential theory he secures for the domain thus conditioned is 
equivalent to a neighborhood theory based, in the usual manner, on the type 
of neighborhood his assumptions afford. In fact, a domain with the enclosable 
property leads, in a very obvious manner, to a system ($3; U; 7’) fulfilling 
all five of the postulates we have used for such a system. 

UNIVERSITY OF Missouri, 
April, 1913. 
* Loc. cit., p. 285. 


THE SYMBOLICAL THEORY OF FINITE EXPANSIONS* 


BY 


O. E. GLENN 


INTRODUCTION. 


The first two sections of this paper are the result of an attempt to identify, 
and state in general terms, certain fundamental common properties of a 
large number of known types of finite expansions of polynomials in p: variables. 
The number of such expansions which are known and available for such a 
synthesis is of course large, and only the most salient properties can be com- 
prised under one general theory. The principles proved in these preliminary 
sections are subjected to verification when it is shown that they hold for a 
number of new expansions. ‘These are derived in sections 3 to 6 inclusive. 
They are of considerable interest in themselves, apart from the general theory, 
to the fundamental laws of which they conform. 

The Aronhold symbolical notationt for algebraic forms subject to linear 
transformations constitutes the basis of the general methods of the paper. 

To state briefly our initial point of view; if a function f can be given an 
expression of the form 


f= Bo Aas + mB, Ae Ag + (es ) By Ata A} +.--+ 8, Ag; 


it can be represented symbolically as an mth power, say 
f= shah: aig = (7 As +5 mo As)™ — hie m in Mm er Fo Avs Ae +. 
But with V1 = 22 (0/021) this may be written 


2m m hn 
Vi & at Vi = ka] Vi ea 


ipa A mf 7 Ae Ag+ 2 ATs Aj+- -+ a AP. 











Now the symbol 27 equals By. If it prove possible to find a non-symbolical 
operator V equivalent ($1) to Yi, then we shall have expressed f in the funda- 
* Presented to the Society, April, 1911, and March, 1913. 


+ Aronhold, Journal fiir Mathematik, vol. 55 (1858), p. 97. 
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mental, non-symbolical form 


B ode 
f= BoAp + TP Ar det tat? Alt oo + 


V"Bo 


m 








Aj. 
This is what is actually done in what follows. 


§1. FounpamMentTAaL LEeMMa. 


Definitions. The general term function will be used to indicate an alge- 
braic form in p= variables. 

By an expansion of a function we shall mean a representation of it as a finite 
series proceeding by a law in powers of one or more arguments, with coef- 
ficients dependent upon the coefficients, and possibly upon the variables 
also ($3), of the original function. 

Equivalent operators. In connection with the familiar symbolical repre- 
sentation of a binary form 


ao ogat onde) — 0,2, Na, 2a, a2 


= aor + navy a+ -:-, 


we note that the expressions ai (= ao), a a2.(= a1), ++: and linear 
combinations of these, are the only expressions in the symbolical a;, which are 
defined in terms of the actual coefficients. We call an expression, as I =a} 
+ pa’ a, the symbolical equivalent of the corresponding expression in the 
a’s, J = ao + pa. 

The differential operator a2 (0/ 0a; ) is such that when 


: 0 
(1) oa i= kK, 


and J is a defined expression, then K is a defined expression. Let the non- 
symbolical equivalent of K be L, that of J being J as illustrated above. Then 
the non-symbolical operator 


fe) 0 0 
OPS i prs a AS iO rp a 


has the property that* 
* For example when J is the particu'ar expression given above, equations (i), (ii) are re- 
spectively 
) n N—2  \ Nm | = 9 n—3 3 
oa 5 (al + pay at) = naj a, + p(n ) ali? a3, 


O(ao+ paz) =naitp(n—2)as. 


The operands on the left are equivalent, and the right-hand members are also equivalent 
expressions. 
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(il) OJ=L. 


Two operators, one symbolical and the other non-symbolical, related like 
ay (0/0a;) and O will be called equivalent or isomorphic operators. We shall 
refer to this important property of equivalence of two operators as the property 
(A), and we now state it in such general terms as will completely define it for 
all the symbolical representations of functions that are employed in the sequel. 

(A) Let there be given a definite symbolical representation of a function f. 
A symbolical derivative operator on an expression in the defined combinations 
of the symbols, which produces a result containing the symbols in defined 
combinations only, has corresponding to it a non-symbolical derivative operator 
which carries the non-symbolic equivalent of the first expression into that of 
the second. 

Finite Expansions. Any finite expansion of a function f can be made the 
basis of a symbolical representation of that function. For, if there exists an 
expansion of f in powers of a given argument A, 


f= Bot (1) Bat (F) Bat SB aes 


then f may be represented as the mth power of a purely symbolical binomial 
expression 


(1) Ha + He A. 


That is, if we write #4) as an abbreviation of this non-homogeneous (as to A ) 
expression, then 


(1!) f = Ba = (Bit Be A) "= 2+ met me At +++ = BotmBi At+:::. 
Then the only defined expressions in the symbols are 
an * Be (= Bz) (k=0,1,+++,m), 


and linear combinations of these, where, according to our definition of an 
expansion, the B, are non-symbolical, determinate expressions in the coef- 
ficients and variables of f. 

Symbolical basis. In the case of every finite expansion with which we shall 
deal, (i) the property (A) holds for both operators 


) 0 


2 Vo = 41 
OF,’ O Be’ 








eat 
Lbat 


Vi = 


and (ii) the non-symbolical equivalents of V; can actually be found, expressed, 
not in terms of the unknown B;, but in terms of the coefficients of the known 
function f, and the known argument A. 
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When (i), (ii) have actually been verified we say that the existence of a 
symbolical basis of the expansion, viz., 
FicA) = Hit mA, 
has been verified. 
Fundamental lemma. For an expansion for which a symbolical basis 
exists we now prove a lemma. Evidently 


Vite a at bh) RO TS Ce Oly ena): 
Hence (1’) gives 
rah pa Vi am 

(2') femranen Ay. Ales. 
Write Vv for the non-symbolical equivalent of Y;, according to the property 
(A), and set 6 = By (= 47). Then from (2’) we have 

Lemma. There exists a function ® and a differential operator V, capable 
of being represented symbolically by the linear operator 





_ 0 
Vi = 4e a ae ’ 
such that the explicit expansion of f is 
V® vV?® Vv" ® 
(2) eee. tt ay Aa 


If a symbolical basis be assumed in homogeneous form, or, what amounts to 
the same thing, if f be assumed to have a homogeneous expansion in two 
arguments A;, A» for which a symbolical basis exists in the form 


a= Art Be Ae, 
then 


(3) f=ai= 27 A+ mare, AT A,+ +--+ = 8, AP ++: +, AD. 
This is the same as (2) when A; = 1. But, in general, we have 


r km m—r =m r btn mM—r kim 
Viti _ Vo Ae 3 (== V2 Fe la ee, 


ee eer [mir eee mid 








Thus the third expression can be used in place of the general coefficient in (3’). 
Let Vv, be the non-symbolical equivalent of V; (i= 1,2). Then we get from 
(3’) an expansion formula more general, and more symmetrical than (2), viz., 


, m—l1 














— m 1 Vi ®, V2 =) m—1 oe 
1 om ®, V2 ®, ) m—1 m 
+5(% ait i?) 4 A+ &, A. 
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Such an expansion will be completely given by two non-symbolical operators 
V, and two pre-determined functions ®; (7 = 1, 2). 

The importance of a general formula like (8) evidently depends upon the 
number of expansions which can be found to conform to its laws. We proceed 
to point out the fact that many of the known finite expansions are special 
cases of (2) or (8). 

(a) Any binary form f (a1, a) = ao a + may at a + «++, when trans- 
formed by 

ty =), 2,4 th oe, fo = Nz 2, + ees; 


gives a result f; (x|, v7) which is an expansion of f in the arguments 2,. 
It is then a case of (3) where now A, = 2,, and 


®, = f (Ai, Az), B. = f (m1, Me), 


, 0 0 F 0 0 
Vi = May tbe ay eel oie iis 


(b) Any covariant of f (a1, 22), say C = Coxy + ---, considered as an ex- 
pansion in 21, 2X2 is a case of (3). Here @; = Co, the seminvariant leading 
coefficient; ©. = C,,. Or a,” C is a case of (2), where A= 2/22. In 
either case 

; 0 7) ) 
Vi = May a C7314) a5 oak On 5» 


ao 


; 0 ) ) 
Vv, = Oy 5g, AS oes Te MOn—1 5g * 

(c) If g = (ao, a1, «++ ) (21, X2)™ goes into (a,,a,,°--) (a,, 2)” under the 
special transformation x, = v7, + Ax}, 7, = 2,, and I (ao, a1, -+-) is any 
rational integral function* of ao, a1, «++, then the expansion of I (aj, a,, ---) 
in powers of A is a case of (2), where f = I (aj, ---),@® =I (a, a, -:-), 


and Y is the preceding Y,. 
(d) Taylor’s expansion of a non-homogeneous polynomial f (a) in powers of 
x — ais a case of (2), where 


b=f(a), vas. 


(e) As a proposition inverse to the fundamental lemma (2), or (3), any 
formal identity containing three terms may be employed as the symbolical 
basis of finite expansions. In fact, if the identity is 


a.= m1 Ai + Ze Ao, 


* Elliott, Algebra of Quantics, p. 115. 
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=m 


then functions f = =% and corresponding expansions in the arguments A; 
exist for all values of m. Gordan’s* series may be developed (see § 6) from 
this point of view, from the formal identity 


dz by — a, bz = (ab) (ay). 
This is also the principle upon which Hermite’s theory of typical representa- 
tion} and associated forms is based. 
§ 2. EXTENSION OF THE FUNDAMENTAL LEMMA. 


The extension of (2) to the case of the general homogeneous expansion in p 
arguments can be readily made. We set 


(4) f= Ena (Ei Ait Edt +++ +E pp = Ep AP te = BAP, 


and assume that the property (A) is satisfied by all of the symbolical operators 
of the set 


Q 





Vi = Bint ox (ale ep ol). 


Then it is easy to verify, by actually performing the indicated differentiations, 
that (4’) may be written 





hy... yori ee 
f= ee —1—1 Skeet, Ai a Ae 
| a a . Age 
where the set (m — 21, 11 — 22, ++, Up-2 — tp-1, tp-1) ranges over the par- 


titions of m into p parts, assuming each partition once and once only. Hence 
if, according to the property (A), V, is the non-symbolical equivalent of V;, 
then there exists a function ® and a set of p — 1 operators V; such that the 
explicit expansion of f is (§ 5) 


ca wee nets dome @ 
1 2 po 
[i [i [i 





(4) f=> 7 Cam ee bee 


§ 3. ON EXPRESSING ONE POLYNOMIAL IN TERMS OF ANOTHER. 
Non-homogeneous variables will be used throughout this section. We let 
f (2) = a? = ag a™ + a a™ t+ ee fan (a =1,m =p) 
> 


e(m)= hoe tiw +---+ & = h(t — 1) (r— a) --- (@—38,). 


* Gordan, Vorleswngen tiber Invariantentheorie, vol. 2, § 117. 
{+ Hermite, Journal fiir Mathematik, vol. 52 (1855), p. 28. 
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It may be shown by a form of the Euclidean process of successive division 
that there exists an expansion of f in powers of &, 


(5) fy = Si-O. & 4.032) es i Oe eae 
where ®; is a polynomial in a of order vy — 1, and in particular, say 


h, = yor tye + I og eR eB 


We proceed to the determination of (the coefficients of) ®; and the operator 
Vin (2). These will then give the whole expansion, and it will appear that (5) 
has a symbolical basis of the form 


(6) Fie) = Basie) + Boyz) 9- 
Substitution of the roots of ¢ (a) for x in (5) gives at once 
(7) f(s) = Vos tye + +7 = 12 ee 


These are linear equations in the y; (7 = 0,1, ---,»—1). Their solution 
is possible provided D + 0, where D is the discriminant of g(a). This 
solution yields 


9 


ST oe anes Siam ye $7) |) yo se 


pe aa oFeiis Scat if ($2) Parts s 8+ So 1 





oF Sy re acet Ran) o7) Soin eee ae 





(97 =0,5.1) 25. tee 


Thus y; is symmetric in the roots s;, rational in the coefficients 
& (k =0,1,---,v) and linear in a) (= 1), a1, @2,°-+,Gm. Itis necessary 
to evaluate the symmetric functions y; of the roots s; in order to determine 
the operator V required by the theory of the symbolical basis, and (2). I did 
this originally by means of the Euclidean process mentioned above, i. e., f (x) 
was divided by ¢“, the remainder by ¢"—", and so forth.* The results for the 
general case are given below, without details of derivation. In these formulas, 
Q indicates the following operator: 


0 ce) ce) 
A 00 5 ate oats 80 Om ae 


* This work was subsequently checked by inductive steps based upon ordinary computa- 
tion by symmetric functions. 
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I obtain 
F = y= Of (— &) + 2k Ortin2# (— £1) 











kn koe i & 
#2 2p nse (— a) 
kg go keg 
8 fe 55 ys fk Qrrststh—4 fit (£1) 
4 ° 
ka kee &; Ej; e+ En Vhitjtertn—t—1 f(t 
ny oD DE et ii 7 3.3 EE LL 9 J f' ) (— £1) 


(krs =v, ka + hoo + peed + khe=(n—1)r+1). 
Then there results 


Sao) = Fo [(—(h0+& +--+ 2,0) F + a, 2] 2 
+[ — (604 &, 04 --- + & 0) Pop.) 2° 
(10) +. 
een a et) Fa, | 2 
+ [— & OF + an]. 


Furthermore, we find during the course of the derivation of these results by 
the division process that an operator Y in (2) exists and is precisely [see (6)] 














cs) 0 
(11) V = 2os(2) SLRS 
Hence expansion (5) takes the form 
z we )? a B® (ELI 


(12) 
Cae 





It is thus analogous to the Taylor expansion, to which it reduces when vy = 1. 
We note in passing the following interesting property of the function F: 


(AQF 0+ +80) Ft any =F. 
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§ 4. HoMoGENEOUS EXPANSIONS. 


As an illustration of formula (3), we consider the expansion of a homogeneous 
binary form in terms of two other binary forms of lower order. Let 


M 
fe = a = TT (1 xy — 1 ap) = ag ah + +s 


‘i= 


be the form to be expanded. Let the arguments of the expansion be 


n 
Ai=fin = at = II (ea, - Oy as) = Oy) % + 2°, 
j=l 


Ar = fin = B2 = TI (8? a, — BY?) = Byatt ++. 
j=1 
Then the expansion sought will be of the type 
(13) fu = Poof, + Yipfin fon + -¢* + Omn fens 


where ¢;p is a homogeneous binary form of order p. 

It is assumed at the outset that fi,, fin are perfectly general forms, i. e., 
that their coefficients are independent variables. These forms are also 
understood to be given in the sense that the coefficient forms ¢;p are to be 
determined from them. Hence the totality of coefficients of the 9; (1 = 0, 


1, ++, m) must be equal in number to those of f,,, 
(14) UR ae Mei (ia IO NG pa 18) 
Also 

M=mn-+ p. 
Thus 


p=n—1, M=n(m+1)—-1. 


When MM and p have these values the solution of n (m-+ 1) linear equations 
will determine the coefficients of gin-1 (2 = 0,1, ---, m), and consequently 
the whole expansion. Hence the expansion exists provided these linear equa- 
tions are consistent. It will be shown that the determinant representing the 
condition for consistency is a power of the resultant of fin, fon, multiplied by a 
constant. 

For this determinant D is of order n(m-+ 1), and is of the form of the 
eliminant of the set of m + 1 forms of order mn, 


aie ae af sy m 
ln 9 ln 2n 9 I 2n° 


If D = 0, then there exists a linear relation of the type 
(15) Mi fin + Az In fen = = Amtitas = 0, 
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where An+i is of order n — 1 in (2), and so fin, fon have at least one common 
root. Conversely if fin, fen have a common root then D = 0, for otherwise 
fngm41)—1 Would have a root of multiplicity m. 

An expansion (13) of fng+yn—1 exists provided the resultant R(a, B) of 
fin, fon does not vanish. 

To determine our expansion (13), let 


(16) in = pitt + part ?ae+ °° ; Denct te in (f= Only 2 mt): 
Substituting 6 for x in (13) we get 

(17) Dosey (Qea)™ = agent" (k=1,2,++-n). 
Also owing to the symmetry of (13) in (a, 8), 

(18) Prat) (Baw )™ = angst (b=1,2,+++,n). 


Equations (17) form a set of 7 linear equations for the determination of the 
n coefficients of p>’. In order to exhibit the solutions as briefly as may be 
let A, be the discriminant of 8” and A, that of a?.. Then 


n 
<= fy, 2" ||P, 1S -1a9 iad vara at 0 cal 

Also let 

2; (a, B, y= | arnt Bo, os ants Ae yee 6s, ae ant, iad py, 


n(m+V—=1 mn AG +22 QF+2V2 | mm (nyt 
Agony » Agot +2 By By , ’ apn By 4 


then we get 
1 2j3(a,8,a) ,. 
Doi = Boe Gy 1), 
19 R a, bie n—-1 hehe 
(19) (BP Ty pee 


From symmetry, or directly from (18), we have also 


Dnj = 1 2; (8, a, a) 
(20) ‘ R (6, On) et [low VA, 


I fanp | 


(j =0,1, -o+,n—1). 


The coefficients of R (a, 8) in (19), (20) are rational, zntegral and symmetric 
in the roots of fin, fen and hence rational in the quantities apo, a1, °°°; 
Pisepiy - 4° 

Referring now to expansion formula (3) we note that the functions ®; (¢= 1, 2) 
are determined in the present case by (19), (20). 

The operators V;,, V; required by (3) to complete the determination of (13) 


Trans. Am. Math. Soc, 6 
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are the Aronhold operators obtained from a”, 6”; 1. e., 
: 0 0 7) 
Vi 0 aa Cl Pelee aac at 
ee re) re) 0 
— V, S805 ant an tee ariel treat 


These with Bj = gon-1, Po = Ymn—1, Ai = fin, give in explicit form the 
desired expansion of frgm+1-1; that is, it takes the form (3): 


pm—1 





os (Wa San Va ea) eee ‘ 
(22) fremen—-1 = Pi ats 5( ees | Ta " fon + -+» +, mS 


It is of some interest to enumerate the conditions, necessary and sufficient, 
in order that series (22), taken in non-homogeneous form with x2 = 1, say, 
should have constant coefficients. We get a minimum set of such conditions 
by equating to zero all of the coefficients of gjn_1 (2 = 0,1, ---, m) except 
the last. 

Let (19) be written in the form 

rit Q; (a , B) 
AES ERD 


Then the aforesaid conditions are given by 
‘i r=O0,1, +5, 
(23) Ci =Vi 9; = 0 Geers) 
Their number is 
N= (n-—-1)(m+1). 


It follows that a series free from conditions (N = 0), having constant coef- 
ficients, exists only when the arguments f;, are linear (n = 1). 

By constructing equations analogous to (14) it is easy to show that a ternary 
form fm can be expressed as a ternary expansion in three ternary arguments 
Jin (2 =< te 23 3), 

fm = Pmo0fin + +++; 
with the coefficient forms ¢ all of order n — 1, and with the expansion free 


from conditions, only when the arguments are linear. 


§ 5. EXPANSIONS WITH LINEAR ARGUMENTS. 


Consider next the problem of expanding a p-ary form a™ in terms of powers 


of p linear p-ary forms aiz(t7=1, 2, ---, p). Expansion formula (4) 
applies, and 
(24) an = So th alt oe fe 
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In this the coefficient ®; is given by the set 
WH h=Hs =41=M; 1; = tyr = +++ =1p1=0 (Sid pee BD) 


To get ®; we substitute for (a) in (24) the coérdinates of the point of inter- 
section of the p — 1 hyperplanes 


iz = A1%1 + Ae %2+ -°> + apt, = 0 (1 =2,3,---,p) 
This gives 
(a2 a3°** Aj-1a Qjy1'** Api) zx 
CF = 1,2, 2, D), 
(ae ag -** Op) 


and by substitution 


pe (Gay a3 +++ Ap)™ 





(a ae +++ ap)™ * 


For this expansion there exists a symbolical basis in the form of (4’), as may 


readily be verified by considering (24) to be the transformed of a” by the inverse 
of 
X; = Qiz (t=1,2,:+>,p). 
The operators for this case are the Aronhold operators 
g a Etesare, Orage a 1 
—— — * ee ° Sw ee * Ses — ) ; eee ) D— ; 
ee oe OaH411 a Oai4+12 a OMitip : 


the whole expansion (24) being given by ®; and V;,. 

It can be shown that corresponding results hold for forms whose coefficients 
belong to a field or reduced residue system* [modd p, P(a)], where p is a 
prime number and P (2) an irreducible quantic modulo p of order n. Thus 
when m = p = 2, we have, provided (a8) = 0 [modd p, P (2) ], an expan- 
sion of the form 


J = 9; (a1 %1 — a2 2%)? + 1 (01 41 — ae to) (81 #1 — Bo %2) 
+ ®. (8121 — Bz a)? [modd p, P (x) ], 


where the linear arguments have coefficients belonging to the residue system. 
Then 
B, = (a1 Be — a2 Bi)?" (a0 62 + G1 Bo Bi + a2 Bi), 


h, = (a1 Bo a a2 B,)?"-* (ao a; + My A2 Ay + Ag ai) 


|[modd »,-P (z)], 


* Dickson, Linear Groups, p. 7. 
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and with 


as tat(S, Fone 20s MRwRn ge 
via—(aget age), vi=— (Bg t+hge), 


we have 
I= 3 (AiO + V2 82) = — (a8)? [2ao a2 Bo + a1 (01 Bo + 2 Bx) 
+ 2a2 a1 B1] [modd p, P(z) ]. 


The form f = az bz is apolar to @ = (a1 %1— a2 2%) (8121 — Boxe) = Oe Be 
provided J = 0. In fact the latter congruence is a necessary and sufficient 
condition that the two forms f, ¢ respectively be the following linear com- 
binations of two squares in the field: 


f =sait+ Bi; 9 = oa; + bi. 


§6. Tur CLeBscH-GoRDAN EXPANSION. 

Gordan’s series* is a case of expansion (2). It may be of interest to give a 
sketch of the derivation of this series from the present point of view, for two 
reasons: first to show how the preceding general theory applies, and secondly 
because our methods give a very compact treatment of the details of the deri- 
vation, which is believed to be novel. 

We employ as symbolical basis the formal identity 
(E) Az by — ay bz = (ab) (zy). 

From it we have 
a; by = [ap by (00) (zy) eb (n=), 
or 
m 
G3.07 =" 0 08 OF =F ( 1 ) Oye Ur! be Cab (cy ee 
(25) 
oe (7) ates by_™ (ab )* (ry)*-- == a ery ean 


This is one form of Gordan’s series. Here we have (§ 1) 


oh 0° 


sibs | Uae OE 


But to reduce the series to the ordinary form we use the following polar formula: 


(am, 62 )F 


ab )* (i m—k n—k 0 ae 
a = (wenn at) 2 rica) (nna) me 
n—k ) 


* Gordan, Ueber Combinanten, Mathematische Annalen, vol. 5 (1872), p. 95. 
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Since the sum of the numerical coefficients in the polar of a product is unity, 
(26) can be written 


PS tee Kental rare 


(ab )* mk ( m—k n—k ale ae Pee 
ole "(ae Dak (Peis tates) (vith rao pate Ly 
n—k ) 

x (afb! — a; bt). 
The first term of this is, aside from the factor (”), the coefficient of (xy )* 
in (25). Hence this coefficient is the (n — k)th transvectant of a” and b”, 
minus terms which contain the factor (ab)** (ay). Hence (27) may be used 
as a recursion formula; and, starting with k = m, we get 


Con bie = (0, 0.) ams 
1 
(ab "7 a,b, 0" = (ae, by aa — apa De Crys 


(28) 








4 
( ab)" a obebes mm — ines ii eee Sy i m a2 4 (ay liege a (xy) 


2 
T i — m+ 2) Cea eye no (ay). 





And, in general, by induction 

COD pem aD, Dee rery 0, Us) nin + Oy (Os, bo yin ein (2Y) 41- 
Bee Ug orem? GY ota tree 0) on ey) 

Consequently it follows at once from (25) that 


(29) 


ee 0 On Oe) G1 os, 02) a (XY) 
ctemmeetane fea )iag (Uf)? tote GO Ue macy) 


(30) 


The constants C; may now be determined in the usual manner by operating 
on both sides of (380) with the proper power of A, and noting that when y ~ x 
in any polar it goes back into the original polarized form. ‘The following 
known formula* may be used for this purpose: 


j—ilmtn—j—itl ‘4 ey 
(t57). 





M—JZ 





(31) At (ay) a a” = 





* Grace and Young, Algebra of Invariants, p. 54. 
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The coefficients may also be derived by multiplying the respective members 
of the column (28) by 


(7) en, (ue kei ia (3) ey (7) (2y). 1 


and adding the results. Either method gives the well-known result 


=a) ey) 





i=0 
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LEBESGUE INTEGRALS CONTAINING A PARAMETER, WITH 
APPLICATIONS * 


BY 


BURTON H. CAMP 


1. Introduction.—In a recent memoir Lebesguef has studied the following 
problem. Let f (t) belong to one of a certain group of families of functions. 
What conditions should be imposed on another function ¢(¢, n) involving 
the parameter 7, in order that the Lebesgue integral of the product of f and 
¢@ may exist and approach zero, as n becomes infinite, for all functions f of 
the family in question? I have studied elsewheret the same problem when the 
functions involved are functions of several variables instead of one. The 
object of the present paper is to continue Lebesgue’s work by considering 
other families of which most are narrower than his, and to make certain ap- 
_ plications of the results. I have been led to do this because of an attempt 
to apply Lebesgue’s theorems to certain series of orthogonal functions. It 
was found that the conditions were too severe, and the need was felt of simpler 
conditions, even at the expense of restricting the classes of functions for which 
the results would be valid. The conditions that should be imposed on ¢ in 
order that the integral of f@ shall remain limited (instead of approaching zero) 
are given in Theorem 4. 

It is shown here how the theory may be applied to the series of Fourier 
and of Legendre to discover the degrees of their convergence and to find the 
rates at which their coefficients approach zero. In the case of the functions 
of Legendre certain inequalities are derived which may prove useful. The 
paper concludes with some theorems on the evaluation of definite integrals 
and on the integration of series. 

2. The first theorem is taken from the paper of Lebesgue already men- 
tioned. I copy it here, with certain slight changes, for which authority will 
be found in my earlier paper, because I shall need to refer to it frequently in 
the following pages. 


* Presented to the Society April 27, 1912. 
+ Lebesgue, Annalesdela Facultéde Toulouse, ser, 3, vol. 1 (1909), pp. 
25-117. 
t These Transactions, vol. 14 (1913), pp. 42-64. 
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THEOREM 1: Necessary and sufficient conditions that the integral 


fs) ot) a, 


where f and ¢ are defined in the interval (k, 1) and n is a parameter belonging 
to a sequence having plus infinity as its only limit point, shall exist for sufficiently 
large values of n as an absolutely convergent L-integral,* and approach zero for 
all functions f belonging to one of the families specified below, may be stated in 
the several cases as follows: 

(Fy) In the case of the family Fy of absolutely L-integrable functions, (1°) M 
shall exist so that | &| is less than M af n > nat at all points of (k, 1), except 
perhaps at a null set, and (2°) the integral of over each interval (a, b) in (k, Ll) 
shall approach zero as n becomes infinite. 

(F.) In the case of the family F, of functions whose squares are L-integrable, 
(1°) M shall exist so that in (k, 1) the integral of ¢? ts less than M of n> ny, 
and (2°) condition (2°) for F; shall be satisfied. 

(F3) In the case of the family Fs of limited L-integrable functions, (1°) the 
integral of o shall be “‘ equi-absolutely’’ continuous,t and (2°) condition (2°) 
for F shall be satisfied. | 

(Fs) In the case of the family Fs of simply discontinuous§ functions, (1°) M 
shall exist so that the integral of | | is less than M if n > ny, and (2°) con- 
dition (2°) for Fy shall be satisfied. 

(F'4a) In the case of the family Faq of continuous functions, (1°) condition (1°) 
for F4 shall be satisfied, (2°) for each a in (k,l) the integral of (t — a) o from 
a tol, and (2a°) the integral of ¢ from k to 1 shall approach zero as n becomes 
infinite. 

(F's) In the case of the family Fs of functions having limited variation, (1°) ¢ 
shall be absolutely L-integrable, (1a°) M shall exist so that the integral of ¢ from 
k to t ws less than M uncformly for all values of tif n > ny, and (2°) condition 
(2°) for F, shall be satisfied. 

(F'sa) In the case of the family Fsa of continuous functions having limited 
vartation, (1°, 1a°, 2°, 2a°) conditions (1°) and (1a°) for Fs, and (2°) and (2a°) 
for Faa, shall be satisfied. 

Coro.tuary: The conditions for Fi, F2, and F3 remain sufficient if, in place 
of (2°), it be required that @ (t, n) approach zero in (k, 1), except perhaps at a 
null set of points. 


*T. e., integral in the sense of Lebesgue. 

{ I use 7, in place of the usual no to denote a fixed number. 

tIn the sense of Vitali, Rendiconti del Circolo Matematico di Palermo, 
vol. 23 (1907), p. 189. See also my other paper, loc. cit., p. 44. 

§ I. e., having at most discontinuities of the first kind. 
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For I have shown in another paper* (by the use of a theorem of Vitali’s) 
that termwise integration of the sequence { ¢ (t, ) } is permissible, if con- 
dition (1°) for the family in question is satisfied. Therefore, if ¢ approaches 
zero, so does its integral. 

3. The following theorem is of interest because of its bearing on the develop- 
ment of an arbitrary function in series of orthogonal functions. There follow 
quite readily from it, for example, certain known facts concerning the con- 
vergence of Fourier’s and Legendre’s developments at the point 2. 

THEOREM 2: In order that the integral of Theorem 1 shall exist for sufficiently 
large values of n, and approach zero for all functions f belonging to the family Fe 
of functions which are continuous in (k, 1), and have at a previously chosen 
point x a derivative, it 1s necessary and sufficient that (1°) the integral of ¢ from 
k to l approach zero as n becomes infinite, and that (2°) the conditions of Theorem 1 
relative to F4q be satisfied when ¢ is replaced by (t — x) o. 

Proof. Except for t = x, we have 





f(t) ~f (2) 
t 


ee 


eet CL 2) 


identically, and therefore 


a) f tea=s 2) f oat f MOG 2)gja=I40. 


It is necessary and sufficient that (1) approach zero. I approaches zero if 
(1°) is fulfilled. Since, however, (1°) is clearly necessary (for if it is not satis- 
fied the function f = 1 contradicts the theorem), it follows that it is necessary 
as well as sufficient that I and II separately approach zero. In II 
[f(¢) —f(2)]/(t— 2) is, if properly defined at x, continuous, since 
f (¢) is continuous, and at 2 its derivative, that is, the limit of this fraction, 
exists. By (2°) we may therefore apply to II the conditions of Theorem 1 
relative to F'4a, @ being replaced by (¢ — x) ¢, and it follows that II approaches 
zero, and the conditions stated are sufficient. Moreover the conditions in 
2° are necessary, for, if any one of them is not satisfied, there exists by Theorem 
1 a continuous function gq (¢) such that 


[ amitaa)oat 


does not approach zero. In that case the function f = gq (¢)(¢t— 2) con- 
tradicts the theorem, for it is continuous in (/,/) and has at 2 a derivative, viz: 


Fey ae 2) ig (a)(e — #) oa 


q(x). 








*These Transactions, loc. cit., pp. 63, 64. 
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Corouuary 1: If condition (1°) be omitted, the theorem applies to the family 
of functions which have the properties of Fs and, in addition, vanish at x. 

Corotuary 2: If, in the theorem, it 1s desired that the integral approach 
f (@) instead of zero, it is necessary and sufficient that (2°) hold, and that in (1°) 
the integral be required to approach unity instead of zero. 

4. We now consider the same problem relative to the families G,, ---, 
G,; Gi, «++, Gj; «++, defined as follows: 

DeFInitIon 1: The function f belongs to G% if 


s=ot f sat, 


where f’ is a function belonging to G~”, and C; is a constant, and G = F; 
(i. e., f isin F;). We do not here assert that f’ is necessarily the derivative. 

DeEFINITION* 2: The function f belongs to G‘? if its (¢ — 1)th derivative 
exists,} and is an indefinite integral, and its 7th derivative (which will then 
exist except perhaps at a null set) may be defined, or redefined, in a null set 
so that it becomes a function of F;. 

Of these definitions the first will be the more convenient to use in our 
theoretical work, the second the easier to apply in practice. Before proceeding 
to discuss the problem, I will show that the two definitions are equivalent. 
The following theoremst{ will be used. 

(a) If ois continuous in (k 1) , it equals the derivative of its indefinite integral. 

(b) The same is true, except perhaps at a null set, of & is absolutely L-integrable 
UL Ca Ae 

(c) If f is an indefinite integral, its derivative exists, except perhaps at a null 
set, and f is the indefinite integral of rts derivative. 

(d) If df/ dt exists and zs absolutely L-integrable in (k, 1), then 


py — sch) = f Fat. 


Assuming, first, Definition 1, let 


(1 f= Gt f sat, 


*In particular, f satisfies this definition for Ge, Gey or Go, if its ith derivative is a 


member of F4a, Fsa, or Fs, respectively. But a similar statement does not hold for a 
when 7 = 1,2,38,or4. In fact, we cannot even say in these cases that, if df/ dt exists, 
except perhaps at a null set, and after being defined, or redefined, in a null set becomes a 
member of F;, then f belongs to Ge For example, if f = 0 in (O=t=1) and lin 
(1<t=2), df/dt exists in (0, 2), except at 1, and if it be defined there in any manner 
it becomes a member of F's, but f is not an integral. 

{ If a derivative is infinite at a point, I say it does not exist at that point. 

t (a) is well known. For (6) and (c) see de la Vallée Poussin, Cours d’Analyse Infini- 
tésimale, 2d ed., vol. 1 (1909), p. 267; for (d) see page 263 of the same volume. 
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f® being‘in F;. By (a), since by the definition f’ is continuous when 7 > 1, 
t 
oP a Ct f-srde 
k 


(2) SAO =x, at f 14g dt, 


Pye (1) = Ot ff 1a 





Then, since f is given absolutely L-integrable, by (b), except perhaps at a 
null set, 
d'f 


(3) ae = F(t). 


We may define, or redefine, d'f / dé’ in this null set so that (3) is true at every 
point of (k,7). Then this new function belongs to the same family as f™, 
namely to F;. 

Now let us suppose Definition 2 to be satisfied. Since d*"f/ dt is an 
indefinite integral, d' f/ dt* exists by (c), except perhaps at a null set, and, 
no matter how it is defined in this or in any other null set, 

eae § TAS pe 


niga m) ait o 





By successive applications of (d), it follows that 


qd’ t ae t di f 
ae Om | Gre, 


td 
Ne = fe 


and df/ dt belongs to G¥~”, since d'‘f/dt' may be defined, or redefined, in a 
null set so that it belongs to F;. This statement means that f satisfies the 
requirements of Definition 1. 

We have now the following general theorem, which holds for all positive 
integral values of 7. 

THEOREM 3: In order that the integral of Theorem 1 shall exist, for sufficiently 
large values of n, and approach zero as n becomes infinite, for all functions be- 
longing to the family * GS, it is necessary and sufficient that (1°) the conditions 
of the corresponding theorem for the family GS'—” be satisfied (GS being F;) when 





etc. Finally, 


* Defined at the beginning of this section. 
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@ is replaced* by its integral over (k, t), and that (2°) the integral of } over 
(k,l) approach zero as n becomes infinite. 
Proof. Using Definition 1 and integrating by parts,t we have 


(1) [ans [oa fl (fea) pa=140. 


By (2°), I approaches zero. By (1°) and the corresponding theorem for 
G-), II approaches zero. Hence the conditions are sufficient. To show 
that they are necessary we note first that the function f = 1 proves that (2°) 
is necessary, and that therefore, in (1), I must approach zero. It follows that 
II must approach zero. Now, if (1°) is not satisfied, there exists, by the 
theorem for G9”, a function q (¢) belonging to G‘i-” such that 


(2) [ (fea) aa 


t 
does not approach zero. Let f = ff qdt. Then f belongs to G‘ and (1) 


holds, g replacing f’; but by (2) II does not approach zero, a condition which 
we have just found to be necessary. 

Corouuary 1: If condition (2°) be omitted, the theorem applies to that family 
of functions which have the properties of GS («> 0) and, in addition, vanish at 1. 

Sufficiency.—In (1), II approaches zero as before, and I vanishes since 
f(t) =0. 

Necessity.—Suppose (1°) to be not satisfied, and consider the function 
q (t) given in (2). Let 


r= fama f awa. 


For this function we may write, analogous to (1), 


[ fea= li fea] - ff ea) aa= ~ [Cf eat) oat, 


and, by (2), this does not approach zero. 

CoROLLARY 2: In order that the integral from k to k’ of fo shall approach 
f (l) for all functions f which belong to GS? (t>0, 7 < 6) in the interval 
(ka2lak’), tt is sufficient that the conditions of Corollary 1 be satisfied for 
each of the intervals (k,l), (k’, 1), and that the integral from k to k’ of @ approach 
unity. 

* This supposes that ¢ is absolutely L-integrable for sufficiently large values of n, a con- 


dition which is necessary, for if it is not satisfied the function f = 1 contradicts the theorem. 
+ Lebesgue, loc. cit., p. 46. 
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For, by the last condition the expressions 


s- fo sea, fr -F) oat 


have the same limit, and the function f (1) — f (¢) has the properties of GS in 
each of the intervals stated, and in addition vanishes at]. By the preceding 
corollary, therefore, the first expression approaches zero. 

5. Sometimes it is desirable to know whether the integral of Theorem 1 
remains limited,* not whether it approaches zero, as n becomes infinite. The 
following statement will enable one to determine from the previous theorems 
the necessary and sufficient conditions that this shall be true. 

TuHeEorEM 4: If n ws as in the preceding theorems and I, is a number depending 
on ut, then a necessary and sufficient condition that two numbers, M and ny, 
exist so that I, shall be numerically less than M when n > ny is that, for every 
positive divergent sequence {qn}, lim| In|/ qn = 0. 


APPLICATIONS. 


6. Fourier’s Coefficients.—In this section I discuss the rates at which the 
coefficients of Fourier approach zero.t Let f be defined and absolutely L- 
integrable in the interval (c, c+ 27). As is customary, we write 

1 c+ 2m 1 C+21 
bl, = — f(t) sin ntdt, b, =— f (t) cos ntdt. 
T Je T Je 
Let { qn } bea positive sequence which diverges at an arbitrarily small, positive 
rate. From the preceding theorems the following may be easily established: 

(a) The coefficients an and b, approach zero.t 

(b) There exist continuous, odd§ functions for which qn an does not approach 
zero, and continuous, even functions for which qn b, does not approach zero. 

(c) If f has limited variation, na, and nb,» remain finite. || 

(d) If f is continuous and has limited variation, but not necessarily of f has 
limited variation and is not continuous, na, approches zero when c is an odd 
multiple of x | 2 and n is odd, and nb, approaches zero when c is an even multiple 
of /2. 

(e){ Let f belong to G, let f = f, f™ be the pth derivative of f , and let p=0, 


Paviee £..9:6, Cy f,7and $716, f% 

+ Cf. also a footnote to an article by Bécher, Annalsof Mathematics, ser. 2, 
vol. 7 (1906), p. 109. 

t This follows from Theorem 1 for F:, and is well known, 

§ This shows that (a) is the most that may be said even of families of functions as 
restricted as those in (b). The function f(t) is odd in (c,c+27), if f(c+a-—t) 
=-—f(c+ar+t); even, iff(c+r—-t) =f(ctrt+t). Sy 

|| This is known. 

Cf. Young, Proceedings of the London Mathematical Society, 
ser. 2, vol. 10 (1911), pp. 256-7. 
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1,-:-,27—1. Then n'a, approaches zero if c = 0 or a multiple of r, and 
f? (e+ 27) =f™(c) when p is even; n*b, approaches zero of c= 0 or a 
multiple of +, and f” (e+ 27) = f™ (ec) when p is odd; both approach zero 
of f” (ec + 27) = f™ (ec) for all the values of p. 

(f) If f belongs to G?, then with the same provisions, respectively, as in (e), 
n'*1 a, and n**! b, remain finite. 

Proof of (6).—Consider condition 1° of Theorem 1 for Fac. 

J 


a oS the (oe 7 
dt > anf cos? ng t= 2 40> 
which is not limited. 
Proof of (c).—Consider Theorem 1 for F;. 
c+t 4° t Mt 
Hi sin nt |= 
e¢ cos nt dn 


which approaches zero. 
Proof of (d).—Consider Theorem 1 for F’5,. 


c+ Tr 


sin nt 
cos nt 








ee 
In 


ile 
qn 


cos ne — cosn(e-+ ft) 


sin n(c+t) — sin ne : 

















easier oe 
a 
f any hee 5 
C+2nr 1 
n f (t—a) sin né dt = 2 sin ne — sinna+ n(a—c— 27) cos nel, 











which approaches zero if nc is an odd multiple of t/2. Similarly, 


c+27 
il (t — a) cos nt dt 


which approaches zero if c is an even multiple of 7/2. The conditions of 
the theorems for F;, are thus satisfied, but condition (2°) for F; is not satisfied. 
For example, if c = 0 and t= 7/2, 


1 


- cos nc — cos na+ n(ce+ 27 — a) sin ne}, 


n 














7 


cos nt it|= 
0 


which does not approach zero. 
Proof of (e) and (f).—I use here a well-known method.* Integration by 
parts is allowable} because f is an indefinite integral, and so we have 


n 





. nT 
sin > ; 








C+2r C+23 
f f sin nt dt = — If (e+ an) — f(e)] += of cos nt at. 


*E. g., Hobson, Theory of Functions of a Real Variable (1907), p. 718. 
+ Lebesgue, loc. cit., p. 46. 
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Therefore, if (1) either cos ne or f (ec + 27) — f (c) equals zero, 


~ 


’ bef aa 


bn = —, where 0, = = f’ cos nt dt. 
c 


mg (be 


Likewise 


C+ 21r C+ 214 


f cos nt dt = Fol-5 | f’ sin nt dt, 





and, if (2) either sin ne or f (ec + 27) — f (c) equals zero, 


, 
n ee 


b,=—, where at, =— f’ sin nt dt. 
n weap 
We can obviously satisfy (2) by choosing ¢ = 0 or a multiple of 7. We can 
satisfy both by making f (¢c + 27) =f (c). 

Repeating these processes and applying (a) we have (e); applying (c) we 
have (f). 

From the foregoing propositions follow many corollaries concerning the con- 
vergence of Fourier’s series. I will state two of them: 

Corouuary 1: If f has limited variation, the series whose general term is 
| a® sin? nx | + | b? cos? na| converges uniformly when p> 1. For, by (e), 
this may be canine! with the series whose general term is 1/n?. 

CoroLuary 2: If f is the integral of a function of limited variation and if 
f(c) =f (e+ 27), the series of Corollary 1 converges uniformly whenp > 1/2. 
For, by (f) for G;, it may be compared with the series whose general term is 
Tine? 

7. Fourier’s Development.—In this section m and gq, are used as in the 
preceding section, and R, represents the difference between f (a) and the sum 
of the first terms of its Fourier’s series up to and including the terms whose 
argument is na. The function f (t) is supposed defined everywhere, to be 
periodic of period 27, and absolutely L-integrable in the interval (— 7, 7). 
At x the limits f (2 + 0) and f (x — 0) are supposed to exist, and f (x) to 
be equal to one half their sum. As is well known,* 

















ie sin “nt (t— 2) 
(1) Rn = ate 7 (2) dt 
‘ as ee 
(2) - fi: [f (w+ 2v)—f (a 1) ay pone t 
Set 
fitoe too) =o (2) : he wii 
AO sin v oe (-§.5) 


*E. g., Pierpont, Theory of Functions of Real Variables, vol. 2, pp. 421, 2. 
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Reasoning analogous to that of the preceding article gives us the following 
propositions: 

(a) For some function ~ which rs absolutely L-integrable, qn Rn» does not 
approach zero, though rt 1s known that R, does approach zero. 

(b) For some function f (t) which is continuous in (— 7, 7) and has a first 
derivative at x, the same is true. 

(c) If w has limited variation, nR, remains finite. 

(d) The same is true of 1/u[f (a+ 2v) —f (x)] has limited variation in 
(— 7/2, 7/2). 

(e) If W is continuous and has limited variation, nR,» approaches zero, but this 
is not true of all functions having limited variation. 

(f) If W is the integral of a function having limited variation (1. e., of W belongs 
to G,), n? Ry remains finite. 

(g) There exists a function W belonging to all the other G families, for which 
n? R, does not approach zero. 

Proof of (a).—We use (2) and condition 1° of Theorem 1 for F,, putting 
@ = Qn sinvv. This function is not uniformly limited in (— 7/2, 7/2). 
Therefore there exists an absolutely Z-integrable function g (v), such that 
the integral from — 7/2 to 7/-2 of g sin vv does not approach zero. It can 
now be shown that a function f (t) may be defined so that g (v) has the form 
WY (v) above. 

Proof of (b)—We use (1). The function f (¢) —f (2) satisfies the condi- 
tions on f in Corollary 1 of Theorem 2 for Fg.. We have, then, correspond- 
ing to ¢d, 


qn Sin “> y(t 2) 
2 sin (1 — 2) 


Since, in the interval (2 —7,2+7), except at most at the three points, 
t— 7, 2, o- ; 

t— 72 = 
sa Set, 
2 sin 5 (t— 2) 


e- 1r Sx ae-+ or 
f la-2) old Saf 


+14 yp 
wm sin’ > (t— #) dt = qn, 


t—T 





sins (t—-2)|d 








Vil 


and is not uniformly limited. 
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Proof of (c).—Using (2) and Theorem 1 for F;, we have 


t 
n : 
=f sin vu du 
qn J_= 


and this approaches zero. 

Proof of (d).—We use the same theorem, but now corresponding to ¢ we 
have v sinvuv/sinv. By an inequality,* due to Lebesgue, for monotone 
increasing functions, and since in (0, 7/2) v/ sin v is monotone increasing 
from 1 to 2/2, we have,f if 0 = ¢ = 7/2, 


*v sin WY ors 
———-d ss — 7 max sin vu du 
0 


sin vu 3 Ain (0, ) 
The same is true if — 7/2 < t = 0, since the integrand is an odd function. 
Therefore 








ries A ee cos vt | = a 








=i 2 
So 











n 


: : 

v sin vu n Or 
“If = dv) <—— — , 
QnjJ-= sinv Qn V 





which approaches zero as n becomes infinite. 
Proof of (e).—Using (2) and Theorem 1 for F'5,, we have 





ae SNOT es 
nl f sin pu dv an hee, 
n v1 — 2n 
ak eee oe SNe tid Are 











These show that the conditions in question are satisfied, and establish the 
first part of (e). As for the second part, we note that 


t 
if sin vu du 
brid 


2 


n 





n 
= —|cos rt]. 
Vv 





This equals n/» when t = 0, and therefore does not approach zero for each 
t. We may now proceed as in the proof of (a). 


* Lebesgue, loc. cit., p. 36, B. See also my paper (second footnote), p. 54. 
+ “Max” means the maximum of the function with respect to the parameter. I use the 
A 
words “maximum” and “minimum” in the sense of upper and lower limits, not of greatest and 


least values. 
Trans. Am, Math. Soc. 7 
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Proof of (f).—Using (2) and Theorem 3 for G;, we have 


ae wf sin vudu| = 


7 


Tr 
alsin vt = 1/2 < gn? 





dn 





2 
n hee 
_— _ sinvudu = 0. 


2 


Proof of (g).—It would be practicable to show that for no G are the con- 
ditions of Theorem 3 satisfied when ¢ = n? sin vv, but it is easier to see 
directly that for the function y (v) = v, which belongs to all the families, 
n?| R, | remains greater than 2/9ifm>1. wy=v, iff (t) = (¢/2) sin (¢/ 2) 
in (— 7,7) andzx=0. 


T 


2 
fi vsin vu dv| = 


2 


Qn - 62 


n?|Ra| = 0? ar eany. 








Tie ee? 


8. Legendre’s Development.—In this section n and qg, are used as hitherto, 
f (t) is supposed defined and absolutely L-integrable in the interval (— 1,1), 
P,, is Legendre’s polynomial of order n, and A, is the coefficient of P, in 
Legendre’s development of f: 


1 
Vink an =f fPndt. 
Ae 


In the following lemmas, M is some fixed number independent of ¢ and ¢;. 
Lemma |: 





M =. 
(a) | Pa dtl < aa (@-1, n>2), 
M 
(b) if erat Sham (120 
=i 





Lemma 2: If P,(t) be integrated 2 times, with respect to the variables 
to, ti, er? tet 








ti ty M By 
(a) fo _ Py, dto <A — By (2+1, nS2)), 
‘ ; 
i M 
mee a 
LEMMA* 3: 


(nS1), 


1 
2 wre 
(a) [ pa < 5 
(b) [fo fF Pade) diin< sq | (WE -2). 
e/—l —!|l —1 


* Proposition (a) is known. 
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LEMMA* 4. 


: M 
(a) {i PRES ae ees (n= 1), 
a Vn 


(b) f . le . te 
eta et 1 ook 


Proof of Lemma 1.—From the known equation 


di < ae (nS2%-1). 








d d 
(2n + 1) Pa = Ge (Patt) 98 a (Pn) 


t 1 
P, di|=| f 
=i =i 


Hobson} has proved the inequality 


we derive 


(1) 








; 1 
=n py | Pati (t) — Pra (t) | ee ae 








M 
(2) (1 — #)*| Pa (t)| << (G20). 
n 
This with (1) proves that 
1 1 it 3M 
if Padtl<ep a Gast Gea ni (1— #)t 
s (fP+-1,nS2), 


which is (a). To establish (6) we note first thatt 
—1+2 1 dt ie 
©) if aa aes olee 
Case l: —1+1/n®8®<t<1-—1/n8. 


t 11a t 
(4) if P,, dt zf Palat| f Pyat|= 1-41. 
=i i —1+1/n"8 


By (2) and (3), 
(5) Tee ; ( 














1 Nee 4M Oe 


nos ag ~ Byil 


*T do not need this, but I put it down as a simple corollary of the others; (a) is known. 

j Hobson, Proceedings of the London Mathematical Society, 
ser. 2, vol. 7 (1909), p. 25 

t For example, the first of these fc, if we putt =z—1, 


Hi aay l= =|Jo 4 


3 


= Sat, Pp 
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By (2), since 1 — # S 1/n}°; and 


, 1 
i Weng eh geri Ee Ca aed prem I 


1 4M =a au 
: nrc 0.2 a eae 1h0 


The inequalities (5) and (6) establish Case 1. 
Case 2: —LlZtiz—1+1/n°. 


is ttle 
Z i | Pn | dt, 
—4 


and by (5) this is less than M/n!! ifn > 0. Likewise, if 
Case oto li fig ae a 


= An 2 
"Padi 2 Ap Paatl+ fi |Puldi< =a (>), 
=f 1 1)n°® 


by Case 1, (2), and (8). 
Proof of Lemma 2.—Lemma 2 is proved by means of Lemma 1 and equalities 
like the following: 


a “4 1 1 
le dt, E, Py dio = 545 | pag Pins (te) — Pa (te)] 


1 
if, ats f Ps dip| = 
a 





| On 
—f 














Soe jl Pn (te) = Pra(t)][, 


an 2n spp Patt (1) — Pena (tr) ] dt 


Zrii ib Pera es 
Proof of Lemma 3(b).—By (a) of Lemma 2, 
ti aM? sa 
Be jr nS || area G1 = om (nS2i -—2). 
Proof of Lemma 4(b).—By (a) of Lemma 2, and (3), 
“a 2M 4 _ 4M | 
i] | | dtia< i — no (leh ce a {L 15 I< ni 3S nit 

| 11 


! 
(nS2%i -2). 
| 














to 
Pee 
24 





The following statements are now easily established. 
(a) For every absolutely L-integrable function, A,/n approaches zero, but 
there exists such a function for which qn An|/n does not approach zero. 
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(b) For every function whose square is L-integrable, A,/~n approaches zero, 
but there exists such a function for which qn An|~n does not approach zero. 

(c) There exists a continuous* function for which qn An does not approach zero. 

(d) For every function of limited variation, n°! A, approaches zero. 

(e) For every function of GS, n** A, approaches zero. 

(f) For every function of G®, n**°:! A, approaches zero. 

Proof of (a).—The first part of (a) follows from Theorem 1 for F,, ¢ beingt 
P,, for P, is limited, and by Lemma 1 (0) its integral from —1 to ¢ approaches 
zero. But if d be gn Pn, condition (1°) of that theorem is not satisfied. 
Proof of (b).—Using Theorem 1 for F2., 6 = VnP,,, and Lemma 1 (b), we 











have 
bene he 2n 2 
Hf Pe Ge net CisS1); 
[  ta<a5 
4 Be Nn n?-6* 


Proof of (c).—Condition (1°) of Theorem 1 for F4q is not satisfied by 


@ = qnnPp, for 
1 Ess 2n Qn 
SS 2 — 
in| m|PaldtS qunf Pra nt 1° 


Proof of (d).—Putting ¢ = n!! P, in Theorem 1 for F;, we have, by Lemma 
1 (0), 








t 
[wep ca fe 
=i 
and, by Lemma 1 (a), 
‘ons soe pol coe =) 
= 0 tea Cn ir), 


Proof of (e).—Consider G@. (The reasoning is analogous for the other G,’s.) 
Applying the first condition of Theorem 3 for G,, and using ¢= n? P,, 
we have, by Lemma 3 (b), and Lemma 2 (0), 





1 ty 2 3M 
[Cf m Pade) du < y= (n=2), 
W/—]1 =f nN 
te ora 2M 
(fi ( mPa dly )dts < "ay (nS4), 
or a n* 
1 
[nb Pn dio = 0 Ciel) 
3 


* But I cannot show that for every continuous function A, remains limited. 
{ Exactly, @¢ = [(2n + 1)/2n]P,,, but this approaches the same limit as P,. Similar 
remarks hold for the other proofs. 
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Proof of (f).—Consider for example G;. Using Theorem 3 for G; and 
¢ = n° P,, and Lemma 2 (b) and (a), we have 








te ty 2.1 
if Ul ni Pata) dt ce eh (n>4), 
—1 J _1 n- 
(eb ey Rus 
= &); 
an Ce B)! if ts een ) 
= 0 f#=1 (nae 


the last result being obtained by use of the proof of Lemma 2. Similarly, 
1 
[24 P, diy = 0 (n= 
ii 


Corotuary 1: If f is the integral of a function which has limited variation 
in the interval (— 1,1), ats Legendre development converges absolutely uniformly 
in the same interval. 

For, by (f) , the absolute value series may be compared with the series whose 
general term is 1/n!1. 

Coro.tuary 2: If f has limited variation in (— 1,1), the serves whose general 
term* is | An| P? converges uniformly in any interval within (— 1,1). 

For, by (2), in any such interval nP? remains uniformly limited, and there- 
fore, by (d), the series in question may be compared with the series whose 
general term is 1/1. 

We may now apply to the developments of Legendre the same reasoning 
as was used in the case of Fourier’s developments, and obtain the following 
results concerning their rates of convergence :t 

Coro.tuary 3: Let R, be the remainder of the formal development of f at the 
point x, and let y (t) be the fraction [f (t) —f(a)]/(t—2). 

(a) If W ts absolutely L-integrable, R,/ n approaches zero. 

(b) If ¥° is L-integrable, R, | \n approaches zero. 

(c) If w has limited variation, n° R,, approaches zero. 

(d) If W belongs to G , n**°! R, approaches zero. 

9. Definite Integrals—Much of this section, in a somewhat different 
form, has been established by W. H. Youngt independently of Lebesgue’s 
theorems, but by means of reasoning closely analogous to that of Lebesgue. 
The present paper shows that the results are really only corollaries of Lebesgue’s 


* A fortiori this is true of the series whose general term is ike Pee 

+ Cf. D. Jackson, On the Degree of Convergence, etc., these Transactions, vol. 13 
(1912), pp. 305-318; and On Approximation by Trigonometric Sums, etc., ibid., pp. 491-515. 

t Young, Proceedings of the London Mathematical Society, ser. 
2, vol. 9 (1910), pp. 463-485. 
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fundamental theorem (§ 2), and possesses the advantage that the conditions 
stated here are thus shown to be necessary as well as sufficient. Young has 
nothing to do with the family F;, and in Theorem 6 I consider several families 
where Young considers but one. His account includes, however, two topics 
which mine omits: non-absolutely convergent Z-integrals, and integrals over 
infinite intervals. 

Let us consider the evaluation of the definite integral 


Z 
(1) [smo wa, 
by means of the common method of expanding g (t) in a series, 


(2) g(t) = u(t) + w(t) +--- 


(the sum of the first n terms of which shall be called s, (¢)), multiplying it 
through by f (¢), and integrating termwise from k to J, thus: 


(3) fsa = [fu ant [fu dit + -+>. 


Concerning the validity of this process we have the following 

THEOREM 5: Let the various integrals of (3) exist as absolutely convergent 
L-integrals. A necessary and sufficient condition that (3) shall be valid for all 
functions f belonging to one of the families F of Theorems 1 and 2, is that g — sn 
shall satisfy the conditions rmposed on ¢ in that part of those theorems that applies 
to the F in question. 

In the cases* of F;, Fo, and F3, the condition stated remains sufficient if (2°) 
of Theorem 1 be replaced by the condition that (2) be valid in (k, 1), except per- 
haps at a null set. 

For it is necessary and sufficient that 


fo “spit 


approach zero, and therefore Theorem 1 (with corollary) and Theorem 2 are 
applicable. 

Continuing the same problem and notation, let us now suppose that it is 
not convenient to express g or its Ist, 2d,. . ., or (2 — 1)th integral (7 S 1) 
by means of a series, but that its 7th integral may be so expressed, thus: 


(1) ruy= ff ce [gato = Tilt) + Ue (ts) +o 
Writing 
(2) S,=U,+---+U0,, hese 


* Stated in another paper (see second footnote), pp. 63, 64. 
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and denoting differentiation by primes, we have, except at most at a null set, 
(3) J ig et Tn 


We now give the conditions that 


Z 1 
(4) [to dt =lim | s,dt; 
ek N=0O Vk 
that is, that (1) may be differentiated termwise 7 times, then multiplied through 
by f and integrated termwise from k to 1, giving the integral of fg. 

THEOREM 6: Let (a°) the U’s have 7 derivatives, and let all the integrals 
involved exist as absolutely convergent L-integrals. Let (6°) lim, R® (k) = lim, 
R” (1) =0, p=0,1,-+-,7-—1. Then a necessary and sufficient con- 
dition that (4) be valid, for all functions belonging to the family GY, is that Rn 
satisfy the conditions on ¢ in Theorem 1, or 2, for F. 

In the cases of G®, GY, and GY, the conditions remain sufficient if it be 
required that (1) be valid in (k, 1), except perhaps at a null set, instead of that 
R, satisfy (2°) of Theorem 1. 

Proof.—From (a°) and successive applications of (d), § 4, it follows that 


(5) oll dty = RY (tip) + [ Po RPh) + +++ + Pepi ROK) 


= RY +4 (p=0,-++,¢—1), 


where P, is a polynomial of degree s in t;». By (6°), 7 approaches zero 
uniformly with respect to ¢;_». It is necessary and sufficient that 


z 

(6) limaljrs dt = 0, 

N=n Jk 
and for this the conditions of Theorem 3 relative to G are necessary and 
sufficient. To see that the theorem is true it is now only necessary to write 
out the conditions involved in that theorem and in our present hypothesis 
in full. This will be done for the case of G{? only. Theorem 3 says that the 
first of the following integrals shall remain uniformly limited if n is large 
enough (except perhaps at a null set), and that the others shall approach 
zero. 


ty ty 
(7) i} re i Tn dt, 
k k 
tind ty 
6 (eae) 
k k 
tL pty ty ti—2 1 
(9) Ly os [md i) af tn ato, vey [ira dt. 
k Uk k k Yk k k 


ES 
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Sufficiency.—By (b°) lim,_,. R” (1) = 0, p= 0, ---,¢%—1, and this with 
(5) shows that (9) approach zero. By hypothesis and (1°) of Theorem 1, 
| Rn (ti) |< M,n> ny, except perhaps at a null set, and this with (5) shows 
that the same is true of (7), and again, by (2°) of Theorem 1, 


tit. 
lim R, di; = 0, 


n=0 Vk 


and therefore, since 7 approaches zero uniformly, (8) approaches zero. 

Necessity.—If either (1°) or (2°) of Theorem 1 is not satisfied by R,, it 
follows from (5) that either (7) or (8), both necessary conditions, is not satisfied. 

The corollary of Theorem 1 applies to the second part of the theorem. 

10. Termwise Integration.—We might now consider the following similar 
problem. Let g be differentiable 2 times, and let its zth derivative be 
represented by a series. Under what conditions may this series be integrated 
termwise 2 times, then multiplied through by f and again integrated termwise, 
giving the integral of fg? But this method of evaluating a definite integral 
would not ordinarily be of advantage, because it is integration and not dif- 
ferentiation that usually leads to simpler functions, though it does frequently 
happen that it is no harder to evaluate an integral in this way than in one 
of the others, for what is lost in making the expansion more difficult is gained 
from the extra generality of the function f by which its integral may be mul- 
tiplied. However, I wish to present the matter in another form. As already 
noted, a necessary and sufficient condition that termwise integration of a 
convergent sequence { ¢ (n) } be permissible is (1°) of Theorem 3. Let us 
suppose that ¢ satisfies not only this condition but also the severer condition 
(1°) of Theorem 1. Is anything more than termwise integration permissible? 
An answer to this question is found in Theorem 7, for which I introduce the 
following definition and lemmas. 

DEFINITION: Let us denote by E‘ (x) the family of functions f such that, 
for a certain preassigned 2 in (k, 1), f(t) (t—~2)' belongs to F;, 7 being 
a positive integer or zero.* 

Lemma 1: In order that the integral of Theorem 1 shall exist and approach 
zero for all functions f belonging to the family E‘, it is necessary and sufficient 
that the conditions of Theorem 1 for F; be satisfied when ¢ is replaced by ¢ / (t—«)*. 

This is a simple corollary of Theorem 1. 

Lemma 2: If g(t) is continuous in (k, 1), the wth cterated integral J (t;) 
may be expressed thus: 


(1) 76) = foo f gdy= FS ** 900), 


where r 1s a pont of the interval (2x, t;). 


* E. g., t-? belongs to H;/(0) in (0,1). As far as Lemma 1 is concerned 7 might be 
any real number. 
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For, by successive applications of (a), §4, we may learn that, for each p 
(p = 0,1, ---,2—1) and at each point of (k, !), 


dP? J hes é diy 
(2) Ue FAL af g dto; aed 
By a well-known theorem we may therefore write 


(4; — x)* 





ao oT a eee 





dJ 
I (4) = F(a) + 3e| Se 


and, evidently, by (1) and (2), all the terms on the right vanish except the 
last. 

THEOREM 7: If, in the interval (k, 1), (1°) of Theorem 1 1s satisfied, and 
{@(n) } is a convergent sequence having continuous terms and a continuous 
limit, it 1s permissible (a) to integrate { d(n) } termwise a times from x to ft, 
and (b) to multiply both sides of the resulting equation by any function f belonging 
to EX (x), and again to integrate termwise from a to b, a, b, and x being any 
points of the interval, thus: 


@) tim f= fo (n)do= [-- f time (m) dt, 


b ty ty b ti ty 
6) tim fs trai [a (m)dto= [F(t dif + [tims (n)de, 
Proof.—Without loss of generality we may suppose that lim ¢(n) = 0, 
for otherwise the limit of the sequence { ¢@ (7) — lim¢(n) } is zero, and 
this latter sequence possesses the properties ascribed to { ¢ } above. 
Case 1: (1 = 0). We have to show merely that, for f in (Ei = F;), 


(b) lim 6 (n) dé = 0; 


and this has been established Pee in the corollary to Theorem 1. 

Case 2: (1 > 0). Let us suppose that (b) is true when 2 is replaced by 
r — 1; if we choose f = 1, the result is (a) for 2 = 7. Hence (a) may be 
obtained by induction from (b) for Case 1. ‘To establish (6) for Case 2 it is, 
by Lemmas 1 and 2, necessary and sufficient that 


tim F(t) 8 (m, 7) BS ™ at, = 0. 


From the corollary to Theorem 1 and Lemma 1, it is clear that for this it is 
sufficient that ¢ (n, 7) be uniformly limited in (a, 6), and that for each + 
its limit be zero. Both these conditions are satisfied by hypothesis. 
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CONGRUENCES AND COMPLEXES OF CIRCLES* 


J. L. COOLIDGE 


The differential geometry of circle systems has received a large amount of 
attention of late. The subject has been approached from two quite distinct 
sides. On the one hand we have Koenigs, Cosserat, Moore, Bompiani and 
others who fix their attention on what we may call the descriptive differential 
properties of circles. The totality of circles in three-dimensional space may 
be represented by an S?, lying in an Sg, and this variety may be studied by the 
now familiar methods of projective differential geometry. The theorems so 
reached are invariant under the twenty-four parameter group of sphere 
transformations. The other class of writers, wherein we may include Bianchi, 
Tzitzeica, Guichard and Eisenhart, have confined themselves largely to con- 
gruences (two-parameter systems) of circles, frequently to normal congruences. 
The methods employed have been the general ones of differential geometry and 
the center of interest has been rather more in the axes of the circles than the 
circles themselves. 

It has seemed for some time to the present writer that the last word on 
these subjects had not by any means been written, and that by a different 
method of approach not only might we obtain simpler proofs of known theorems 
but discover a number of new theorems as well. The most interesting proper- 
ties of circles are those which are invariant under inversion, or under the ten- 
parameter group of conformal transformations of space; the best approach 
to this group is through the use of pentaspherical codrdinates. It is true that 
some of the writers mentioned above have made use of these codrdinates, and 
still more has been done by Darboux in his Théorie des Surfaces, yet the 
possibilities of these codrdinates have been by no means exhausted, and in 
the present paper they are more systematically applied to problems in dif- 
ferential circle geometry than has been the case in the past. 

A circle may be regarded in two different aspects, either as a locus of points, 
or an envelop of spheres. The two points of view are, of course, closely 
related, but the change of emphasis leads naturally to rather different sets of 
theorems. The first section of the present article is devoted to preliminary 
formule for points and spheres in pentaspherical coédrdinates, and certain 


* Presented to the Society, December 30, 1913. 
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fundamental theorems concerning cospherical and orthogonal circles. In 
section 2 a parametric representation is given of the points of a circle, and it is 
shown how this leads to direct and elegant proofs of the usual theorems about 
circle congruences, in so far as they are invariant under the conformal group. 
In the third section the circle is considered in its other aspect, and the classic 
methods of the Kummer line-geometry are applied to circle congruences, thus 
giving a goodly number of new theorems. The fourth section is devoted to 
three-parameter families of circles. 


$1. Pretminary ForMuLz. 


In the present work we shall confine ourselves to points in the finite region of 
space, locating each by a system of homogeneous pentaspherical codrdinates, 
whose relation to the homogeneous rectangular Cartesian system is exhibited 
by the following equations: 


pty =i(P+y+te2+2), CX =-2o,5 


pyH=v’+tyte— PF, cy = Xs, 

(1) px. = 22t, OZ =X, 
px3 = 2yt, | Ob. = — (Aig ea) 
px, = 22t, 

(2) Sat = Cae =) 


A sphere will be given by an equation of the form 


i=4 


(3) 2 yes = (yx) = 0. 


The sphere will be null if (y) satisfy the identity (2) in which case y; will be 
the codrdinates of the center in our present system. The angle of two not 
null spheres (y) and (z) will be 


— 
V(yy) V(22) 








(4) 6 = cos 


It is convenient when a sphere is not null to assume that its codrdinates 
(coefficients) satisfy the identity 


(5) (yy) = 1. 


If (x) and (2’) be two points, then every sphere (y), where 


Yi = hat pr, 
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will be a sphere of inversion to interchange the two. We see, in fact, that 
every sphere orthogonal to (x) and (2’) is orthogonal to (y) also. By our 
identity, 
(tor jee (et) == 
If then 
(xa’) = 0 


the sphere (y) will be null. The circle common to the null spheres whose 
centers are (x) and (2’) will contain none but null spheres, i. e., (a) and 
(x’) lie on an isotropic line. Suppose that we have two infinitely near points 
(x) and (a+ dz), 

(adx) = — 4 (dirdz). 


Since this is a differential expression of the second order, we may take (dz) 
as the codrdinates of the sphere through (2) orthogonal to the direction of 
advance to (x)+ (dz). The condition that two directions of advance 
should be mutually perpendicular is thus 


(6) Carox) — 0. 
If a direction of advance be isotropic we have 
(7) (dadx) = 0. 


Through each circle of finite radius will pass two null spheres whose centers 
are called the foci of the circle. The necessary and sufficient condition that 
a circle should be null is that the foci should fall together. If, thus, the circle 
be given by the spheres (y) and (z) it will be null if we have equal roots in 


the quadratic 
(yy) + 2du (yz) + uP (22) = 0, 


(yy) (32) — (yz)? = 0. 


The following well-known theorems are given for reference: 

A. A necessary and sufficient condition that two circles of finite radius should 
be cospherical is that their foci should be concyclie. 

B. A necessary and sufficient condition that two circles of finite radius should 
touch one another is that their foci should lie on two intersecting rsotropic lines. 

C. If two circles be cospherical they will be cospherical and orthogonal to an 
infinite number of circles; of they be not cospherical and their foci do not lie in pairs 
on two isotropics, there will be two circles cospherical and orthogonal to both. 
The last two circles are in bi-involution, 2. e., every sphere through the one is 
orthogonal to every sphere through the other. 

There remains the case where the foci of the two circles lie in pairs on two 
skew isotropics. These two will be generators of one system of a sphere. 


that is, 
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There is a one-parameter group of conformal transformations leaving invariant 
these two generators as well as all generators of the other system. For 
instance, if the fixed sphere were 

wo = 0) 
we might consider transformations of the quaternion type 


(a, + tay + jay + kay) = (a+ bi + 7 + dh) (ay + ive + jx3 + has), 
aan ee ee 


It appears thus that circles cospherical and orthogonal to our given circles 
will be continuously transformed by this group, so that there are an infinite 
number of such circles. Our original circles shall be said in this case to be 
paratactic.* 

D. A necessary and sufficient condition that two non-cospherical circles should 
be cospherical and orthogonal to more than two circles is that they should be 
paratactic. 


§ 2. THe ParaMetric Metuop. Tuer CiassicAL THEOREMS OF RIBAUCOUR 
AND. DARBOUX. 


Let a circle be determined by a sphere (8) to which it is orthogonal, and the 
two points of intersection therewith (a) and (vy). The coédrdinates of every 
point thereon may be exhibited in the parametric form 


% = port pi +7, 
(8) (aa) = (a8) = (By) = (vy) = 0, 
(68) = —2(ay)=1. 


This form is especially suitable to the study of congruences of circles. We 
therefore assume that (a), (8), (vy) are functions of two independent variables 
u and v, the various ratios being naturally supposed not to be all constant 
or functions of a single variable. We have the additional equations 


(08) = (08) = (8) = (081) = (2) (38) =0 
0 (edt) (08) = (elt) +682)- 682) + 68)- 
i82) + (8) = (eB) +(082)= 2) + 688) -0 


Our groups of equations (8) and (9) lead to easy proofs of all the classical 


* The concept of paratactic circles seems first to have been introduced in an article by the 
Author, A Study of the Circle Cross, These Transactions, vol. 14 (1913), pp. 149- 
174. Proofs of our theorems A—D will there be found. 
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theorems about circle congruences, in so far, that is, as these theorems are 
invariant for inversion. We state a number of these theorems which are 
particularly important. They will be found for the most part in the second 
volume of Darboux’s Theorie generale des surfaces, but mostly trace their 
origin to Ribaucour.* 

TuHEorEeM 1. The circles of a congruence are, in general, tangent to four 
surfaces. 

In practice it is more convenient to say that a circle in general position 
intersects four adjacent circles. When this intersection arises from the fact 
that it is cospherical with two adjacent circles, i. e., strictly speaking, 
when each circle is a generator of two annular surfaces of the congruence, 
the latter is said to be focal. The corresponding generating spheres through 
the circle are called the focal spheres. 'The points where the circle touches the 
four surfaces are the focal points, and must not be confused with the focz 
mentioned above. If the circles of a congruence be orthogonal to an infinite 
number of surfaces, the congruence is said to be normal. In counting the 
number of orthogonal trajectories attached to a given congruence, we count 
the number of points on each circle where it meets some surface orthogonally. 
Thus, the circles orthogonal to a given sphere are said to have (at least) two 
orthogonal trajectories. 

THEOREM 2. If the circles of a congruence be orthogonal to more than two 
surfaces, the congruence is normal. 

THEOREM 3. Any four orthogonal trajectories of the circles of a normal con- 
gruence will meet those circles in sets of points having a fixed cross ratio. 

TueEorEeM 4. The foci of the circles of a focal congruence generate the two nappes 
of the envelope of a congruence of spheres. 

THEOREM 5. [f the foci of the circles of a congruence be the pairs of points of 
contact of the spheres of a non-parabolic congruence with their envelope, the con- 
gruence of circles is focal. 

THEOREM 6. A necessary and sufficient condition that a focal congruence 
should be normal zs that the focal spheres through a circle vn general position should 
be mutually orthogonal, or that it should consist in circles through two points. 

THEOREM 7. Every normal congruence ts focal. 

THEOREM 8. In a normal congruence the lines of curvature correspond to 
one another in all orthogonal trajectories, and give the annular surfaces of the 
congruence. 

THEOREM 9. If acongruence of spheres have an envelope of two nappes whereon 
the lines of curvature correspond to one another, the circles orthogonal to the various 
spheres at their points of contact will generate a normal congruence. 





*See his two notes Sur les systemés cyclicques and Sur les faisceaux de cercles, Paris, 
Comptes Rendus, vol. 76 (1873); also an earlier note Sur la déformation des surfaces, 
ibid., vol. 70 (1870). 
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THEOREM 10. If the circles of a congruence have two orthogonal trajectories 
the congruence will be focal when, and only when it is normal. 

THEOREM 11. [If the circles of a congruence be normal to two surfaces which 
do not consist in a sphere counted twice, and can be assembled into a one-parameter 
family of annular surfaces, the congruence 1s normal. 

As examples of the method of applying our equations (8), (9) to the proof 
of these theorems, we select theorems 2, 3, 6, and 8. 

2. We wish to make ¢ in (8) such a function of wu and v that if dz; be the 
differential along this surface, and 62; the differential along the circle, then 


(dror js 0). 
yo GAs ge (7a) Pon) 


“= (oB)e+ a(t) (62). 


The condition for compatibility becomes, in the light of (9), 
{( 2908) (2208 (2) (32) eae 
ao +2{(a%) (0S) — (a%2)(aS)+ (2) (22)l a 
+ |($25)— (2222) +2] (a32)(03%) (a3) (a3) |} =o, 


Since this equation is quadratic, if it have more than two solutions it is an 


identity. 
3. Let (a) and (7) be so chosen as to trace two orthogonal trajectories 


This involves 


(11) (ad8) = (Bda) = (ydB) = (Bdy) = 0. 
For another orthogonal trajectory we must have 
eae 0), | eka fC 
Ou ae (a5), 7 2(« Ne. 
The condition of compatibility is 
0ady dady 
) (52 7) = (= Ov 7). 


This equation will be of great importance later. If ¢ be one solution of our 
system of differential equations above, rt is another, if r be constant. But 
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this constant is the cross ratio of the four points corresponding to the param- 
eter values ©, 0, ¢#, rt. 

6. Our congruence being focal, we may take wu and v as focal parameters. 
We take for (8) the sphere whose points of contact with its envelop will, 
by theorem 4, be the foci of our circles; these foci shall be (s) and (¢) 


Cie eee foe) == (80) = (ay) =) (sd8) =, 0, 
ie (re) (18) = (ry) = (tdi y= 0, 
From the first equations we get 


Aa: + BB+ Cys + DE + Hs; = 0, 


OB; 
Ov 





ete Pape Cia D-.  ag— Oe 


Multiplying through by ¢; and summing, then by 6; and summing, we have 
E=B=(Q; DE Oe 
OB; Op; 
OFF = aes + evi, Pa! ately. 
Since all points of the circle (a) +(da/du) du, (vy) + (dy/ du) du, 
(8) + (08/ dw) du lie on a sphere through our circle, a focal sphere, 


0a; 
Ou’ 





OY day + mB: + mys +1 


Ve 0a; 
aa hoe ps - v¥: + p ap” 





If the congruence be normal, (10) must be satisfied identically. On sub- 
stituting, the coefficient of # and the constant vanish. The condition is thus 


If r = p, every solution of 
(ra) = (28) = (ty) = (ada) = 0 
(zd8) = (ady) = 0. 


is also a solution of 


Each two adjacent circles are co-spherical, and all of our circles pass through 
two points or lie on one sphere. The latter would not however yield a normal 
congruence. 

Trans. Am, Math. Soc. 8 
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If r + p we may take as focal spheres 


Om 
a; Be yi aia 


; 02; = 


pyi = 











Om 
aj Bu Yi a . 
The condition that these should be mutually orthogonal is 


, Ja 0a 
ce —4($2S) =o. 


8. We have a normal congruence, so that we have the use of equations (11). 
We may in two ways (usually distinct) solve the following equations for s;, 
du, dv . 

(sa) =" (sa)i— sy) — (sda) = (aay) 


By a change of parameters we may write 


OY: — Oa 
Wi as la; + bB; + my; +n Er 
Ovi 


Z , . 0a; 
ay = AMET OBL wi PO 
Multiplying through by 6; and summing, we get 

b= b= 0. 


The condition for a normal congruence (12) gives 


fa da) _ , (3020) 
Aan a ON OU ODA 


dy; = Pa;+ OY: + Rda;. 


If n = p, then 


The points (a), (vy), (a) + (da), (vy) + (dy) are always concyclic. 
Hence the circles with these as foci pass through two points or lie on a sphere, 
since any two adjacent ones are cospherical. The first case is inadmissible 
as (a) and (y) would trace a circle. In the other case they trace surfaces 
mutually inverse in this sphere and the lines of curvature correspond. 


If n + p, then 
(282) (a5) 
du dv) aud)? 


(S12) = -( Cera ae, 
du dv) VO 00 J es” 

The condition of compatibility of the two partial differential equations for 
(y) is 
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0a; 0a; 
Cit = p)o Pee CS + Da; + Ey; = 0. 





Multiplying through by a; and summing, we find KE = 0 and 


0 a; 0a; 0a; 
pgemener es di ° Gn? 
0? Vi Sas , Oa; 
Smee md ai + b AG Ov 


These equations are characteristic for the lines of curvature, for they show that 
the Gauss coefficient D’ must vanish for both surfaces, while we saw above 


payee 12) 0 
dudv}) \dudv} ~’ 
showing that the w and v curves are mutually orthogonal.* 


§3. Tse Kummer Mernop. 


Since the totality of spheres can be put into one-to-one correspondence with 
that of all points of a four-dimensional space (if planes be counted as spheres) 
so there is a one-to-one correspondence between the circles of our space and 
the lines of a four-dimensional space. Moreover our formula (4) for the angle 
of two spheres is identical with the non-euclidean distance formula, so that 
the angles of spheres will correspond to the non-euclidean distances of points. 
We are thus led to the idea of approaching our circle systems by the classical 
methods of Kummer for line geometry, with the modifications necessary for a 
four-dimensional universe, and non-euclidean measurement.t We shall fix 
a circle by two mutually orthogonal spheres (y) and (2) whose coérdinates 
are supposed to be functions of wu and v 


Yyi=yi(u,v), w=2(u,r), (yy)=(az)=1, (ya) = 0. 
We have the three fundamental equations 
(dy dy) — (2dy)? = Edw? + 2Fdu dv + Gd’, 
(13) (dz dz) — (ydz)? = E’ du? + 2F’ du dv + G’ dv’, 
(dy dz) = edu?+ (f +f’) du do + yd’. 


More specifically 


* Conf. Darboux, Surfaces, vol. I, p. 221. 

7+ The Kummer formulz for non-euclidean space were first worked out by Fibbi, / sistemz 
doppiamente infiniti di raggi negli spazii di curvatura costante, Annali della R. Scuola 
Normale Superiore, Pisa, 1891. See also the Author’s Elements of Non-Euclidean 
Geometry, Oxford, 1909, Chap. 16. 


116 J. L. COOLIDGE: CONGRUENCES [January 
Oy st) ( oy j) <i dy OY » OY oy 
(see * Ou Se du dv *9u) \* a0 mice 
dy dy dy \” _ 
28)-(2 ee 
Oz 02 dz \? 02 Oz 02 Oc. \Gaaes 
ie) (35 )- (uF) =2 i Grae) a ee 
(xe) 
Ovdv v5, Bi 
Geo ((r:)> (ne. a (Ge) 
dugu) ©? Ov Ou f, du dv = dvdv) 


These various coefficients are connected by the following syzygy: 














Yo a 8 8 Y4 (@) 12 
20 tees 0 | 
du -—~—<“<ié«s 0 fe 
Gas eed 
(15) Oo ae eee = 
Ov Ov Cue fi ee ee 
AZo Oz ‘ f g F’ @ 
Ou ou 
O20 024 
dy CSD 0 


We saw in theorem D that two circles in general position will be cospherical 
and orthogonal with two other circles, the latter being in bi-involution, i. e., 
all spheres through the one are orthogonal to all through the other. We start 
with two adjacent circles of our congruence; the circles orthogonal to them 
will be determined by two mutually orthogonal spheres through the first, 
each orthogonal to one of two mutually orthogonal spheres through the 
second. Let the spheres through the first circle be cos ¢ (y) + sin ¢ (2), 
— sing (y) + cos ¢ (z), while those through the second are \d (y+ dy) 
+u(z+dz), —uw(y+dy)+A(z+ dz); writing the conditions for criss- 
cross orthogonality we have two linear homogeneous equations in A :p. 
Equating the discriminant to zero, and remembering that 


(ydy) = —3(dydy), (sdz)=—3(dzdz), (ydz)+ (zdy) = — (dydz), 


we have 
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[1 — 3 (dy dy)] sin g — (zdy) cos 9 
(ydz) sing —[1—4 (dzdz)]cos¢ 
—[1— 4 (dzdz)|sing — (ydz) cos¢ 
(zdy) sin g +[1— 3 (dydy)] cos ¢ 
Expanding, and casting aside infinitesimals of higher order, we have 
[edw?+ (f +f’) dudv+ gdv*] (cos? y — sin?g) +[(E— E’) dw? 
+2(F— F’) dudv+ (G— G’) dv] sin g cos g = 0. 





(16 


In order to discuss this equation, we write the two 
edu’ + (f+f’) dudv+gdvr’=0, 
(E — FE’) dw’+2(F — F’) dudv+ (G— @’) dv’ =0. 
They are equivalent to 
(dy dz) = (dy dy) — (dzdz) =0. 
Suppose then that the foci of our circle are (a), (y). We may write 


— V—ly:tzi 7 V—lyit 2 


(17) OT 9 5) a 9 $ 


YSN Las -y¥;), Sie OR aes 
Our pair of differential equations may thus be replaced by 
(dada) = (dy dy) =0. 


We have the following possibilities with regard to these two equations: 

A, They have, in general, no common root. The isotropic curves do not 
correspond on the surfaces by the foci. We shall call these non-conformal 
congruences. 

B. The equations have one common root, in general. Then on the two 
surfaces of foci (which must not be confused with the focal surfaces to which 
our circles are tangent) one system of isotropic curves will be in correspondence. 
These congruences shall be called semi-conformal. 

C. The two equations are identical. The two surfaces of foci when they 
exist are conformally related, and the congruence is said to be conformal. 

Let us begin with the non-conformal congruence. Here if du : dv be given we 
usually get a unique value of tan 29, that is two mutually orthogonal spheres, 
and so the two circles in bi-involution required. On the other hand if ¢ be 
given we have a quadratic in du : dv so that on each sphere through a circle 
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in general position of a non-conformal congruence will lie two circles orthogonal 
to this circle, cospherical and orthogonal with two adjacent circles of the con- 
gruence. These circles will fall together if the equation in du : dv have equal 
roots, 1. e., if 


leg" (FET) taal 
(18) + [e(G—G@’)—(F-—F’)(f+f')+ 9(E-— E’)]|(tan?o¢ —1)tang 
+[(E — HE’) (G— G’) — (F — F’)*] tan? ¢ = 0. 


This equation is unaltered if we replace ¢ by 7/2+ ¢. 

THEOREM 12. Through each circle in general position of a non-conformal 
congruence will pass two pairs of mutually orthogonal spheres on each of which 
there is but one circle orthogonal to the given circle, cospherical and orthogonal 
to an adjacent circle of the congruence. 

These spheres shall be called the limiting spheres. They correspond to 
maximum and minimum values for tan g. We see, in fact, that if we equate 
to zero the partial derivatives of (16) with regard to dw and dv, we get 


Prt’ 


| edu + ae | (tan®?g —1)—[(E — E’)du+ (F — F’) dvo| tang =0, 





| EE au + oie | (tan? og —1)+[(F— FPF’) du+ (G— G’) dv] tang = 0. 


Eliminating du : dv we fall back on (18). In the case of a real congruence, 
the spheres containing real circles orthogonal and cospherical to the adjacent 
circle will lie in determinate angular openings between these limiting spheres. 
We next make the further assumption that our congruence is focal. The 
following equations are characteristic of a focal sphere 


cos¢ yi + sing 2; = cos (¢+ de) (y; + dy;) + sin (¢ + dg) (2; + dz;), 
dy; cos g + dz; sin @ — (y; sin ¢ — 2z;cos¢) dg = 0. 
Multiplying through by y; and summing, we have 


de = (ydz) = — (ady). 


Substituting id value of dg in the last equation, we get 


: 2) 
| (#4 eed +S * sin = sin g ) — (yi sin 9 — 2; cos ¢) (uF du 


u 7 r) 
si F( cos g +F sing) - (y; sin e— zcose)(y 5 ) ae = 0. 





Multiplying through by dz;/ 0% and summing, then doing the same for 02z;/ 00, 
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[ edu + fdv| cose +[ EE’ du+ F’ dv| sing = 0, 
[ f’ du + gdv| cosy +[F’ du + G’ dv] sing = 0. 


Similarly 
[edu + f’ dv] sing +[ Edu + Fdv| cos g = 0, 
[fdu+ gdv] sing +[ Fdu + Gdv] cos ¢ = 0. 


Eliminating ¢, 
Cierra dn pl g— (fp — ys") — Gel dude 

(19) + (Fg — Gf) de =0, 
(Ef — Fe) du+ [Ey — F (f’—f) — Ge]dudo+ (Fg — Gf’) do = 0. 


Eliminating du : dv, 

py eo =F amet Wak +s’) + Geltane + (ey —f/)=0, 
(gy tanee ga ie Ef’) + Geltian o (EG i) 0, 
eg — ff’) — (BG? — F")] tanto + [(B —B') g — (F— F’) 


21 
ee x FG +f’) + (G—G@ )eltange+ [(EG — F*) —(eg— f')] = 0. 


It is necessary, in order that a congruence should be focal, that the two equa- 
tions (19) and the two equations (20) should be equivalent. It should be 
noted further that the middle coefficient is the same in (18) and (21). This 
coefficient will vanish when the corresponding pairs of spheres make equal 
angles with (y). Now if two spheres be coaxal with a third, and make equal 
angles therewith, they are mutually inverse therein and conversely, and we 
have 

THEOREM 13. Ina focal congruence, the pairs of limiting spheres are mutually 
inverse in the same two spheres as are the two focal spheres. 

The necessary and sufficient conditions that a congruence should be focal 
~ are best reached in another form. Retaining (a) and (vy) for our foci there 
must, by (4) and (5), be one sphere through all the points (a), (y), (a) +(da), 
(vy) + (dy). This gives the equations 
Oy da da 


au ~ * du do 


Oy Oa 0a 


~ |v * * Ou av 





, 











which are equivalent to 


Oz dy dy 


ay ay|_ [dz ay dy 
Ou oae Ou Ov 


Ov ayy Ov 


= 0. 














Squaring we have 
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jf ee BOLE aye 
(22) FOG YI FG oo. 
Ci Fee 7 ooo eG. 


The condition that two adjacent circles intersect is that their common orthog- 
onal sphere should be null. This will give the equation 


(Edu? + 2Fdu dv + Gdc?) (E’ du? + 2F’ du dv + G’ dv’) 
— (edw+ (f+f’) dudv+ g’ dv’)? = 0. 


The fact that this equation is of the fourth degree proves theorem 1. For 
a focal congruence, it must be the square of a quadratic expression. When 
we know that our congruence is focal, and take u and v as the focal parameters, 
we have the simple equations 


Oz; OY: Oz: , Be oly  OYi 
Dy YE Me Ri Ca? ay CMT T Ure .., 


(23) E’ = ce, F’=cf'=c'f, G@’=c'g, 


1 mips aly: 1 
| Sede FA | =e oa rene leah 


The focal spheres will be 
OCY aba) ae Tee CY) iia Je 
The condition for a normal congruence is thus, by theorem 6, 
ce’ +1=0. 
This may be written in the invariant form 
(24) (EG — 3) i teaGa Fo) = — (ey eae 


These equations and (20) will give necessary and sufficient conditions for a 
normal congruence. 

The normal congruence of circles seems superficially the most natural 
analog of the normal line congruence. From our present point of view, 
however, the natural analog is that circle congruence which corresponds to a 
normal congruence of lines in four-dimensional space. A little reflection 
shows that such a congruence has the following interpretation in circle ge- 
ometry. Through each circle (perhaps only in a limited region) will pass one 
sphere whose points of contact with the two nappes of its envelop are mutually 
inverse in that circle. (The extension of inversion to the geometry on a sphere 
is immediate. Two points of a sphere are inverse in a circle thereof, if all 


— 
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circles of the sphere through them are orthogonal to that circle.) Suppose 
that such a sphere have the coérdinates 


y; = cos g yi + sin ¢ 2. 


Then every sphere through the points of contact of (y’) with its envelop cuts 
(y’) in a circle orthogonal to the given circle, i. e., every such sphere is or- 
thogonal to the sphere through the given circle orthogonal to (y’). In 
algebraic form, every sphere 


[n+ (22) Jat (2a 


is orthogonal to the sphere 


— sing (y) + cos ¢ (2). 
This yields the equations 


_ (y32) sint o + (2 3H ) cos? e+ 


(25) =— (v3 )sinte + (2 JH) cos! ets = 0, 


2 ( 2 eae 
du Y au av Y ay i 


The condition of compatibility will be 


(26) Tet: 


The differential equations (25) are equally well solved by ¢ and g+k 
where é is any constant. 

THEOREM 14. If through each circle of a congruence it be possible to pass 
one sphere whose points of contact with the two nappes of the envelop are mutually 
inverse in that circle, then an infinite number of such spheres may be passed 
through each circle. The spheres generate a one-parameter family of congruences, 
the corresponding spheres of any two congruences will intersect at a constant angle. 

We shall say in this case that our congruence of circles is pseudo-normal. 
Suppose that we have a congruence which is of this sort, and also is focal. 
We find from (21) 

(c—c’)f=0. 


c=c', 


dz; = py: + qzit rdyi, 


If : 
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any two adjacent circles of the congruence will be cospherical, i. e., all the 
circles lie on a sphere, or pass through two points, two cases which we may 
rule out. Hence 


faf'=0. 


Solving (20) in view of (21) we find both roots are solutions of (18), hence 
THEOREM 15. The necessary and sufficient condition that a focal congruence 
should be pseudo-normal is that the focal spheres should coincide with a parr of 
limiting spheres. 
Let us see what relations subsist between the foci of the circles of a pseudo- 
normal congruence. We see from (17) that if we have 


(228) . (3088 
dudv) \dvdu]’ 


dady\  (dady 
‘ie dv ) 5 ieee: ) 

If then our congruence be focal as well as pseudo-normal, and (8) be the 
sphere whose points of contact with its envelop are (a) and (7), by theorem 
4 we see that the circle orthogonal to (8) at the points (a) and (7) (and so 
in bi-involution with the given circle) will, by equation (12), generate a normal 
congruence. We next notice that if w and v be the focal parameters for the 
pseudo-normal congruence, our equations (23) lead to the equations used in 
proving theorem 8, so that they are focal parameters for the normal congruence 
also and give the lines of curvature of the (a) and (y) surfaces. 

THEOREM 16. The necessary and sufficient condition that a focal congruence 
of circles should be pseudo-normal is that the lines of curvature should correspond 
in the surfaces traced by the foci of the circles. 

We may find still another necessary and sufficient condition for a pseudo- 
normal congruence. Revert to our equations (23); the focal spheres were 


OY ne oe CY Vm Ce) 


The spheres orthogonal to our circle through the pairs of focal points are 


(Se ) 2-3 (3: .. — oyi 
au anes on. Ji Our 


These will be mutually orthogonal if 


F=f=f'=0. 


When, however, two spheres are orthogonal to a circle and to one another, 
their pairs of intersections with the circle separate one another harmonically, 
and vice versa. 


we also have 
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THeorEeM 17. The necessary and sufficient condition that a focal congruence 
of circles should be pseudo-normal is that the pairs of focal points should separate 
one another harmonically. 

We get at once from theorem 16 

TuHeEorEM 18. If a normal congruence be given, the congruence of circles whose 
foci are the pairs of intersections of the circles of the normal congruence with any 
two orthogonal trajectories 1s focal and pseudo-normal. 

TuHeEoreEM 19. If a congruence be focal and pseudo-normal, the foci are the 
pairs of intersections of the circles of a normal congruence with two orthogonal 
trajectories. 

When a normal and pseudo-normal congruence are related to one another 
in this way, we shall call them associated. The normal congruence has the 
parametric form 

ee) a 9 oy OYm 
CB PTS i watt Ply mle 2 pBi = | Y3 2x Aiea 








Here u and » are supposed to be the common focal parameters of both con- 
gruences. Let (y’) be one of those spheres whose points of contact with the 
envelop are mutually inverse in the (y) (2) circle. We write 


y; = cosgy; + sing 2, 


Oy, OY; . O82; ( Oz ) : P 
ju C8 Py + sin era Ya, (— y; sin @ + 2; cos ¢), 


- 


Oy OY: S* ges, Oz e , 
pe cae + sin ae “tr (v2) (- y; sin g + 2; cos ¢), 


as we see with the aid of (25). We also see from (17) and the above value of 
(8) that all points of the circle of the normal congruence lie on the spheres 
(dy’ /du), (dy / dv), so that, in particular, the points of contact of (8) with 
its envelop lie on this circle. The circle is orthogonal to (y’), since (dy’ / du) 
and (dy’/ dv) are orthogonal thereto. 

TuHEeoreM 20. If a focal and pseudo-normal congruence be given, the spheres 
whose pairs of points of contact with their envelops are mutually inverse in the 
circles of the congruence will generate the orthogonal trajectories of the circles of 
the associated normal congruence. 

Since our two congruences have the same focal parameters 

THeorEM 21. Jf a normal and pseudo-normal congruence be associated, the 
annular surfaces will correspond in the two. 

THEOREM 22. Jf a normal congruence be given, not consisting in the circles 
through two points, the pairs of intersections with any two orthogonal trajectories 
may be taken as foci of the circles of an associated pseudo-normal congruence. 


124 J. L. COOLIDGE: CONGRUENCES ]January 


The other orthogonal trajectories will then be paired in such a way that the inter- 
sections of each circle with a patr of trajectories are mutually inverse in the asso- 
ciated circle. 

The pseudo-normal circle congruence enjoys a sort of indestructibility, 
akin to that of the normal line congruence. Let our congruence be determined 
by the spheres (y) and (z). We may determine (2’) in such a way that 


ede As ! = : =a om oe a | 
(2/ 2’) = 1, (2’y) = 0, (2'z) = cosd, (= 5“) ( du J” 


Here @ is supposed to have a fixed value, the spheres (y) and (2’ ) will determine 
a second pseudo-normal congruence of such sort that each of its circles is 
cospherical with one circle of the original pseudo-normal congruence, and makes 
therewith a fixed angle. The sphere through the circle common to (z) and 
(z’), making an angle ¢ with the former is (2’’), where 

y” — on (@—¢) sng , 


: sin 6 aaa e ; 





This cuts (y) ina circle coaxal with the two circles already determined thereon, 
and making an angle ¢ with the first of them. If, then, ¢ be constant 


Oz Oy\ 02" Oy 
(Sr ae) ~ Ge ai): 

THEOREM 23. If two pseudo-normal congruences be so related that corre- 
sponding circles are cospherical and make a fixed angle, then the congruence of 
circles coaxal with them, and making fixed angles with both, is also pseudo-normal. 

Another theorem of the same sort is obtained as follows. Suppose that we 
have an analytical complex (three-parameter family) of spheres. A sphere 
of the complex and its next neighbors are all orthogonal to one sphere which 
we may speak of as correlative to the first. 'The complex generated by these 
spheres shall be said to be correlative to the first complex. Analytically, if 
our complex be given parametrically in the form 


i= XU (u,v, w), 
the correlative sphere is (y), where 


| Oz, O21; Om 


oe vas Ou dv dw 








B] 
| 


Since 
cn) (v8) = (+32) = (085) (22) - (438) (92) 0 


we see that (x) and (y) bear a reciprocal relation, or each is the correlative 


1914] AND COMPLEXES OF CIRCLES 126 


of the other. This is true in general; there are special cases where (y) may 
depend on less than three parameters, but these we explicitly exclude by 
saying that our complex is non-developable. Suppose, then, that we have 
a pseudo-normal congruence. Through each circle will pass at least one 
sphere of any chosen non-developable complex. We take this for our sphere 
(y), the correlative sphere is (#), where 


Oy, Oy | 


pts = |i du dv vas 
where s,, 1s a function of w,v, w. - We further put 


; _ sin(¢ — 8) sin 9 
sino Ses ie sin 8 





a Zi y 


so that 6 is the angle of (z) and (¢), while ¢ is the angle of (2’) and (¢), and 
assume finally that the ratio of sin ¢ to sin @ has the constant value k. We 


have 
ot Ot 
(yt) = (05) = (1) ally 
ee )-.((22)-@ 2) 
Ou Ov Ov Ou Ou dv Ov Ou 
and this last equation gives the four-dimensional equivalent of the Malus- 
Dupin theorem. 

TuHeEorREM 24, Through each circle c of a pseudo-normal congruence a sphere 
is passed belonging to a given non-developable complex in such a way as to generate 
an analytic congruence of that complex. This sphere meets the correlative sphere 
inc’, and a circle c’’ 1s found coaxal with c and c’ so that the sines of the angles 
of c and c’’ with c’ bear to one another a constant ratio. The circles c’’ will also 
generate a pseudo-normal congruence. 

We now pass from the non-conformal congruence to the other types noted 
above. The semi-conformal type has the property that each circle in general 
position is tangent or paratactic to one adjacent circle. 'The members of such 


a congruence are, however, essentially imaginary, and we pass on to the more 
interesting conformal congruences. Here we have 


(27) Ci — fb’ )2. CF — FF’): (G — G’) =e: ea 
Equations (16) become 
[ edu? + (f+ f') du dv + gdv*| [ cos 29 + k sin 2¢] = 


The roots of the second factor give two mutually orthogonal spheres, which 
we may take for our spheres (y) and (z). A circle cospherical and orthogonal 
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to a circle in general position and one of its next neighbors must therefore, 
in general, lie either on (y) or (z). The sphere (y) is thus orthogonal to 
(z) and to (z) + (dz) so that 


(ydz) = (2dy) = — 3 (dydz) = 0, 


28 
a e=ftf'=9=0. 


Reverting to (17) we see 


dada (dva7\ (dada) _ (807) (dada) _ (dr or 

dudu)  \dudu/)’ dudv)  \dudv /’ dvdv) \dvdv)° 
This shows that if (a) and (7) really depend on two parameters, their surfaces 
are conformally related. There is the additional possibility that all of these 
terms should vanish identically; (@) and (y) would then trace two minimal 


curves. Conversely, let (a) and (y) trace two conformally related surfaces. 


We have 
(dada) = a (dy dy). 


Replacing a; by Vo a; and y; by 1/ Voy: 
(dada) = (dydy), (dy dz) = 0, 
we have surely a conformal congruence. We next write 
y;=y:cose+2z;sing, yYy;=y cosy —2;sing, 


where ¢ is constant 
(dy’ dy’) = (dy” dy’’). 


Conversely, if this equation holds, and if ¢ be a fixed angle 
(dy dz) = 0. 


We shall say that two congruences of spheres are conformally related if the 
infinitesimal angle of two adjacent spheres of the one is equal to the cor- 
responding infinitesimal angle of the other. We thus get 

THEOREM 26. Through each circle of a conformal congruence we may, in an 
infinite number of ways, pass two spheres, making a constant angle, and generating 
conformally related congruences as the circle describes the given congruence. 

THEOREM 25. If two sphere congruences be conformally related, and cor- 
responding spheres in the two meet at a fixed angle, then the circles of intersection 
of such spheres will generate a conformal congruence. 

We now make the additional assumption that our circle congruence is 
focal. ‘The isotropic curves will correspond on the two surfaces generated by 
the foci. If we take these as our parameter curves uw and v we have two 
conceivable cases 


a eee eee 
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F Ov: Ja; OY: a , , 0a; 
(A) or = pa:tqrtr 3p? rly ag Gye ee, 


“ 


OY: 


ay: ‘eee da 
(B) a0 = part qt SS, ap Pwd yt 


v 


Leaving aside for the moment the question of whether both of these cases 
actually exist, let us take them up in turn. In case A we have 


@ ay\ _ (ea ay 
Ou Ov Ov Ou 
Our congruence is pseudo-normal, the focal parameters w’ and v’ will give also 
the focal directions for the associated normal congruence (by 21), so that they 
give mutually orthogonal directions of advance for (a) and (vy). We have 


the partial differential equations, analogous to those previously found for a 
normal congruence, 


Ov: da; Oya rd , , 90; 
ap ee bys tea, are earthy tre a, 


The relation among the coefficients of a;, y; comes from the equations 


(a5) + (v5) = (ar) + (v57) = 0. 


The condition that our surfaces (a) and (y) should be conformally related is 


OOL0 Oa \ ea da da (OV OY: 2 (S45 OVaN 2 
(33 or) du fs (3 ’ ay! i) de =(3 ” Ou’ 5 ) au sa Von cies ,) de 


This gives c? = c’”. Now if ¢ = c’ we have at once 
dy; = Pait Qyit+ Rda;, 


each two adjacent circles are cospherical, and we have the circles through two 
points or on one sphere, which cases we may exclude. Hence we must have 


e+e = 





This shows that the focal spheres, whose codrdinates are c(a) — (vy), 
c’ (a) — (y) are mutually orthogonal, and the congruence is, by theorem 6, a 
normal one. Our processes here are entirely reversible, and we have the 
theorems 

THEOREM 27. If a congruence be both conformal and pseudo-normal, it ws 
normal. 

THEOREM 28. If a congruence be both normal and conformal it is pseudo- 
normal, or else consists in the circles touching a given circle at a given point. 
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With regard to the existence of such congruences, we construct an example 
as follows. Let a cylinder be given whose elements are all parallel to a given 
plane, and of such cross section that a sphere whose center moves perpendic- 
ularly to the direction of the elements, while it remains tangent to the cylinder 
and the plane, will trace paths of equal length on the two. The points of 
contact of the spheres with plane and cylinder will be the required foci. As 
a matter of fact, however, these congruences are well enough known.* In 
type B we see that the isotropic parameters are the focal ones. We thus see 
by theorem B that each circle is tangent to two adjacent circles, or the circles 
of the congruence are the osculating circles of two different one-parameter 
families of curves. This much is true, if the congruence exist; unfortunately 
the present writer has signally failed in all his attempts to answer this inter- 
esting question. 

§ 4. CompLEXEs OF CIRCLES. 

Our leading idea in approaching our circle geometry by the Kummer method 
was to interpret in three dimensions those theorems of the line geometry 
of four dimensions which are easily reached by an extension of the well- 
known methods of line geometry. The idea lies close at hand that in changing 
our line geometry from three to four dimensions, we might have done well to 
allow ourselves an extra parameter, in other words, to busy ourselves with 
three-parameter circle systems, or complexes. ‘To such systems we now give 
our attention. We write 


Yi = Yi (M1 Ue Us), Zi = 2; (1 U2 Us), 
(yay 1, (ye) 0 
(dy dy) — (2dy)? = 2a,; du; du; , aij = Aji; 
(30) (dz dz) — (ydz)? = Xb; du; du;, by = bj, 
(dydz) = Ze;; du; du;. 


(2 dy \ _ (234) hr 
OU; OU; OU; ee 


oy O 0 0 
($4 st) i (234) (=34) = iy + a= 2a; = 2a;; (ti +7). 


OU; Ou; Ou; 


(29) 








* The problem of finding a conformal focal congruence is sometimes called the problem of 
Ribaucour, for it amounts to finding a congruence of spheres which establish a conformal 
relation between the two nappes of their envelop. For an interesting discussion of the con- 
gruences of type A see Darboux, Sur les surfaces isothermiques, Annalesdel’Ecole 
Normale, series 3, vol. 16 (1899), pp. 498 ff. Darboux there proves that this is the only 
type of conformal focal congruence, but his proof is erroneous, as he has acknowledged in a 
letter to the present writer. He doubted, however, whether any congruences of type B really 
existed. The theorem that congruences of type A are normal was casually mentioned by 
Cosserat, Sur le probleme di Ribaucour, Bulletindel’Académie des Sciences de 
Toulouse, vol. 3 (1900), pp. 267 ff. 


1914] AND COMPLEXES OF CIRCLES 129 
($2 5) fey (02 \ 
OU; OU; You, = Vii, 
Gane (052) (ug) = bu + bu = 2b = (t+ j). 


Oy Oz 
(33) (4 5) = Ci. 


The coefficients are connected by various relations 


(32) 























SHOT ie) | 2s Oa; Oxy 
Ou, OU, Ouy Ou, OU, OU, 
C11 C12 C13 
(34) dys dy; OYk : Oz; 02; OZ; = 
“Gn; | OU2 Uz OUs Ou OU. dU2| leet RELA: 
Oy Oy; Ayn | | Pz Oz; Oay | ORO 
OUus OUus Ou3 0u3 0u3 OU; 
Pepi isel Gi Nae Oa) 08) 08 aan ae 
\ Ou, Ou2 0u3 = Ue ye Oui OUu2 OUu3 a tab? 
(35) 


jy lls Oy Dyt DYm 
45 Quy Ouy us “F Ouy OU U3 
24> ; Yi = = = 
V [bs | V | as; | 
If, then, we write 
































Bus dan tl 
we shall have 
»D Cin Ct But 2, Cin Ct Ant 
(36) aij = — 7 GPE iia a 
(37) [as | + | bs; | = | cP. 


We next look for the circles cospherical and orthogonal to a circle in general 
position, and to one of its next neighbors. Following the method which 
previously led up to (16) we now have 


(38) >> ci du; du; (cos? » — sin? ¢) + (ai; — bi) du; du; sin g cos g = 0. 
ij i 


As in the case of the congruence, we must here consider the equations 
39) (dada) = 0, (dy dy) = 0, 


where (a) and (y) are the foci of our circle. When these equations are iden- 
tical, the complex of circles effect a conformal transformation of space, and 


the complex is said to be conformal; if they have four or fewer common 
Trans. Am. Math. Soc. 9 
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solutions, the complex is called non-conformal. As the equations are irre- 
ducible, there is no type of complex corresponding to the semi-conformal con- 
eruence. We begin with the non-conformal complex. The circles cospherical 
and orthogonal to two given circles are indeterminate when, and only when, 
the given circles are cospherical or are paratactic. ‘The four common solu- 
tions of the equations (39) will give four circles adjacent to a given circle and 
either tangent or paratactic thereto. To determine which of these cases arises, 
let us see how many circles adjacent to a circle in general position of a complex 
are cospherical therewith. For cospherical adjacent circles we must have 


dy; cos g + dz; sin ¢ sin g — (y; sin g — 2; cos g) dg = 0, 


(ydz) = — (zdy) = de, 





Ou: 023. : Oz 
(40) De | 5 cos eta, sm yp — (y¥;sIn g — 2; cos ¢) (v5=) aun = (0. 


Multiplying through by 02; / du, 02;/Ou2, 02;/ uz; and summing, we find 
j=3 j=3 

(41) > cig duy + |S bu du, | tang = 0 (i =1,2,3), 
j=l 7 LL gj=1 


(cu -+- by tan ¢) sy sire | 


(42) = (0. 





(c33 + bss tan ¢) 


These equations show that a circle in general position will not, usually, 
be cospherical with more than three adjacent circles. Conversely, if we have 
the equations (41), (42) and replace the right-hand side of (40) by ec; while 
(ydz) = dg we find 


w= = (8)= (Sle) = (Be) 


i =0 (4 =0-+-4), 


hence 


Lastly, we see that the determination of these three circles depends upon the 
solution of a (usually) irreducible cubic equation, and so must give different 
results from the solution of the irreducible quartic arising from (39). 
THEOREM 29. A circle in general position in a non-conformal complex les 
usually on three annular surfaces thereof.* 
THEOREM 30. A circle in general position in a non-conformal complex is 
usually paratactic with four adjacent circles of the complex. 





* This theorem is due to Cossmrat, Sur le cercle consideré comme élément générateur de 
Vespace, Annales de la Faculté des Sciences de Toulouse, vol. 3 
(1889) p. E33. 
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The qualification pseudo-normal may be applied to complexes as well as to 
congruences of circles. A complex of circles shall be said to be pseudo-normal 
if it be composed of the circles of interseetion of corresponding spheres of two 
correlative complexes. ‘To find the condition that a given complex should be 
of this type, we put 


Y¥; = yicose+2;sing, 2, = —y:sing+ 2; cos ¢. 

The complex will be pseudo-normal if 
fe dy.) = (2 ay") = 0; 

Proceeding exactly as before, we find 
(43) (ydz) = dg, 
(44) Ciy = Ci. 
We note that if the differential equation for ¢ have one solution, it will have 
an infinite number differing by an additive constant. 

THEOREM 31. The circles of a pseudo-normal complex are the intersections of 
corresponding spheres in a singly infinite system of pairs of correlative complexes. 
The spheres of any two of these complexes through the same circle make with one 
another a constant angle. 

We get the necessary and sufficient geometrical conditions for a pseudo- 


normal complex as follows. Let the three sets of solutions of equations (41), 
(42) be 


d® uu, d™ uw, d™ uz ¢1, d™ uy d™ ug d™ uz v2, dA uy d™ uz d™ ug o3. 


Multiply the three equations (41) through by the corresponding factors 
d™ uy d™ uz. d™ uz and add; we get equations of the form 


> c7 d™ uz d™ uz + tan om D> bi d™ uz d™ uj 
ij tj 


O (m#n), 
> ej d™ uz d™ uj + tan or >, bj d™ ud™ uj = 0 (m#n). 
ij a 


If now our complex be pseudo-normal, so that (44) are satisfied, we get, by 


subtraction, 
(45) ye bi; a™ U; d™ Uj; = 0 (m+n). 
j 


Conversely, when these equations hold, the complex is pseudo-normal. On 
the other hand if we mean by the focal points of a circle the pairs of points 
where it meets an adjacent cospherical circle, that is, its pairs of points of 
contact with the envelop on an annular surface of the complex, we find the 
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spheres through these pairs of focal points, orthogonal to the given circle 
exactly as we did for the congruence. We wish to find a linear combination 
of (y) and (2), which is also a linear combination of (y) + (dy) and 
(z) + (dz), the differentials being determined by a set of solutions to our 
equations (41). The three spheres sought will thus be 


k=8 Oz 02; be k=8 (e az; * 
2d | ($24) ai a | di,’ Fant | ae y)a = Ap dus , 
= 02; 
A (3) 
2d | (F5 ) Pas ‘| dug - 


The equations above give us the necessary and sufficient conditions that these, 
should be mutually orthogonal in pairs. 

THEOREM 32. A necessary and sufficient condition that a complex should be 
nseudo-normal is that the pairs of focal points on a circle in general position 
should separate one another harmonically. 

On an arbitrary sphere there will lie a finite number of circles belonging to 
a given complex, unless all are orthogonal to one sphere. Let two pseudo- 
normal complexes be determined by the three-parameter sphere systems 
(y) (z) and (y) (2’) where (z) and (z’) make with one another a fixed angle. 
Then if 

a sn(g—@) , sng, 


: 2,+ = 2; 
sin 6 sin 6°’ 


where ¢ and @ have constant values, we see that (y) and (2’’) determine a 
pseudo-normal complex. 

THEOREM 33. If two pseudo-normal complexes be so related that corresponding 
circles are cospherical and make a fixed angle with one another, then the complex 
of circles coaxial respectively with these corresponding pairs, and making fixed 
angles with them, is also pseudo-normal. 

Suppose next, that (s) is the sphere correlative to the sphere (y); we may 
write 

Oyxn OYt IOYm 
p= 194 ou, dun Sus 
If, then, we put 
, sin(g—@) sin ¢ 
a sind fonts 





a 


and require the ratio of sin ¢ to sin 6 to be constant, we see that (y) and (2’) 
determine a pseudo-normal complex. 

THEOREM 34. Through each circle of a pseudo-normal complex a sphere is 
passed belonging to a determinate non-developable complex and the original circle 
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is replaced by such a circle coaxial with it and the circle cut by the correlative sphere, 
that the sines of the angles formed therewith by the original and the replacing circle 
have a fixed ratio; then will the replacing circles also generate a pseudo-normal 
complex. 

The consideration of the circles adjacent to and cospherical with a circle 
in general position possesses special features when the complex is conformal, 
we therefore turn our attention to complexes of that type. Suppose that a 
pair of foci, which are corresponding points in a conformal transformation of 
space, are (a) and (7), and that these are concyclic with the adjacent foci 
(a) + (da), (vy) + (dy), the circles being then cospherical. If we follow 
our transformation with an inversion which interchanges (a) and (vy), we 
have a conformal transformation leaving invariant (a) and the circle through 
(a), (vy), (a+da). Weare thus led to the consideration of the invariant 
lineal elements in a conformal transformation of space with a fixed point. 
We have four possibilities: 

1. One proper and two isotropic fixed lineal elements. 

2. One proper fixed lineal element, and all elements orthogonal thereto also 
fixed. 

3. All lineal elements of an isotropic plane fixed. 

4, All lineal elements fixed. 

These four cases for the transformation where (a) is fixed give the possible 
cases for our given conformal transformation, and a fixed isotropic lineal 
element through (a) corresponds to the case where (a), (vy), (a) + (da), 
(vy) + (dy) lie on a null circle, i. e., where adjacent circles are tangent to 
one another. We thus have 

THeoreM 35. If a circle in general position in a conformal complex be 
cospherical with but three adjacent circles, it will touch two of them. 

THEOREM 36. If a circle in general position in a conformal complex be co- 
spherical with three adjacent circles but not tangent to any one of them, it ts co- 
spherical with.a one-parameter family of adjacent circles, including two of the 
given ones at least. 

THEOREM 37. [If a circle in general position in a conformal complex be tangent 
to but one adjacent circle, it will be cospherical with a one-parameter family of 
adjacent circles including this one, and with no others. 

THEOREM 38. [If a circle in general position in a conformal complex be tangent 
to three adjacent circles it ts cospherical with every adjacent circle, and the complex 
consists in the totality of circles on a sphere. 

Of course these last four theorems could be restated is more precise form; 
when we say that adjacent circles are cospherical we mean that our circles 
can be assembled into the generators of annular surfaces, when we say that 


they are tangent we mean that we can assemble them into the osculating circles 
of curves. 
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Two sphere complexes are said to be conformally related when the angle of 
two adjacent spheres of one is equal to the corresponding infinitesimal angle 
in the other. We prove exactly as in the case of the conformal congruence: 

THEOREM 39. If a conformal complex be given we may, in an infinite number 
of ways, pass two spheres through each circle which shall generate conformally 
related complexes, as the circle generates the given complex. 

TuHeoreM 40. If two sphere complexes be conformally related, and correspond- 
ing spheres make a fixed angle, their circles of intersection generate a conformal 
complea. 


Harvarp UNIVERSITY, CAMBRIDGE, Mass., 
February, 1913. 
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Introduction 


1. Avant d’étudier le cas particulier des fonctions de lignes, il m’a paru 
utile de montrer que la définition de la différentielle que je propose s’inspire 
de considérations générales applicables 4 une fonctionnelle quelconque. Je 
commence donc aux §§ 2, 3 par rappeler les points de vue de M. Volterra et 
de M. Hadamard. Ces auteurs se sont occupés uniquement de la dérivée 
des fonctionnelles telle qu’on l’entend dans le Calcul des Variations. Je 
pense qu’il y a lieu de définir d’abord la différentielle en généralisant la défi- 
nition donnée par Stolz dans le cas d’une fonction ordinaire de plusieurs 
variables. J’arrive ainsi aux §§ 4, 5, 6, 7 a une définition générale de la 
différentielle des fonctionnelles qu’il suffit de préciser dans chaque cas par- 
ticulier. 

Je m’arréte ensuite au cas des fonctions de lignes et je déduis (§§ 8, 9) 
expression de la “ variation ”’ de celle de la différentielle. Cette différentielle 
est une“fonctionnelle linéaire des accroissements des coordonnées des points 





* Presented to the Society September 9, 1913. 
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de la courbe. Mais cette fonctionnelle linéaire n’est pas arbitraire et satisfait 
a une condition que j’obtiens aux §§ 10, 11. 

Je mets ensuite la fonctionnelle linéaire sous la forme de somme d’intégrales 
de Stieltjes,—forme qui se déduit immédiatement d’un théoréme de F. Riesz. 
On peut ainsi écrire explicitement ($§ 11, 12) la condition a laquelle j’ai fait 
allusion. Elle permet de mettre (§§ 13, 14, 15, 16) l’expression de la diffé- 
rentielle sous une forme qui n’est plus assujettie 4 aucune condition d’égalité 
—dans le cas ot la courbe est rectifiable et 4 tangente continue— 


b ab b 
f (ae— av) dr + | (xe — 2h Az) a+ f (a, Ay — y, Ax) dr 


+ AAz(a) + BAy(a) + CAz(a) + A’ Ax(b) + B’ Ay(b) + C’Az(b), 


ou p,q, 7 sont des fonctions & variation bornée quelconques, ot A, B, C, 
A’, B’, C’ sont des constantes queleonques et ot les intégrales sont prises au 
sens de Stieltjes. 

J’applique ensuite le mode de décomposition—que j’ai présenté ailleurs— 
d’une fonctionnelle linéaire, pour mettre en évidence (§§ 17, 18, 19, 20, 21, 
22) des termes réguliers et irréguliers dans la différentielle d’une fonction de 
ligne. | 

Enfin, j’indique comment en suivant une méthode indiquée par M. Lebesgue 
on peut, en compliquant |’élément d’intégration, se passer des intégrales de 
Stieltjes ($$ 23-25). Toute cette théorie est établie en supposant que les 
seuls voisinages imposés soient d’ordre zéro au sens adopté en Calcul des 
Variations. Les résultats seraient un peu plus compliqués si l’on imposait 
aux voisinages d’étre du premier ordre. 


Apercu historique 


2. Le premier essai pour appliquer aux fonctionnelles les procédés du Calcul 
Différentiel semble étre di a M. Volterra. Le point de départ de sa méthode 
est la définition de la dérivée d’une fonctionnelle. Cette définition est l’ex- 
tension de celle qui s’était imposée dans le Calcul des Variations. Dans le 
cas ot l’argument de la fonctionnelle Uz; est une ligne continue L plane par 
exemple, M. Volterra suppose que si l’on déforme un peu ZL au voisinage d’un 
point M de L, la variation de U; ainsi produite est un infiniment petit d’ordre 
au moins égal a celui de l’aire balayée dans la déformation et que la limite 
du quotient ne dépend que de Z et de M. Cette supposition se trouve étre 
exacte dans les cas classiques du Calcul des Variations, au moins entre les 
extrémités de L; et elle conduit a la méme formule pour la variation de U,, 
soit une formule telle que 


(1) 8U,= | Ur.dyde 
L 


1914] DIFFERENTIELLE D'UNE FONCTION DE LIGNE 137 


ot. U;,, dépend de la ligne Z et du point de LZ d’abscisse x, mais non de la 
variation 6y de l’ordonnée en ce point. 

3. M. Volterra ne manqua pas de remarquer qu’une telle définition n’était 
pas entiérement satisfaisante, puisqu’elle laisse de cOté une grande partie des 
expressions qui interviennent dans le Calcul des Variations, a savoir celles 
des variations des intégrales définies ot les limites ne sont pas fixes. De telles 
variations comportent en effet, outre une intégrale définie de la forme (1), des 
termes finis aux limites. Il convint donc d’ajouter au second membre de (1) 
des termes qui dépendent, d’une maniére spéciale, selon son expression, de cer- 
tains points exceptionnels. En adoptant la définition de M. Volterra, on 
s’inspire des premierés applications qui se sont présentées et que M. Volterra a 
traitées avec un succés qui justifie pratiquement sa définition. Mais il était 
souhaitable au point de vue logique et pour assurer le développement futur de la 
théorie de déduire la définition d’un principe unique et général. M. Hadamard 
proposa done de “‘ considérer comme fonctionnelles auxquelles on peut étendre 
les méthodes du Calcul Infinitésimal, toutes les fonctionnelles U, dont la 
variation est une fonctionnelle linéaire de la variation de y.” (La définition 
d’une fonctionnelle linéaire sera donnée plus tard (§ 6)). 

4, Je me propose de poursuivre encore plus loin la critique de M. Hadamard. 
Notons d’abord en passant qu’une fonctionnelle linéaire peut comporter 
encore un terme d’une nature différente des deux termes mentionnés plus 
haut (intégrale et terme fini); nous retrouverons cette remarque au $7. 
Mais surtout observons que la premiére chose a faire pour appliquer au Calcul 
Fonctionnel les méthodes du Calcul Infinitésimal, c’est de définir la différentielle 
et d’en tirer seulement comme conséquence |’expression de la variation. On 
comprendra notre pensée en |’appliquant au cas des fonctions ordinaires de 
plusieurs variables numériques. C’est en effet seulement aprés avoir défini 
_la différentielle totale de telles fonctions qu’il y a lieu de donner la régle de 
dérivation des fonctions composées. 

Nous serons done conduit a essayer de définir d’abord la notion de différen- 
tielle, et pour cela a nous poser deux questions: Quelle doit étre la forme de la 
différentielle? De quelle maniére doit elle se déduire de la fonctionnelle donnée? 
La réponse a la premiére question nous est fournie par la remarque de M. 
Hadamard que le résultat fondamental du Calcul Différentiel est le suivant: 
“La différentielle d’une fonction est une fonction linéaire des différentielles 
des variables.” Nous supposerons donc que la différentielle d’une fonctionnelle 
est une fonctionnelle linéaire—nous préciserons plus loin (§ 6) le sens de cette 
expression—de l’accroissement de l’argument. La remarque de M. Hadamard 
suffirait si nous désirions seulement arriver a une définition de la “ variation.”’ 
Car la réponse a la seconde question est contenue dans la définition de la 
variation: c’est la dérivée par rapport a a de la fonction de a qui est la valeur 
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de la fonctionnelle quand l’argument dépend aussi de a. Mais la réponse 
est moins immédiate quand nous voulons arriver a définir une différentielle 
totale. Ici les dérivées partielles n’ont plus d’analogues. J’ai donc été 
amené a essayer de reprendre l’ancienne définition aujourd’hui généralement 
abandonnée: la différentielle est la partie principale de l’accroissement de la 
fonction quand l’accroissement de la variable est considéré comme infiniment 
petit. 
Cas des fonctions ordinatres de plusieurs variables 


5. Il faut bien remarquer en effet que si cette ancienne définition—qui est 
la premiére en date, la plus naturelle et la plus commode—a prété a des ob- 
jections trés fondées, c’est qu’elle a été mal formulée. Tout au contraire, 
c’est a elle que sont revenus des auteurs désireux de plus de rigueur dans la 
théorie des fonctions de plusieurs variables. MM. Stolz,* Pierpont,t W. H. 
Young,{t formulent ainsi la définition de la différentielle d’une fonction de 
plusieurs variables: 

Une fonction f(2,y) admet une différentielle totale au point 2, Yo si 
_ (1) f (w, y) admet en ce point des dérivées partielles en 2 et en y, et st (2) 
on a, quels que sovent les accroissements Ax , Ay , 


fe) fe) 
(2). f(to+ Az, yo + Ay) =f (20, Yo) + Are + vy 4 €, Ax + & Ay, 
vo Yo 


€; et €g tendant vers zéro quand Az, Ay tendent simultanément vers zéro. 
Cette différentielle est alors 

) 
aot 4 Aya Le 


Oyo” 


Sans connaitre cette nouvelle définition, j’ai été amené en appliquant les 
idées exposées plus haut a la définition suivante qui lui est entiérement équiva- 
lente mais dont la forme se rapproche plus de la définition historique: 

Une fonction f(a, y) admet au point ao, yo une différentielle totale s’il 
existe une fonction linéaire des accroissements des variables, soit dAv + BAy, 
qui ne différe de l’accroissement de la fonction que par un infiniment petit 
relativement a la distance V Aa? + Ay? du point 2. yo au point voisin z+ Az, 








yo + Ay. Aulieu de V Aa? + Ay’, ilest équivalent de prendre | Ax| + | Ay], 
de sorte que d’aprés ma définition 

3) f (to + Ae, Yo Ay a 5. Yo) — [Ade + Bay] _ 

; [Ax] + | Ay| 

e tendant vers zéro avec |Az|-+|Ay|. Il est facile de voir que dans ce 


* Grundziige der Differential- und Integralrechnung, t. 1, p. 133. 
{| The Theory of Functions of Real Variables, t. 1, p. 268. 
t The Fundamental Theorems of Differential Calculus. 
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cas, on a A = Of / dx, B = Of / Ayo et que la formule (3) est équivalente 4 
la formule (2) de Stolz. 

M. W. H. Young a, le premier, nettement montré les simplifications que pro- 
curent la définition nouvelle.* J’ai moi-méme repris et complété cette exposi- 
tion.t| De sorte que je pourrai admettre ici comme établie la supériorité de la 
définition de Stolz sur la définition ordinaire (ot |’on omet généralement la 
condition (2) de Stolz). 


Différentielle @une fonctionelle 


6. Il nous faut maintenant revenir 4 la définition de la différentielle d’une 
fonctionnelle. J’ai d’abord considéré dans les Comptes Rendus du Congrés 
des Sociétés Savantes (Paris, 1912, p. 44) le cas des fonctionnelles dont 
largument est une fonction continue. Je rappelle briévement les définitions 
et théorémes concernant ce cas et qui nous serviront dans la suite. 

Une fonctionnelle linéaire est une fonctionnelle distributive et continue. 
Dans le cas actuel: 

Une fonctionnelle U; définie dans le champ C des fonctions f (2) continues 
dans (a, 6) est continue dans ce champ si U,, tend vers U; lorsque f, (x) 
converge wniformément vers f (x). ) 

Elle est distributive si l’on a identiquement U,,,, = U,,+ U;,. Nous 
dirons qu’une fonctionnelle U; définie dans la champ C a une différentielle 
pour l’argument fo s'il existe une fonctionnelle linéaire 7',, de l’accroissement 
Af de argument, qui ne différe de l’accroissement de la fonctionnelle Uy que 
par une quantité infiniment petite par rapport au maximum de la valeur 
absolue de l’accroissement Af (2) dans(a,b). En appelant mAf ce maximum, 
on aura donc ; 


(4) Urstas = ae emAf , 


e tendant vers zéro avec mAf. 


Diverses formes des fonctionnelles linéaires 


7. Quant a la forme des fonctionnelles linéaires, on peut facilement prévoir 
lexistence de deux types différents parmi ces fonctionnelles, l’un tel que 


(5) [ f()a(2) de 


ou a (x) est une fonction sommablet quelconque, indépendante de l’argument 





* Loc. cit. 

tTNouvellesAnnalesde Mathématiques, 4° série, t. 12 (1912), pp. 385, 
433. 

t Dans tout le cours de cet article, les intégrales ordinaires seront prises au sens de M. 
Lebesgue. 
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f(z); Pautre pouvant s’écrire 


6) See) 


ou les A et c sont des constantes indépendantes de l’argument f (a) de la 
fonctionnelle, ot les ¢ sont entre a et 5, et la série 2A, est absolument con- 
vergente. Mais il existe des fonctionnelles linéaires qui n’appartiennent a 
aucun de ces deux types. 

La représentation générale d’une fonctionnelle linéaire quelconque U; peut 
s’effectuer sous les trois formes équivalentes suivantes. D’aprés M. Hada- 
mard, on peut écrire 


(7) U; = lim Brie) an (2) dz, 


n= a 


ot: les a, (x) sont des fonctions indépendantes de f (2), qui peuvent étre 


continues et qu’on peut méme astreindre a étre des polynomes. D’aprés 
M. Lebesgue, on a 


8) = f fle (218 (2) dz, 


oi ¢ (x) et B(x) sont des fonctions indépendantes de l’argument f, 9 (2) 
étant une fonction non décroissante et 8 (x) une fonction sommable qui prend 
seulement les valeurs £1. Enfin la représentation qui parait la plus com- 
mode, puisqu’elle détermine la fonctionnelle au moyen d’une seule fonction 
ordinaire u (a), est celle de M. F. Riesz, 


9) U;= [ f(x) dlu(@)], 


ou wu (x) est une fonction a variation bornée et ot l’intégrale est prise au sens 
de Stieltjes. C’est a dire que l’on a 


(10) U; = lim DF (&) [u (as) —u(x-1)], 


ot l’on a pris arbitrairement les x et € tels quea = % Sf Say S& S-:- 
<£&, <a, = b et ot lon fait tendre vers zéro la longueur maximum des 
intervalles (a;1, 2;). 

Il faut bien remarquer cependant que si l’on veut se rendre compte de la 
structure d’une fonctionnelle linéaire, il n’est pas nécessaire d’employer 
l’intégrale de Stieltjes sous sa forme la plus générale, c’est a dire en prenant 
pour w (2) une fonction quelconque 4 variation bornée. J’ai montré en effet* 
que toute fonctionnelle linéaire peut se mettre et d’une seule maniére sous la 
forme d’une somme de trois fonctionnelles linéaires de types essentiellement 





*M. Fréchet, Sur la Notion de Différentielle dans le Calcul Fonctionnel, Comptes Rendus 
du Congrés des Sociétés Savantes (Grenoble, 1913). 
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différents et représentables sous les formes respectives (5), (6) et (9), ot la 
fonction u (x) qui figure dans (9) doit non seulement étre a variation bornée 
mais encore posséder une dérivée nulle presque partout (c’est a dire sauf en 
un ensemble de points de mesure nulle). Un exemple dé ce troisiéme type 
nous est fourni par la fonctionnelle 
{ Fa). de 
= : Sy 
J;= iim 


mesure S7=0 f 
da 
Sx 


ou Sy est un ensemble dénombrable d’intervalles non empiétant et couvrant 
lensemble parfait de mesure nulle LE. 





Différentielles des fonctions de lignes continues 


8. J’appellerai ligne continue toute suite ordonnée de points équivalente 
au point de vue de |’Analysis Situs 4 un segment de droite et par conséquent 
représentable sous la forme 


(L) Sapte git, g<=Ah(t); @stsob, 


ou f,g, h sont trois fonctions arbitraires uniformément continues dans (a, b) 
et qui ne sont a la fois constantes dans aucun intervalle de valeurs de ¢. 

Si 4 toute ligne continue Z correspond un nombre bien déterminé U,, on 
dit que U, est une fonction de ligne. 

9. On voit que la donnée d’une ligne équivaut 4 celle d’un ensemble de 
trois fonctions continues de sorte que les définitions de la continuité et de la 
différentiation d’une fonction de ligne se déduisent immédiatement des défi- 
nitions correspondantes pour les fonctionnelles dont l’argument est une seule 
fonction continue dans (a,b). Il est bon cependant de les énoncer explicite- 
ment pour éviter tout malentendu. 

Une fonctionnelle U;, ,,, dépendant de trois fonctions f (t), g (t), h(t) 
uniformément continues dans (a, 6) est continue en (fo, go, ho) si Us, g, 4 
tend vers U,,, 4, ,, de quelque maniére que f, g, h convergent uniformément 
et simultanément vers fo, go, ho. lle est distributive si l’on a identiquement 


Cyt, g+91; h+hy = Us, g, h =f Oe 91, hy = 


Enfin la fonctionnelle Uy, ,, , admet une différentielle en (fo, go, ho) sil existe 
une fonctionnelle 7',;, 47, 4, linéaire par rapport a l’ensemble des accroisse- 
ments Af, Ag , Ah des arguments, qui ne différe de l’accroissement de la fonc- 
tionnelle que par une quantité infiniment petite par rapport a l’ensemble des 
accroissements Af, Ag, Ah. Pour préciser, nous supposons 


= 
(11) Usoras, gotAg, ho+Ah — Uy, go, ho D'ss, Ag, Ah 


mAf + mAg + mAh i 
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mAf, mAg, mAh désignant les maxima dans (a, 0b) des valeurs ab- 
solues | Af|, |Ag|, | Ah|, et € tendant vers zéro quand la somme de ces 
maxima tend vers zéro. On peut aussi remplacer le dénominateur par 
mV (Ax)? + (Ay)? + (Az)?; la définition n’en est pas altérée. 

Nous pouvons maintenant remarquer que, si V;, g,, est une fonctionnelle 
linéaire par rapport a l’ensemble (f, 9, h), c’est la somme de trois fonction- 
nelles linéaires dépendant chacune d’une seule des fonctions f,g,h. Carona 





Vs, ble Vs, 0, 0 a Vo, g, 0 ae Vo, 0, hs 


Si maintenant on décom ose ainsi la différentielle ‘i Ag, Ah d’une fonctionnelle 
AS, ci] 
U;, g,h €N trois fonctionnelles linéaires 


(h) 


(S) (9) 
(12) Ties ST. ae Th a wh 


g h 


la formule (11) montre immédiatement que la fonctionnelle U;,,, , admet 
respectivement ces trois fonctionnelles comme différentielles par rapport a 
f seul, g seul, ou h sew, Mais la réciproque n’est pas vraie. 


Expression de la variation 


10. Nous pouvons passer maintenant au calcul de la “ variation” de la 
fonctionnelle U;, ,,,.. Supposons que f, g, h soient fonctions non seulement 
de la variable ¢, mais d’un paramétre a. Alors U sera lui-méme une fonc- 
tion de a 

PF (a) = Oye, a), g(t, a), At, a) * 


Si pour a= a, f(t,a), g(t,a), h(t, a) se réduisent a fo (t), go(t), 
ho (t) , la variation de U pour fo, go, Ao sera la différentielle de F par rapport 
a a pour a = a. Pour pouvoir calculer cette variation, il va falloir faire 
certaines hypothéses sur f (¢, a), g(t, a), h(t, a). En effet dans le cas 
classique et plus simple ot g = h= 0 et ot 


b 
Coe my aie 


on a déja a introduire ces hypothéses. On suppose généralement que f(t, a) est 
dérivable par rapport 4 a pour a = ay et que [f (t, a) — f (t, ao) ]/ (a—ao) 
converge uniformément vers df / dao quand a tend vers ag. Nous ferons 
donc cette hypothése pour f (t, a) ainst que pour g(t, a) eb h(t, a). Elle 
nous suffira en supposant bien entendu que Us, 5, admet une différentielle pour 
fo, go, Ao. On aura en effet d’aprés (11) et (12) 


1914] DIFFERENTIELLE D’UNE FONCTION DE LIGNE 143 


(go) (ho) 


F (a) — F(a) hg 
eo ee a Tre, ad—st, an SE OE Ts T nets a)—Me, 00) 


i Ao a—ag 











pf [ltsed=tlead, fried tea 
si m[ 2h i as) | 


D’aprés les hypothéses faites Of / dao, 0g/0ao, Ah/ Aa sont des fonctions 
continues, et le second membre de |’équation précédente tendra vers 


(Fo) (go) (ho) 
Su +t Sua + Su. 
dao 9 Sao Sao 
Donc F (a) a une dérivée en ap et cette dérivée est Tg, sgi8ao, Sh/8a0 * 
Avec les notations ordinaires du Calcul des Variations: 


dU 4, go, hyo = T 8f0, 890, Sho 
ou encore 


(13) 6U,= Ue by, d2° 


Autrement dit, on obtient, sows les conditions indiquées plus haut, la ‘ variation” 
d'une fonction de ligne en remplacant dans expression de sa différentielle les 
accroissements des coordonnées par leurs variations. 


La différentielle une fonction de ligne n'est pas une fonctionnelle linéaire 
arbitraire des accroissements des coordonnées 


11. Si tout systéme de fonctions f, g, h continues et non a la fois constantes 
définit bien une courbe L , la réciproque n’est pas vraie; tous les systémes obtenus 
en faisant dans f, g, h une substitution de la forme t = 0 (#’), ot 6 (t’) est 
une fonction continue de ?¢’ qui croit de la valeur a a la valeur b quand ¢ croit 
de a a b définit la méme courbe L. On peut donc s’attendre & ce que, pour 
une ligne Ly déterminée, la différentielle de U ne soit pas une fonctionnelle 
linéaire queleonque des Af, Ag, Ah. C’est ce que nous allons montrer. 
Bornons-nous pour simplifier au cas trés général ot la courbe Ly est rectifiable 
et a partout une tangente variant continuement, c’est a dire, ot fo (t) , go (#); 
ho (t) ont des dérivées uniformément continues dans (a, 6) et telles que 
fo +9, +h. reste différent de zéro; et appliquons la formule (13) lors- 
qu’on prend pour ligne variée la ligne Ly elleeméme. Considérons dans ce but 
une fonction ¢ (t) continue entre a et b, nulle en a et 6, et admettant une 
dérivée continue dans (a, b). Pour X assez petit, la fonction @(t) =¢ 
+ dro (t) est continue et croit de a a 6 quand t varie dea ab. Deés lors la 
courbe 


x= fo[6 (t)], y = go [9 (t)], z= ho[O(t)] 


144 MAURICE FRECHET [April 


représente la méme courbe [,, et les seconds membres convergent unifor- 
mément vers fo (t), go(t), Ao (¢) quand d tend vers zéro. Mais de plus 
{ fo [8 (t)] — fo (#) }/%, {gol 8 (t)] — go Ct) f/A, { ho lO (4) ] — ho (t) F/A 
convergeront uniformément vers ¢ (t) f, (t), @ (t) g, (t), @ (4) hy (t); nous 
aurons donc le droit d’appliquer la formule (13) ot 6U sera évidemment nul 
et nous aurons done 

(14) L's, b50', oho’ = O- 


Ainsi le fait que la fonctionnelle U est une fonction de ligne se traduit par 
Pégalité (14) qui a lieu quelle que soit la fonction ¢g (t) nulle aux extrémités 
et a dérivée continue. 

12. Pour mettre cette condition (14) sous.une forme indépendante de la 
fonction arbitraire ¢ (#), nous utiliserons la représentation (9) des fonction- 
nelles linéaires due a M. F. Riesz. La fonctionnelle 7’ est la somme de trois 
fonctionnelles linéaires et pourra donc s’écrire 


(15) Tapsoan= f Af (Alu CH fag (t)alo(e) +f ab (Hd lw (4)] 


u,v, w désignant trois fonctions a variation bornées qui ne dépendent que 
de fo, go, hon, U. On aura donc 


as) o= feonmamoni+ f eOnMarOit f eOROdAwOL. 
Posons 


Fat)= f Kalu]. 


Pour étudier ses discontinuités, introduisons la variation totale U (t) de 
u(t) dans (a, 6) et le maximum 2 (e) de l’oscillation de la fonction continue 
f, (t) dans tout intervalle de longueur <¢. On aura évidemment 


[ROduo] 


ty 


lim 2 fy (&) (u(t) — u(§-41)] 

lima erty (E)) fp. (E) 11a) = ae 
+f. (&)2[u (tj) — u (G4) ]} 

siiz1 =f <§ <u Saale St eset <é =e ty D’ot 


—s = ee CY SS 


(16) 


I 


\ 


(17) 





[ fK@dlu@I-H) [u (t:)—w (t+) ]] SQ(e)|U(t)-U(t-4)], 


e étant supérieur ou égal a la longueur de Il’intervalle (¢; — ¢,1). Si mainte- 
nant on fait tendre ¢;_, vers ¢’ = ¢; par valeurs plus petites ou ¢; vers t’ = t;-1 
par valeurs plus grandes, on voit qu’on aura 


(18) E(t 0) oF Ceo )yiaifn (05) [ans 0) — ae 
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D’autre part, l’égalité (16) donne évidemment 
3| Fi) — F(ti1)|<M-U (bd), 


M étant le maximum def, (¢) dans (a, b). Done F(t) est a variation bornée 
dans (a,b). Par suite, on peut écrire 


(19) femn@diuml= femalrc)l, 
car le second membre a un sens et le premier est, d’aprés (17), la limite de 
Ze (Es) fo (Es) [u (te) — u (ter) ] = Ze (6) [FF (4) — Ft) ] 
+ OqQ2(e) U (b), 


avec |0| <1, e€ représentant la longueur du plus grand des intervalles 
(t; — ti1), et g le maximum de g(t). Or le second membre de (20) tend 
vers le second membre de (19) quand ¢€ tend vers zero. 

Ceci étant, posons 


Cal 


en K(t)= fm (ydtucl+ fm @ale@l+ f %(dlw(] 


en ecrivant 2, Yo, 20 pour fo, go, to. On verra comme pour F (¢) que c’est 
une fonction 4 variation bornée et que l’égalité (14’) peut s’écrire 


f e@alK(@]=0. 


Or on voit facilement que 


fe@dKMl=leMKMOE-f oMKMM, 


et puisque 9 (b) = o (a) = 0, Végalité (14’) est finalement équivalente a 


fo @Kad=0. 


Cette condition, vérifiée quelle que soit la fonction ¢ (¢) nulle aux extrémités 
et 4 dérivée continue, ne peut étre satisfaite si K (t) est arbitraire. Re- 
marquons d’abord qu’au moyen d’un changement de variable simple, on peut 
supposer a = 0, b = 2m et qu’alors on aura le droit de prendre pour ¢ (@) , 8 
étant la nouvelle variable, l’une des fonctions 


sin n6, cos n@ — 1 
et par suite pour g’ (t) l’une des fonctions 


n cos né, —nsin né, 
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n étant un entier quelconque. Si donc n + 0, on aura 
2a 2 ar 
if Ky (6) cosnodo= [ K,(6@)sinn6d8@=0 (n=1,2,38:---), 
0 0 


ot Ki (6) = K(t). La série de Fourier de K,(6) se réduit done a une 
constante, et d’autre part, on sait que la série de Fourier d’une fonction a 
variation bornée K;(@) converge partout vers K,(6@) sauf peut-étre aux 
points de discontinuité de K, (6) qui forment un ensemble dénombrable. 

En revenant a la variable primitive ¢t, on voit donc que K (¢) est égal en tout 
point de (a, b) a une constante déterminée /, sauf peut-étre aux points d’un 
certain ensemble dénombrable NV. II est d’ailleurs facile de déterminer NV. 
En raisonnant pour K (t) comme pour F (¢), on obtient en effet légalité 
analogue a (18), 


K(¢+0)— K (t) = 2%) (t)[u(t+ 0) —u(t)] + 


+ 2 (t)[w(t¢+0)—w(t)]. 
Par suite K (¢) ne peut étre discontinue qu’aux points ot l’une des fonctions 
u,v, w est discontinue. 
Ainsz lorsque la fonction de ligne U, admet une différentielle pour une ligne 
Lo [20 (t), yo(t), 20 (¢)] & tangente continue, si l'on met cette différentielle 
sous la forme 


(23) far(diu@] te + farmalo), 


(22) 


les fonctions & variation bornée u,v, w ne peuvent étre arbitraires; elles vérifient 
nécessarrement LV égalité 


(24) fix (t)d[w(t)]+--- +f % (t) d[ w (t)] = constante 


en tout point t de (a, b)—sauf peut-étre en un ensemble dénombrable de points 
qui ne peuvent étre que des points de discontinuité de u,v ou w. 


Forme explicite de la différentielle 


13. La forme (23) de la différentielle est trés utile en ce sens qu’elle détermine 
la différentielle seulement au moyen de trois fonctions wu, v, w, et que ré- 
ciproquement ces trois fonctions sont déterminées par la différentielle—du 
moins, d’aprés F. Riesz, 4 un changement prés de leur valeur en un ensemble 
dénombrable de points autres que a et b. Mais elle a l’inconvénient que ces 
trois fonctions wu, v7, w soient assujetties 4 la condition (24). Nous allons 
donner une autre expression de la différentielle ot les fonctions qui déterminent 
la différentielle sont des fonctions 4 variation bornée choisies arbitrairement. 
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Nous avons supposé que 2), Y¥), 2% sont des fonctions continues de ¢ et que 
2 2 2 “ete es a : 
x, + y, +2, a un minimum positif h. Par suite les expressions 


eel foe SUD, ey i eh 
p(t) = | rade (O]—f aa ad le Oh 











: att ; ae 
@5) a(t) = [ae dlu O1— [a adlo (] 


ff hit Ae eee 
r= fa feradleOl— f apr alu (0 





sont calculables comme intégrales de Stieltjes. De plus, en raisonnant comme 
au §12 pour la fonction F(t), on voit que p, q, r sont des fonctions a 
variation bornée dans (a,b). Ceci étant, calculons la différence 


s=[ ar(tdiu(nl+ f ay@dlow@lt f az) dlw(a)] 


— {Lyi (Ae (4) = (4) Ay (1 dp (0) 
— [ta de (t) = a (1) Ae (dL a (0)] 


-| [ a, (t) Ay (t) — y), (4) Ax (t)] d[r(t)]. 


C’est une somme algébrique d’intégrales de Stieltjes et c’est par suite la limite 
de trois termes tels que 


(26) do Ae Cord OLlmemeta ta) yy ee) |r elim heen 
= # CEs) g te eee tes) lt. 


L’accolade peut s’écrire 








ace. 1 (tlt) to CEs) Ayo (4) yo (Es) Fe (4) 20 CE) 
u (ti) u (ti1) ( Rares) Sih (t) ee d[u(t) | 
oe : wi (t) : | 
li (t) = ati) Ri ao (t) { % (&:) d[u Ci LIE y, (&:) d[v (#)] 


rprgmccr) cd | t0.Ct)) } 


D’autre part, remarquons que si l’on prend pour ¢;_; et ¢; des points ol wu, v, 
w sont continues, on aura d’aprés (24) 


fw@diu@i+f xWabOlt f 2 Hdlw@]=0. 


i i : 
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Retranchons de (27) cette expression multipliée par 
wo (Es) [Lao (:) + yo (&) + 20 (8). 
L’expression (27) peut donc s’écrire 
ff {eese) ea a i) (Ed +eilenO—2\(E)) 
ty vo (Eee CE) a Ct) 
fy OC TOE) |, 
walay (t) + yo (t)-+ 20 (t) 20 (£:) + yo (Es) +20 (&) 





| atwco 





(28) 





=a (il xo (t) yo (E:) e yo (t) to (E) | . 
nabay (t)+ yo (t) +20 (t) we (E:) + yo (Es) £25 (&) 


+f | . x, (4) & (&;) eG. # (4) & (£5) u Jaw. 
talxo (1) yu Gh) ree (t) ay (Ez) yon eee eae) 


Soit maintenant M le plus grand maximum de | 2, (t)|, | y (t)|, | 2 (4) | 
dans (a, 6); w(e) la plus grande oscillation de a, (t) , y) (t) , 2) (¢) dans un 
intervalle de longueur au plus égale a la plus grande longueur e des intervalles 
(t-1, t:); U (t), V(t), W(#) les variations totales de wu, v, w dans (a, ¢). 
D’aprés la définition des intégrales de Stieltjes, on a en général 





in) a(t) d[w(t)]] < [maximum de |a(¢)! dans (ti, t)] 
ty 

LU Gi ee 
En appliquant une formule analogue 4 chacune des intégrales que nous 


venons d’écrire, on voit que la valeur absolue de l’expression (27) est au plus 
égale a 


3Mw (€ L* w (¢ 
Saetel y(t) Oe 4+ ete) [U (t:) — U (t-4)] 


MB w Mite 
Ty (4) amt V (t-1)] + a ! LW (1H) ore W Ciel 











Ceci ne s’applique que si ¢,; et ¢;-; ne sont pas de points de discontinuité de 
u,vouw. Sil’on suppose d’abord que a et b ne sont pas de tels points de 
discontinuité, on pourra s’arranger pour que tous les ¢; soient ainsi choisis 
et la valeur absolue de la somme des trois termes analogues a (26) sera au 
plus égale a 


3a (e 
y| Mote), rat 4 SES 106) 4 6) + W (b= ae) XK 


ot. NV désigne le plus grand des maxima de | Az (t)|, | Ay (t)|, | Az (é) | 
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dans (a, b), et K un nombre fixe. Quand e tend vers zéro, w(e) X K 
tend vers zéro. Done 6 serait nulle. Mais il peut arriver que w, » ou w soit 
discontinu en a ou b. Alors nous aurons seulement prouvé que l’on a 


fe tim | (£:).to (Ei) + Ay (Ei) Yo Ces) Aa Vey) 29 42] 
xy (&:) ty) (£:) + 20 (E:) 





e=0 7 

PL Crepes Clee): | 

En prenant comme précédemment les ¢; distincts de a et de b, il restera seule- 

ment les termes extrémes et on aura a la limite 

_ Ax (b) x (b) + Ay (b) yo (b) + Az (b) 20 (0) 
ao (b) + yy (b) + % (0) 

Ax (a) xo (a) + Ay (a) yo (a) + Az (a) 20 (a) 
t (a) + yy (a) + 2 (a) 





5 [AGE yak b 0) 





F [K(a+0)—K(a)]. 
En définitive nous obtenons maintenant lexpression suivante de la différentielle 
d'une fonction de ligne: 


b b b 
f [bas xayldp + f [eae — xbd2]da+ [foray —ydeldr 


(29) + R[x (a) Ax (a) + yo (a) Ay (a) + 2 (a) Az (a) ] 


+ S[ xo (b) Ax (b) + yo (b) Ay (b) + 20 (b) Az (b)], 


‘ 


ou p(t), g(t), r(t) sont trois fonctions a variation bornée et ot R, S sont 
deux constantes et ot les intégrales sont prises au sens de Stieltjes. 


Forme géométrique de la différentielle 


14. Cette formule est susceptible d’une interprétation géométrique simple. 
Appelons ), yw, v les cosinus directeurs de la normale au plan T qui passe par 
la tangente a Z en un point P et par le déplacement Az, Ay, Az de ce point. 
Soient A;, A, les composantes de ce déplacement sur la tangente et suivant la 
normale a Ly) dans T et soient Ao,z , Aozr , Aozy les projections sur les trois plans 
de coordonnées de l’aire du parallélogramme ayant pour cotés le déplacement 
(Az, Ay, Az) de P et un segment unitaire sur la tangente a Zp en P. On 
_ peut écrire la formule (29) en supposant que la variable initiale soit l’arc 
s= AP de Ih. Seulement p,q,7, Rh, S ne seront pas nécessairement les 
mémes fonctions, ni les mémes constantes. On voit alors que l’expression de 
la différentielle peut aussi s’écrire 
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ff doves) dlpo(s)]+ J Aoee(s)dlgo(s)]+ f° Aoey(s) dlr0(s)] 


(30) 
+ Ry A: (0) + SoA; (1) 
ou encore 
fx (s) An (8) dE po () 1+ fw (0) dn (8) dL a0 (99) 
(30 bis) “* ; 


+f vy (s) An (s)d[ ro (s)] + Ro A: (0) + SoA; (Ll). 


Cette seconde expression montre que la valeur de la différentielle dépend des 
valeurs du déplacement normal A,, mais qu’elle ne dépend du déplacement 
tangentiel A; que par les valeurs de celui ci aux extrémités de la courbe. Ce 
résultat est d’autant plus intéressant que l’expression de notre différentielle 
s’applique a un déplacement infiniment petit ow fini et non pas seulement a 
la variation. 

On remarquera |’analogie de l’expression (30) avec celle adoptée par M. Vol- 
terra pour la dérivée fonctionnelle. Elle s’en distingue d’abord par le fait 
que les A sont relatifs 4 des déplacements finis et non a des variations et en 
outre par l’introduction d’intégrales de Stieltjes, qui lui donne une plus grande 
généralité. 

Remarque 

15. Il y a lieu d’observer que les fonctions p (t), g (¢), r (t) ne sont assu- 
jetties a aucune condition analogue a (24). D’une maniére précise, nous 
allons démontrer que si R, S sont des constantes quelconques et sip (t), q(t), 
r (t) sont des fonctions quelconques & variation bornée, on peut trouver des fonc- 
tions & variation bornée u (t), v(t), w(t) satisfaisant @ la condition (24) et 
telles que Vexpression (29) sort de la forme (23).* En effet, posons d’abord 


wit)=f a(dla@l— fx alr], 
(31) w()= fx @dlrOl— fixate ol, 


w(t) = f wal l= f x (ala). 


Ces intégrales de Stieltjes ont un sens et on démontre—comme au § 12 pour la 
fonction F (t)—qu’elles définissent des fonctions 123 (tf) , v3 (t) , ws (t) a vari- 
ation bornée. Posons, pour a<i<b, w(t) = w(t), v(t) =%(t), 





*Tl faut remarquer que le résultat actuel serait tout aussi exact, si les coefficients de 
Az(a), Ay(a), Az(a), Ax(b), Ay(b), Az(b) étaient quelconques et non respec- 
tivement proportionnels aux dérivées dex, y,zenaetb. 
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w(t) = w3(t). Alors non seulement u(t), »(¢t), w(t) sont définies par 
ces formules pour a < t < b, mais encore aussiu(a+0),u(b—0),-+:, 
w(a+0), w(b—0). Pour connaitre partout u,v, w, il suffit done de 
poser encore 


(32) u(a+0)—u(a) = Ra (a) +u3(a +0) — uz (a), 
u(b)—u(b—0) = Sx), (b) + u3(b) — uz (b — 0) 


Peete teat atone remmarqucns alors que 
fae (alu]— alu (1) + f ay [ale] - dla (1) 
+ fae (1) {lw ()] - dm (1) 
= R[x, (a) Ax (a) + yf (a) Ay (a) +2 (a) Az (a)] 


+ S[ a (b) Ax (b) + yy (b) Ay (b) + 2 (6) Az (0) ]. 


Pour prouver que l’expression (29) peut se mettre sous la forme (23), il nous 
sufft done de démontrer que trois expressions de la forme 


(83) [Ax (t) dlus()]— [Ax (éy(eala(t) H+ f Ax (ty, (t)dlr(t)] 


sont nulles. Or cette derniére est la limite d’une somme telle que 


(34) dAw (&:) [ ws (ti) — us (4-1) ] — 2 (&:) [dla i+ yo ‘dri 


tj-1 


qui est égale d’aprés (31) a 


Bach) {f lai —s(eolalacol— f 


‘= ts- 


ty 


Ws) —% Ela] 
lequel est en valeur absolue inférieur a 


Nw (e)[Q(b) + Rh(b)], 


Q(b) et R(b) étant les variations totales de q(t) et r(t) dans (a, b). 
Quand le plus grand, e, des intervalles (t; — ¢:1) tend vers zéro, cette ex- 
pression et par suite l’expression (34) tendent vers zéro. Les trois expressions 
telles que (33) sont bien nulles. 

Reste a prouver que les fonctions uw; 7, w que nous venons de définir satis- 
font bien a la condition (24) sauf peut-étre en un ensemble dénombrable de 
points. II suffit évidemment de la prouver pour wz, v3, ws, qui ne différent 
de w,v, w qu’en deux points. Or la démonstration de la nullité de (83) s’ap- 


plique évidemment au cas ov la limite supérieure de l’intervalle d’intégration 
Trans, Am. Math. Soc, 11 
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serait ¢ et non b. Elle s’applique quelles que soient les fonctions continues 
Az (t), Ay (t), Az(t). On arrive alors au résultat énoncé en remplacant 
dans l’égalité obtenue b par t et Ax, Ay, Az par 2, Y), 2- 

16. Mais a cété de ’avantage—présenté par la forme (29) de la différentielle 
sur la forme (23)—que nous venons de mentionner, il faut placer plusieurs 
inconvénients. D’abord nous avons di supposer que la courbe L, est une 
courbe rectifiable 4 tangente continue, tandis que la forme (23) s’applique a 
une courbe continue quelconque. Et surtout le systéme des fonctions p, 
q, r est largement indéterminé pour la différentielle d’une fonction de ligne 
donnée. Ainsi l’expression (29) garde évidemment la méme valeur quand on 
remplace p, 7g, r par p+ px, q+ py, r+ pz, ot p désigne une constante 
quelconque. 


Parties réguliéres et irréguliéres de la différentielle 


17. Les deux formes précédentes (23) et (29) de la différentielle présentent 
celle-ci comme un bloc. Il y a avantage demployer une autre forme qui mani- 
feste l’existence dans la différentielle de parties plus ou moins réguliéres, plus 
ou moins simples. 

Nous allons done transformer le résultat précédent en utilisant une dé- 
composition de l’intégrale de Stieltjes en trois parties de complications dif- 
férentes. C’est cette décomposition a laquelle j’ai fait allusion au § 7 et dont 
jai démontré l’existence et l’unicité au Congrés des Sociétés Savantes tenu a 
Grenoble en Mai, 1913. J’y ai montré que toute intégrale de Stieltjes 


fe) dluce)) 


peut se mettre sous la forme suivante 


b b b 
fe (@)dlu()]= Ene (te) + f a(t)a(t)dt+ i c(t) dl Nae 
Pour former cette expression, on forme la ‘“ fonction des sauts ”’ de w (¢) 


(3D) att) = DL le) ae ae) Let >> [wu (ta +0) — u (tr) ], 


= tr<t 


ou les ¢, sont les points de discontinuité de w(t). Puis, on pose wp (t) 
= u(t) — u(t); we (t) est une fonction continue 4 variation bornée; elle 
a done une dérivée presque partout; on prendra pour a (¢) la valeur de cette 
dérivée la ot elle existe et une valeur finie quelconque, par exemple zéro, 


ailleurs. La fonction a (t) sera done sommable. Enfin, on posera 


dA (t) = us (t) — face) a; 
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la fonction \ (¢) sera continue a variation bornée et elle aura presque partout 
une dérivée nulle. D’autre part, A, est le saut de wu (t) au point ft, . 

18. En opérant de méme pour v et w, on voit que la différentielle dune fonction 
de ligne quelconque peut se mettre sous la forme suivante 

b 
Dry aos an = [ {Aa (2) ee (1) + Ay (2) 8 (t) + Aa (8) 7 (4) J a 
ne De { An Ax (tn) + By Ay (tn) + Cn Az (tn) } 

(36) b b 
+| farmarwmlt favo ako 


+f asjatoco)]. 


On voit de suite que cette formule différe des formules ordinaires du Calcul des 
Variations non seulement en ce que les fonctions x, y, 2, y entrent par leur ac- 
croissement et non par leur “ variation”’ mais en ce qu’en outre elle comprend 
d’autres termes en dehors de l’intégrale ordinaire et des termes aux limites. 

19. Nous devons remarquer que les trois termes du second membre de 
expression précédente peuvent aussi s’écrire, en posant 


u(t) = fi xcayat 


et en raisonnant pour v, w comme pour u (t), sous la forme d’intégrales de 
Stieltjes: 


J (Ax (4) dL (4)] + Ay (4) dao (1) ] + 2 (4) dL (1), 
(37) f (Ax (4) dla (4)] + Ay (4) dla (1)] + 42 (4) dln ())), 


f (42 dr (O14 Ay dla (O14 a2 ab (ON. 


Nous allons montrer que la condition (23) applicable @ la somme des trovs termes 
précédent, s'applique ausst & chacun d’eux séparément, et qu'elle prend une 
forme particuliérement simple. 

20. On a en effet d’aprés (24) 


K (t) = une certaine constante /, 


sauf peut-étre en un ensemble dénombrable de points. Deés lors on a partout 


(38) Ket == ke 
et, d’aprés (22), 


wrote (uct —u (t— 0)) +45 (t) la + 0y—1t— 0) ] 
+2, (t)[w(t+0)—w(t-—O]. 
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En écrivant cette égalité pour les points ¢,—pour les autres, elle est évidente 
—on aura 


(39) An tilts) + Baye (ig) + Ont (ta) = 0 (n = 1,253, ==), 


pourvu toutefois que ¢, soit distinct de a et de b. 
Or on a d’aprés (35) 


feat (125 (Lu (t) = u(t=0)] + D Anes tn) 


a<ty<t 


+ 2% (a)[u(a+0) —u(a)] 
et de méme d’aprés (22), (38), et (89) 


(40) f L2h din + de + 2, dos ]= K (1) — K (a) = K (2), 


puisque K (a) est évidemment nul. On voit donc que la condition analogue 
a (24) est bien vérifiée pour le second terme de (87). De plus, elle résulte des 
relations simples (39) qui la remplacent. 

21. Mais, en remplacant, dans (40), K (¢) par son expression, il reste 


(41) { [xo dus + yo dre + 2) dw.] = 0, 


et ceci pour toute valeur de ¢. Or soit U2 (t) la variation totale de we (¢) 
deaat. Les fonctions we (t) et U2 (¢) sont a variation bornée et continues. 
Elles sont done dérivables presque partout. Si fp est un point ot elles sont 
toutes deux dérivables et si l’on écrit la formule analogue a (17) divisée par 
U — ty 

bers 
fat) dine (4)] 


| t' — to 


at's \ ty) ate) Ua is Us (to) : 
t— to Lim te 











— 2 (to) 
on voit en passant a la limite que la fonction 


fix (t) d[ w(t) | 


a une dérivée au point tp égale 4 x (to) multipliée par d[ wz (to) ]/dt. En 
opérant de méme pour 22 et w2 et se souvenant de la définition dea, 6,7, on 
voit que le premier membre de (41) a presque partout une dérivée égale a 
ao(t)a(t) + yo (t) B(t) + 20 (t) y (4). Comme le second membre est nul, 
on a en définitive presque partout 


(42) Xo (t) a(t) + yo (t) B(t) + 2 (t) y (t) = 0. 
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On peut méme supposer que cette égalité a lieu partout en changeant au 
besoin les valeurs de a (t), 8 (t), y (¢) sur un ensemble de points de mesure 
nulle, ce qui n’altérera pas la formule (36). Si par exemple w2, v2 , w2 ont des 
dérivées continues partout, a, 6B, y seront égaux a ces dérivées et |’équation 
(42) ayant lieu presque partout aura lieu nécessairement partout. D/ailleurs 
si l’on intégre (42) dea at, en remarquant que 


u(t) = f a(t) dt, to(t) = [6 (t) dt, wy (t) = f v(t) dt, 


on voit qu’on aura partout 


(43) { xy (t) d[ wo (t) ]+ yo (t) d[ v0 (t)] + 20 (t) d[ wo (t)] = 0. 


Done la condition (24) s’applique aussi au premier terme de (37). Et elle 
se tradwit par la condition plus simple (42). Enfin en retranchant (43) de 
(41), on voit que la condition (24) s’applique aussi au troisiéme terme de (37), 
car on obtient partout 


(44) il xo (t) d[d (t) ]+ yo (t) d[u (t)] + z(t) dl» (t)] = 0. 


Autre forme de la différentielle 


22. L’expression (36) de la différentielle de U; contient des constantes et 
des fonctions liées par les relations (39), (42) et (44). On peut alors en déduire 
une nouvelle forme de la différentielle ot l’on a tenu compte d’avance de ces 
relations. Cette forme sera a la forme (36) ce qu’est la forme (29) a la forme 
(23). Nous ferons donc la méme hypothése que pour (29), 4 savoir que Lo 
est rectifiable et a tangente continue. 

Etant donnée la relation (39), on peut toujours choisir des constantes 
Pn, Qn, Rn, telles que l’on ait 


(45) 


Par suite le second terme de la différentielle (36) devient 
DEL Puyo (tn) Az (tn) — 20 (tn) Ay (tn) ] 
(46) + Qn [20 (tn) At (tn) — ao (tn) Az (tn) | 
+ Ra [ato (tn) Ay (tn) — yo (tr) Ax (tn) I}, 


156 MAURICE FRECHET [April 
ot ¢, est distinct de a et de b et auquel al faut ajouter un terme de la forme 
(47) AAz(a) + BAy(a) + CAz (a) + A’Ax (b) + B’Ay (b) + C’Az (6b), 


les relations (39) n’ayant pas lieu nécessairement aux extrémités. 
De méme, la relation (42) permet de choisir des fonctions sommables 
P(t), Q(t), R (4) telles que l’on ait presque partout 


a(t)=Q(t)2(t)-R(t)y(t), B(t)= R(t) x (t)-— P(t) a(t), 
v(t) = P(t) y(t) — Q(t) m (t). 


Il nous suffit de prendre par exemple 











vy — B20 Q = AZ) — YLo Bary — aryo 


Mayet Dred he = ee 
72 72 Pet) 2 2 29 2 2 2 
vy ty +25 to ty te * t + yo + 2 


On peut supposer—en prenant au besoin pour variable ¢ l’arc de la courbe— 
que «” + y+ 2” reste partout supérieur 4 un nombre h > 0, de sorte que 
P,Q, Rsont bien sommables. Alors le premier terme de la différentielle (26) 
peut s’écrire 


i { P(t) [yo (t) Aa (é) — ay (4) Ay (4) 1+ @ (4) [20 (4) An (4) = a5 (4) AaGE 
+ R(t) [ao (t) Ay (£) — yo (4) AZ) |} ae. 


On retrouve ainsi l’expression qui constitue,—aprés remplacement des ac- 
croissements de a, y, 2 par leurs “ variations,’—la dérivée fonctionnelle au 
sens de M. Volterra. Mais nous voyons qu’il s’y ajoute des termes d’espéce 
différentes, les termes (46), (47) et ceux qui résultent de la transformation, 
que nous allons opérer, du troisiéme terme de (36). II nous sufhit d’appliquer 
A ce troisiéme terme la transformation méme qui a été appliquée dans le § 13 
a la différentielle tout entiére prise sous la forme (23). Seulement, nous 
remarquons que la fonction qui remplace K (¢) est d’aprés (44) partout égale. 
a zéro. De sorte que l’expression qui correspond au 6 du § 13 est cette fois 
nulle. D’autre part, les fonctions qui correspondent a p(t), q(t), r(¢t) 
s’obtenant en remplacant dans les formules (25) w(t), v(t), w(t) par 
\ (t), u(t), v (t) non seulement seront a variation bornée mais encore seront 
continues et avec une dérivée nulle presque partout. La démonstration de 
ce fait est identique aux démonstrations analogues des §§ 12 et 21. 
En résumé, on voit que pour toute courbe Lo rectifiable & tangente continue, on 

peut mettre la différentielle d’une fonction de ligne Uz sous la forme 
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f POLK Hae(h — 4 (Ay (0) 
+ Q(t) [25 (1) Ar (t) — 24 (1) Az (t)] 
+ R(t) [xo (t) Ay (t) — yo (t) Ax (t) ]} dt 


+f [yy (t) Az (t) — 2 (t) Ay (4) ] d[ X (t)] 


+f [ 2 (t) Aw (¢) — a, (t) Az (¢)] d[ Y(t) ] 


(48) b 
+{ ey tay Ags) y(t) Aa (4) d 12) | 


35 2 Peal vo ttn) Am (te) —20 (tn) Ay Cia) | 


+ Qn [20 (tn) At (tn) — ty (tn) Az (tn) ] 
+ Ry [x (tn) Ay (tn) — Yo (tn) Ax (tn) J} 
+ AAz (a) + BAy (a) + CAz (a) 

+ A’ Ax (b) + B’Ay (b) + C’ Az (6), 


ot les A, B,C, A’, B’, C’, Pn, Qn, Ra sont des constantes quelconques, ot 
les tn sont des points fixes distincts des extrémités, o1 P(t), Q (#4), R(t) 
sont des fonctions sommables dans (a, 0) et ok XY (¢), Y (t), Z (t) sont des 
fonctions continues a variation bornée et qui admettent presque partout une 
dérivée premiére nulle. 


Transformation de la différentielle en intégrale de M. Lebesgue 


23. On peut enfin transformer l’expression de la différentielle de facon a 
éliminer les intégrales de Stieltjes. JI suffit pour cela d’employer une méthode 
appliquée par M. Lebesgue* au cas d’une seule intégrale de Stieltjes. Je crois 
utile de développer cette méthode dans le cas un peu plus général actuel 
parce que M. Lebesgue n’est pas entré dans tous les détails et surtout parce 
que artifice analytique qu’il emploie parait assez subtil, tandis que dans le 
cas actuel il apparait sous une forme géométrique trés naturelle. 

Nous supposons seulement sur la courbe Zp qu’elle est continue et nous 
partons de l’expression 


(49) Pao, a ae f Aw(t)d (u(t) [dy (t)dlo(t) H+ f As(e)dlw(é)] 


*Comptes Rendus t. 150 (1910), p. 86-88. 
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de la différentielle. II s’agit d’effectuer sur cet intégrale de Stieltjes de simples 
changements de variables qui la raménent 4 une intégrale ordinaire ou plus 
exactement a une intégrale de Lebesgue. II y a lieu de modifier—trés légére- 
ment—la démonstration de M. Lebesgue, qui s’applique a chaque intégrale 
séparément, de facon a employer le méme changement de variable pour les 
trois intégrales. 

Tout d’abord, d’aprés la définition des intégrales de Stieltjes, on sait qu’on 
peut modifier wu, v, wen un ensemble dénombrable de valeurs de ¢ (autres que 
a et b) sans changer la valeur de l’intégrale. Nous pourrons done supposer 
que u(t), v(t), w(t) sont partout continues a droite,—sauf peut-étre pour 
t=a. 

Nous allons—opérant un peu différemment de M. Lebesgue—employer 
deux changements de variable successifs sur ¢, le changement intermédiaire 
donnant déja un résultat qui peut étre utile. Soit 24, une série convergente 
quelconque a termes positifs. Posons 


g(a)=a, e(t)=t+ Like (a<tSb), 


ou les t, sont les points de discontinuité des fonctions wu, », w. La fonction 
¢ (t) est une fonction croissante qui n’est discontinue qu’aux points t,. Soit 
maintenant @ (7') la borne inférieure des valeurs de ¢ telles que g(t) 2 T. 
En posant B = ¢(b), on voit que @ ( 7’) est une fonction continue non dé- 
croissante pour a <7 <B. De plus 6(T7) prend la valeur ¢, pour 
g(ta—-0) STS e¢(t,). Nous ferons d’abord dans la formule (49) le 
changement de variable t = 6 (7') , mais avec une petite modification. 

Appelons U(7), V(T), W(T) les fonctions définies de la maniére 
suivante. Nous remarquons que si ¢ croit dea ab, ¢(t) croit deaa B, 
mais il est discontinu aux points ¢, de sorte que 


¢ (tn — 0) < Go (tn) = 9 (tr + 0) 


(si un des ¢, est égal A a, on a au contraire ¢(a)< g(a+0). Quand 7 
n’est pas dans un de ces intervalles exceptionnels nous poserons 


UT) = ular tT) ly Vea CT) SW eno oe ae 


Si au contraire, on a par exemple g(t, —0) ST S o(tra),onad(T)=t, 
d’ot' w[6(7)] = uw (tr). Dans ce cas, on prendra pour U (7) par exemple 
non wu (t,) mais une fonction linéaire entre 7, = ¢ (ta — 0) et Tn = o (tn), 
prenant aux extrémités les valeurs U (7) = u(ta —0), U( Tn) = uw (th) ; 
et de méme pour V(7'),W(T). 

On démontre alors facilement que la différentielle (49) peut s’écrire sous la 
forme d’une somme d’intégrales de Stieltjes 
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Danan = f Acla(T)]alv(ryi+ f aylecrylaty(2)] 
(50) a a : 
+ f az[o(P)]d{w(P)], 


ou U(T), V(T), WT) sont des fonctions continues et d variation bornée 
et ou 6 ( T') est wne fonction continue non décroissante, ces quatre fonctions restant 
indépendantes de Ax , Ay , Az. 

On voit qu’on a ainsi simplifié d’une part l’expression (49) en remplacant 
les fonctions u,v, w par des fonctions de méme nature mais continues, et qu’on 
Va compliqué d’autre part par l’introduction de la fonction @ (7') , qui peut 
étre constante dans certains intervalles, 

24. Considérons U (7), V (7), W(T) comme les coordonnées d’un point 
variable; ce point décrit une courbe rectifiable continue [. Mis sous forme 
géométrique, en passant d’une & trois coordonnées, l'artifice de M. Lebesgue consiste 
au fond & prendre comme nouvelle variable lV'are de cette courbe et parait maintenant 
simposer. Comme il pourrait arriver que U, V, W fussent en méme temps 
constants dans un méme intervalle, cette circonstance nous oblige a préciser 
la substitution adoptée. Appelons VW (7') l’arc de la courbe [ de aa T. 
W (7) est une fonction continue non décroissante. Soit 2 = VW (B); c’est 
la longueur de la courbe IT. Nous appellerons wy (a) la borne inférieure des 
valeurs de T telles que V (7') = o et nous poserons | 


Pie eoiv tay; = Arto) —Uly(o)|;. Bio) =V[y(e)]; 
Ci (co) = Wly(c)]. 


On voit alors comme au paragraphe précédent, que la différentielle (49) peut 
s’écrire sous la forme 


Paeanae= f Ae[®(o)]dtAr(o)]+ [ Avl#(o)]d[Bi(o)] 
(51) ies 
+ f As[®(o)]a[C(o)]. 


x 


Or A;, B;, C; sont évidemment des fonctions continues 4 variation bornée 
et 4 nombres dérivés bornés. Elles ont done presque partout chacune une 
dérivée, et méme il existe un ensemble E de valeurs de o de mesure dans l’in- 
tervalle (0, 2) ot les dérivées de A; , B,, C; existent et ot la somme de leurs 
carrés est égalea 1. Définissons alors des fonctions A(o), B(a), C(c) égales 
aux dérivées respectives de Ai, By, C; en chaque point de E et égales a 1 / V3 
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partout ailleurs. On aura alors quel que soit o dans l’intervalle (0, o) 
Ae) = [ A (a) do, Bi(o) = [ B(a)dc, C(e)= f C(a)de, 
0 0 0 


DAM) tebe Pat iC. Co) te 
[ 


Les fonctions A, B, C étant sommables, Ax [®(o)], Ay[®(o)], Az[ ® (c) | 
étant mesurables et bornées, l’intégrale 


(52) 


; > 


(53) J (ar[e(o)) A (o) + Ay[®(c)]B(o) + Az[®(o)]C(o)} do 


aun sens. Nous allons montrer qu’elle est égale au second membre de (51). 
Nous considérerons dans ce but les fonctions F(¢), G(o) deo obtenues en 
remplacant dans (51) et (53) les limites supérieures d’intégration par oc. 
La seconde a comme on sait |’élément d’intégration pour dérivée presque 
partout. Un raisonnement analogue a celui de § 21 démontre que la premiére 
a la méme dérivée en tout point ot Ar[@(c)], Ay[®(c)], Azs[ (ce) ] 
sont continues et ot A; (a), By (oa), Ci (o) et leurs variations totales ont 
une dérivée, c’est a dire aussi, presque partout. Ainsi [F(o) —G(c)]a une 
dérivée nulle presque partout. On voit facilement que les nombres dérivés 
a droite de F (c) et G (c) sont bornés; donc aussi ceux de F(¢) — G(c). 
Par suite F (¢) — G (c) est l’intégrale indéfinie d’un de ces nombres dérivés 
la ot! il existe et comme il est nul presque partout, F(¢) — G(o) est 
une constante. Cette constante est nulle pour go = 0. Ona bien enfin 
F(o) =G(oa). En définitive, la différentielle dune fonction de ligne peut 
se mettre pour une ligne continue queleonque sous la forme d’une intégrale. de 
Lebesgue: 


Gay Tov snas= f (Ar l&(o)]A(o) + AyL® (0) ]B (2) 
+ Az[®(o)]C (a) } do, 


ou & (oc) est une fonction non décroissante, o1 A(a),B(ac),C (oc) sont des 
fonctions sommables bornées, et o& ces quatre fonctions sont indépendantes de 
Az; AY, Ase 

25. Seulement, il faut remarquer qu’on n’obtiendra pas une forme admissible 
de la différentielle en choisissant pour A, B , C des fonctions sommables bornées 
arbitraires. Ces fonctions dérivent en effet, par une suite d’opérations dé- 
terminées, des fonctions wu, v, w lesquelles doivent vérifier une certaine con- 
dition. Lorsque la courbe Jp est rectifiable et a tangente continue, cette con- 
dition s’exprime sous la forme (24). II n’est pas nécessaire d’obtenir la relation 
correspondante entre A, B, C pour transformer l’expression (55) sous une 
forme ne faisant intervenir que des fonctions sommables et bornées arbitraires. 
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Il nous suffit en effet d’utiliser le procédé qui nous a permis de passer de la 
forme (49) a la forme (54) et de l’appliquer 4 la forme explicite (29). 

On voit alors que pour wne courbe rectifiable a tangente continue la différentielle 
peut se mettre sous la forme de la somme dun terme fini et d’une intégrale de 
Lebesgue 


Panay as= | { [9610 ()]A2 [8 (0)] — 24[0 (0) ] dy [0 (0)]] PCa) 


+ [2 [0 (¢)]Ar[6 (¢)] — 2 [8 (7) ] Az[ 6 ()]] Q (co) 

+ [x, [0 (7) ]Ay[® (¢)] — yo [9 (co) ]Ax[6 (c)]] Rc) } do 
+ R[x, (a) Ar (a) + yy (a) Ay (a) + % (a) Az (a)] 

+ S[ a (b) Ax (b) + y (b) Ay (b) + 2, (b) Az (b)] 


ou 8 (co) est une fonction non décroissante, P(c), Q (ao), R(o) sont des 
fonctions sommables bornées, R, S , H sont des constantes, et ott ces fonctions 
et ces constantes sont indépendantes de Az, Ay, Az. 


POITIERS, 
le 16 Mai 1918. 





A TYPE OF PRIMITIVE ALGEBRA* 
BY 


J. H. M. WEDDERBURN 


In a recent paper,j L. E. Dickson has discussed the linear associative 
algebra, A, defined by the relations 


ay=yO(rz), yr=y, 


where @ (2) is a polynomial in x which is rational in the field F in which A is 
defined. In this paper Dickson shows for n = 2 and n = 3 that, when @ 
and g are properly chosen, A is primitive, i. e., every element in it with the 
exception of zero has an inverse: A is in fact in the case n = 2 a direct general- 
ization of quaternions. | 

So far as I am aware no algebra other than these two and fields has been 
proved to be primitive; hence it is of considerable interest to find that for any 
value of n, 6 and g can be so chosen as to make Dickson’s algebra primitive. 

In discussing primitive algebras we may without any real loss of generality 
assume that any element commutative with every other element of the algebra 
is a scalar, 1. e., an element of the field F. For, all such elements generate a 
commutative subalgebra B and, as in the theory of groups, we can find a 
complex C for which 


A= BC=CB. 


We can therefore regard A as an algebra whose coefficients lie in the field F 
extended by the elements of the commutative primitive algebra B and, in this 
algebra, scalars are the only elements commutative with every other element. 

A primitive algebra will be called normal when reduced in this manner. 

It follows from the general theory of linear associative algebras{t that a 
normal primitive algebra is of order n? and that, when the field is sufficiently 
extended, it is equivalent to the simple matric algebra epg (p, q=1,2,°:-,n), 
so that its identical equation is of degree n. We shall now investigate the 
consequences that result from the assumption that the normal primitive 


* Presented to the Society, December 31, 1913. 

| These Transactions, vol. 15 (1914), pp. 31-46. 

t See, for instance, my paper in the Proceedings of the London Mathe- 
matical Society, ser. 2, vol. 6 (1907), pp. 77-118, where references are given. 
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algebra A contains an element for which the group of the corresponding 
identical equation is the cyclic group of order n. 

1. Let A be a normal primitive algebra of order n? and let x be an element 
of it for which the group of the identical equation f (2) = 0 is cyclic. 


If &, &,---, & are the roots of x, the corresponding primitive idempotent 
elements are 


Reo re ort) (2 Sr) os Cte En) 


CE — E1) ++ (& — Ea) (& — brat) + (Ee fn) 


(r=1,2,+-+,n) 


Cr = Orr = 





and* when F is extended by the roots of x, A contains a matric} algebra 
(€pq) which does not reduce to ¢1, €2, +++, é,, since then a would be commuta- 
tive with every element of A. We may therefore suppose e¢j, + 0, so that 
there is an element y;, rational in F, for which ¢; y; €2 is not zero. The con- 
jugates of e; y1é2 in F are é yi éry1 (7 = 1, 2, --+, m), none of which can 
therefore be zero. 

If we set 


Cr Y1 Crt+1 = Nr, r+ Or, r4i» 
the element 


UL Nr, r+1 Or, r41 
r=) 
is rational since it is the sum of the conjugates of ¢1 y; é2; its nth power is evi- 
dently the scalar m12 723 +++ m1 = g, say, which is therefore rational. Since 


n 
oe a; £, Cr y 
T—t 


n 
wy = Dy £, Nr, rt @r,r41 = YX, 
f=. 
where 


nm 
Hea NS Pate ae 
r=1 


The element 2; is commutative with 2 and is therefore a rational polynomial 
in 2, say 0 (x), since the identical equation, f (x) = 0, has no repeated roots. 


Evidently x and y generate A when expressed in its matric form and therefore 
also in its rational form. 


We have therefore the following 

THEOREM. A normal primitive algebra which contains an element x whose 
group is cyclic is generated by x and an element y which satisfies the relations 

*See Proceedings of the London Mathematical Society, l.c., p. 97. 


} A matric algebra is one for which a basis (ep, ) can be chosen for which ép, ers = 0, q¢ #71, 
Cpq Cgr = Cpr, SCrr = 1. Some of the elements ep, may be zero, but if so the algebra is reducible. 
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xy = yO(2), y" = 9; 


where 0(a) and g are rational* in the field of the coefficients and y” ws the first 
power of y which is commutative with x. 

Conversely if z and y satisfy these conditions, the group of 2 is the cyclic 
group of order n. This may be shown as follows. 

Since 


ay = yO(x), 
therefore 


ap — VEO Ae) 


where 6"(a2) denotes the function @ iterated r times. If 6"(2) = a, then 
y’ is commutative with 2, which is contrary to the given conditions unless 
r=. 

The matric form of y can be considerably simplified by choosing the units 
€pq in such a way that 77, 741 ér, r+118 replaced by e,, +41 forr=1,2,---,n—1, 
€ny being chosen so that 


€12 €23 °° * Cn—1,n ni = C11. 


This change in the basis of (ép_) leaves e+ (e = 1, 2, --+ m) unaltered so 
that x has the same form as before while y becomes 


Y = 12 + €23 + SRE fy tay “T= Cas 


It is easily shown from the forms given above for x and y that any element, 
z, of A can be expressed uniquely in the form 


gt yt yb os linn + Ins 


where h, (r = 0,1, «++, m—1) are rational polynomials in 2. 


Now 
y” SS heal ++ €2,r+2 a Ee €n—r,n a g (enor 1 “5 en +- nr) 


and 
y” e= fF 41 @,, r+1 ap Er +s €4, r+2 cE Vigege 


so that in the matric form of any element of A all the coefficients to the left of 
the principal diagonal are multiplied by g, and if any particular coefficient 
is zero all the coefficients in the same diagonal are zero. 

2. We shall now determine the conditions which g must satisfy in order that 
an algebra of Dickson’s type shall be primitive. 

Let us consider an element of the form 


z=y7 tyth+t-++yhoat hl (hy + 0) 
*We may evidently modify y so that g is an algebraic integer of the field. 
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and let ki, ke, -+-, kn—r be polynomials in x to be determined later, then 
eer me Wirt gee Bee GY" hy ay? Ig ebee ay hy 
ty ty hy yt by yn Iny nt -- yn? Te ne ee eee 


If we put ki = — y" hy", which is a known rational polynomial in z, 
the coefficient of y" is zero. Similarly the coefficient of y” vanishes if 


k=—-yhaiythy’—yhy”’, 


which is also a known polynomial in x, and so on till the coefficient of y” is 
reached, after which the process terminates. We can therefore in general 
determine the k’s so that the product commences with a term y™*h (x) 
(s < r) and, after multiplying on the right by 1/ h (x), which exists if h + 0, 
we have a number which begins with the term y’*. If this number has an 
inverse, 2 will also have one, since, by a well-known theorem on matrices, if a 
product has an inverse, the same is true of each factor. We have therefore 
only two types of elements to consider: first, those which may be reduced to 
the form y+ ¢ (a) by repeated applications of the process given above; 
and second elements for which at some stage the product is independent of y. 

If y + ¢ (2) is expressed in its matric form, its determinant is easily seen 
to be 

Camere es) yp tin) — 9; 


so that, if g is not the norm of any rational function of £, any element of this 
type has an inverse. 

Suppose now that z is an element of the second of the two types mentioned 
above, so that there exists an element 


CD tS MT ads i wa me 


such that 212 1s independent of y. The determination of the coefficients 


ky, -++, kn is wholly independent of g, as the transform of any polynomial 
in x by a power of y depends solely on 0 (2). We may therefore set 
az=gtk, 


where é is independent of g, which may be regarded as a variable scalar. 

If k is not itself a scalar, g + & certainly has an inverse and therefore z has 
also. We may assume therefore that & is a scalar, so that the matrix cor- 
responding to 2 differs from the adjoint of the matrix corresponding to z 
merely by a scalar factor which must be an integral function of g since 21, 2 
and g+é are all integral in g. Since the determinant of the adjoint of a 
matrix is a power of the determinant of that matrix, the determinant of z, 
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say |z|, must be a power of g + k, and as |2| is obviously of the rth degree 
in g, beginning with the term (— 1)"""g’, we have 
ee (9) 
But, when g = 0, |2| becomes the norm of h, so that 
(aeaad eerie alV AD. )s 


Unless the scalar g-+k is zero, z has an inverse. In the contrary case, 
g’ = N(—h,). Hence, 2f no power of g less than the nth is the norm of a 
rational polynomial in x , every element of the algebra, except zero, has an inverse.* 





*The existence of such rational numbers g follows from Satz 33 of Hilbert’s Bericht, 
Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 4 (1897), 
p. 198. 





PROPERTIES OF SURFACES WHOSE ASYMPTOTIC CURVES BELONG 
TO LINEAR COMPLEXES* 
CHARLES T. SULLIVAN 


INTRODUCTION 


In this paper a study is made of the geometrical properties of surfaces whose 
asymptotic curves belong to linear complexes. The treatment is based on the 
methods developed by E. J. Wilczynski in his book on projective differential 
geometry} and a series of memoirs published in these Transactions.t{ 

So far as I am aware, the only papers on this subject are a note by Sophus 
Lie§ and a thesis by Arnold Peter.|| In his thesis, Peter gives the analytical 
details of Lie’s note and establishes the theorem that ‘‘ The determination of 
the surfaces can be reduced to quadratures.”’ 

One of the theorems established below, namely, “ The ruled surfaces of the 
problem have straight line directrices ”’ is due to Peter. The method of proof 
employed here, however, is entirely different from that used by Peter and is, 
moreover, essentially connected with the subsequent study of non-ruled sur- 
faces. 

In my work, as well as in that of Peter, a certain quadric surface plays an 
important réle. From my point of view this quadric is the locus of the di- 
rectrices of the osculating ruled surfaces associated with the two families of 

* Presented to the Society (Chicago), April, 1912. 

} E. J. Wilezynski, Projective Differential Geometry of Curves and Ruled Surfaces. B. G. 
Teubner, Leipzig, 1906. We shall hereafter refer to this book as W. 

t Vol. 8 (1907), pp. 223-260; vol. 9 (1908), pp. 79-120, 293-315. We shall hereafter refer 
to these as Mi, Me, Ms. 


§Sophus Lie, Christiania Videnskabsselskabs Forhandlinger, 
1882, Nr. 21. 
|| Arnold Peter, Die Fldchen deren Haupttangentenkurven linearen Komplexen angehéren 
Leipzig, Dissertation, 1895. Since the presentation of this paper to the Society, some points 
of its subject matter have been touched upon in two other papers, viz., one by Enrico Bom- 
piani, Rendiconti del Circolo Matematico di Palermo, vol. 34 (1912); the 
other by Corrado Segre, Reale Accademia delle Scienze di Torino, vol. 49 (1913). 
I have recently learned that a certain aspect of the subject of this paper was treated by M. 
Keraval, Bulletin de la Societé Mathématique de France, vol. 39 (1911). 
The methods used in these papers are entirely unlike those employed here, and the results 
are only distantly related to those of this paper. 
Trans. Am. Math. Soc. 12 167 
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asymptotic curves. If the asymptotic curves of only one of the two families 
belong to linear complexes, this quadric is replaced by a directrix-ruled surface 
of a higher order. On the other hand, the quadric introduced by Peter is 
characteristic of the canonical differential equations of the surfaces. However 
there is nothing in Peter’s thesis concerning the geometrical significance of 
this quadric, nor is there anything analogous to my discussion of the osculating 
ruled surfaces and the directrix-ruled surface. All of the other results in the 
two papers are entirely unrelated and therefore require no further com- 
parison.* The two principal results obtained in this paper are: 

A geometric construction for the surfaces of the problem (§ 4), and a normal 
form for their defining equations (§ 3). In the normal form of these equations 
the coefficients, and therefore all the invariants of the surfaces, are given 
explicitly as functions of the two parameters u and v of the asymptotic curves. 

I take this opportunity of expressing my indebtedness to Professor Wil- 
czynski for advice generously given me from time to time during the prep- 
aration of this paper. 


§1. THEOREMS CONCERNING RULED SURFACES WHOSE ASYMPTOTIC CURVES 
BELONG TO LINEAR COMPLEXES 


Any non-developable ruled surface may be defined by a system of differential 
equations of the formy 


y’ tony + pee +quytqasz=0, 





(1) 
2 + per y! + poo 2’ + gay q22= 0, 
where 
dy ay 
eee We / 
Y= de? y dx?’ te 


Its generators are the lines that join those points on the integral curves C, 
and C, which correspond to the same values of the independent variable zx. 
The differential equations of the integral curves C, and C, aret 


y + Api y® + 6pry” + 4pay’ + pry = 0, 


(2) 
2 + 4q, 2 + 622” + 4932’ + quaz = 0, 


where 





* Certain theorems relating to the asymptotic curves on ruled surfaces with straight line 
directrices have been established by Cremona, Annali di matematiche, 1867-68, 
Halphen, Bulletin dela Societé mathématique de France, vol. 5 (1877), 
and Snyder, Bulletin of the American Mathematical Society, vol. 5 
(1899). , 

TW, p. 126. 

t W, p. 230. 
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; 1 
Dio 4A, (q12 lis — Pir maz ) ) Do 6A, (Sie lie — rie My. ) : 


: 1 
Gi AK, (21 21 — pai mar), Q = 6A, (S01 l21 — 121 M21), 


1 
D3 = ax | mi (pT — Put) + he (pu se — Get) — di Ar], 
(3) 1 
B= [ mize (pre $11 — G11 M12) + hie (G11 S12 — G2 S11) — mu Ar], 


1 
q3 = 4A, [ mo21 (poi To2 — P22 191 ) + lo4 ( poe S23 a8 T'2 ) 7 9 A> ] ’ 


1 


and where we shall assume A; + 0, A> + 0; 1. e., that neither C, nor C, is a 
plane curve. 


The quantities A,, Az, 1:;, mi;, 8; are defined as follows: 


Ai = Presa — Get; Ao = pai $21 — Gai 121, 
ri = Pit Pie Pra — Pi- M1; su = pugut peg@i- Mm; 
Tio = Pr (pir re P22 ) a Piz — qi12; $12 = P11 {12 “+ P12 Y22 — Giz» 
Ae Sef eba| (pu aS P22 ) = Par = Opiate $o1 = Por Qu + {LPOE PAL qais 
123. — Dre + Piz Par — D2 ae 22-3 $22 = Po1 Miz + P22 Y22 — are 
hi = — pu tir — pa ie + sheamety: Mu = — M191 — Te Gat si, 
lo = — Pie ti1 — P22 P12 + rie $125 Mi = — T1 G2.— M12 G22 + Siz, 
Ly = — JONG DS = Soba bb +P ro) + 81, Moi = — Te1 Qi — 22 G21 + 831 ’ 
loo = — Pre t21 — P22 M22 + T22 + Seo, Moo = — Te1 Giz — Tez 22 + S22. 


The fundamental seminvariants and invariants of the integral curve C, are 
given by the following expressions*: 


P,=p—p— pi, P3= ps— pi — 3pi pet 2p), 
(4) Ps = ps — 4p ps — 3p2 + 12p; p2, — 6pi — pi, 
6,= P3—$P., O.= Pa—2P3+ 'P, — & Pi. 


On replacing p, P, and @ by q, Q, and @ respectively, we obtain the corre- 
sponding expressions for the integral curve C-. 


* W, p. 239. 
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Let the curves C,, and C, be two of the curved asymptotic lines on the in- 
tegrating ruled surface S of system (1). Then we have py = po = 0, and 
we may also assume that pi1 = poo = 0.* 

It is easy to show and, moreover, it is well known, that an asymptotic curve 
on a ruled surface is never a plane curve unless it is a straight line. If we 
leave aside the case of a quadric surface, there will be at most two asymptotic 
curves of the second kind which. are plane curves, and these will be straight 
lines. It follows that the curves C, and C, are distinct from these since, by 
hypothesis, they are not plane curves. The functions qi. and gz; must there- 
fore be different from zero. 

The tangents to the integral curves C, and C, will belong to linear complexes 
if, and only if, the invariants 63 and 6; vanish identically.} Let us assume, then, 
that system (1) has been so transformed that p;; = 0 (1 = 1, 2;7= 1, 2); 
and let us express 63 and 43 in terms of the remaining coefficients of (1) by means 
of (2), (3), (4). We find the following values for 63 and 63; 


4 , oe , / , q; 
(5) 0, = Gi — G2 — — (Au — Qn) 8. = G1 — Ge — — (Mi — Ge) 
Giz qo1 
Thus, the conditions 63; = 6; = 0 reduce to 
, / ABE , , q3 
(6) Cithe gg. meek eee Ae doa = —~ (Gn — a2) 
fiz G21 


It may happen either that C, and C, are the only asymptotic curves on the 
surface S which belong to linear complexes, or else that there exists a third 
asymptotic curve on S which has the same property. In the latter case all 
the asymptotic curves on S have this property and, if the function qi — q22 
should happen to vanish for the original pair of asymptotic curves, we may 
avoid this complication by choosing another pair of fundamental curves. 
We may therefore assume 911 — q22 to be different from zero. If, however, 
C,, and C, constitute the only pair of asymptotic curves on the surface which 
belong to linear complexes, they both belong to the same complex and we 
cannot avoid the vanishing of qi. — q22 if C, and C, are to be asymptotic 
curves. In this case the invariantt 


U11 — U2 U2 Ua 


Oy = |V11 — 22 Vio «Va 


Wi1 — Weg Wei Wai 
also vanishes while its second order minors are not all equal to zero. The 


* W, pp. 114, 142. 
Tt W, p. 254. 
t W, pp. 96, 167. 
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integral ruled surface itself belongs to a linear complex but has at most one 
straight line directrix. 

Let us return to the case when qi1 — q22 is different from zero. The inte- 
gration of (6) gives 


C1 ae G29 = adgi2; Ofint = py bqai, 


where a and b are constants different from zero. In this case not only does 
the invariant 6) vanish, but so do all of its second order minors. Therefore 
the surface has a pair of straight line directrices coincident or distinct according 
as the invariant 6, of the surface S vanishes or not, 1. e., according as the flec- 
nodes of each generator are coincident or distinct.* The converse of this is 
also true.t Hence we have the theorem: 

In order that all of the asymptotic curves of a ruled surface may belong to linear 
complexes the surface must have two straight line directrices, distinct or coincident. 

If the invariant 4, of the ruled surface S does not vanish, the independent 
variable may be so chosen as to make 6, equal to any non-vanishing constant. t 
We may, therefore, assume the independent variable so chosen as to make the 
function qi1 — d22 equal to unity. The equations of the surfaces S will then 
assume the form 


(7) yo raiytas=0, 2+ by+qnuz=0, 


where a and b are constants and where qu. — qo2 = 1. 
The differential equations (2) now become 


y™ + (gir + geo) y” + 2gir y’ + (qii + a1 Gor — ab) y = 0,7 
3 + (gir + goo) 2” + 2qr2 2’ + (q22 + Gu Gon — ab) 2 = 0. 


From these it follows that any curved asymptotic line on S is a projection of any 
other. 

In order to determine the ruled surfaces S all of whose asymptotic curves 
are twisted cubics, we must satisfy the further conditions 6; = 6; = 0.§ We 
thus obtain the following equations for the functions qi; and qo2: 


(8) q—-F=qQetz=9, gp’ +i¢ta=0, 
where 

¢, = — §(1+4ab). 
If y’ = 0, then 


gi =k =4+8V1-+ 4ab, go = k — 1, 


so that qi and qo are constants. 


ONG Gory ME 
Tt W, p. 288. 
TW; po 1t7, 
§ W, p. 242. 
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From these equations it follows that the first derivative surface* is a pro- 
jective transformation of the surface S itself, and the second derivative surface 
coincides with the surface S. 

The surface turns out to be the quartic 


eet, te 70,1 


whose invariant 64 is equal to 16 (4ab +1). 

It therefore follows that the invariants 6; and 6, of the curve C, may vanish, 
while the invariant 64 of the surface S is different from zero. 

If ¢’ + 0, we can integrate the equation of condition (8) by means of 
elliptic functions. In fact, if we multiply both members of (8) by g’ and 
integrate, we find 

¢” =i relay? —.92 0 = 9s), 
where go = — 42C1 and g3 is a constant of integration. Now it is always 
possible to construct a Weierstrass 9-function with given invariants g2, 93 
to satisfy this equation. We then find 


qu = (uU; 92,93) +2; gor = 9 (U3 92,93) — F- 
Equations (7) may be reduced to the formt 


he P 
(7a) tA + B]n=0 Tot [49+ Bile =0, 


where 4, B, B, are constants. 

These equations are of the Picard type, and precisely those of such great 
importance in the analytical theory of heat. In fact, an integral of (7a) 
leads at once to an integral of the heat equation in elliptic codrdinates. Since 
A is not of the form n (n + 1), the equations are not of the Lamé type. 

If the directrices of the surface S coincide, i. e., if the invariant 6, vanishes, 
we can write equations (1) in the form 


d? a? 
(9) sata(e)y=0, Setyta(z)2=0, 


so that C, is the straight line directrix and C, is any curved asymptotic line 
on the surface. The condition (8) becomes 

*W, pp. 187-188, 

+ To get this result, we transform (7) so that the fundamental curves coincide with the 


flecnode curves and then integrate the resulting equations. 
t This reduction is effected by means of the following transformations: 





2 
= —— ’ = ’ = 6 ? 
U Vis x y=an+ 6 z= yn +65 


where 7 and ¢ are the linear factors of a certain quadratic covariant C (W, p. 124 et seq.). 
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iq : 
(8a) dak +2¢@=0. 


If q’’ = 0, q itself must vanish. In this case equations (9) show that the. 
coordinates of any point on the surface S are given by the equations 


B 
m=at pe, Mm=artse, w= — Be, w= — 2B, 


where a@ and @ are arbitrary constants. Hence the equation of the surface is 
3 
x3 + 324 (41 %3 — 42 %,) = 0, 


which is that of a Cayley cubic scroll. If ¢’’ + 0, equation (8a) gives on 


integration 
2 


(1) = - et - 0), 


where g3 is a constant. As before we construct the Weierstrass 9-function 
satisfying this equation; so that equations (9) may be written 


a dz 


(9a) de + Afy = 0, aor (eet) 5 (Me 





where A is a constant but not of the form n (n+ 1). 

Therefore every ruled surface whose asymptotic curves are twisted cubics may be 
represented by a system of equations of the form (7a) or (Qa), where ° ts the 
Weierstrass elliptic function. If the coefficients of these equations reduce to 
constants, we obtain either a certain quartic or a Cayley cubie scroll. 


$2: ANALYTIC CRITERIA FOR NON-RULED SURFACES WHOSE ASYMPTOTIC 
CURVES BELONG TO LINEAR COMPLEXES 


It is known that any non-developable surface S may be regarded as an 
integral surface of a non-involutory, completely integrable system of partial 
differential equations of the form* 


(10) Yaa 1 20Us + fy = 0, You + 20 Yu gy = 0; 
where the asymptotic curves are parametric, and where 
Bo oy 


U Ou ’ Yuu = Ow 5) LeLCa 


The integrability conditions of this system of equations are 
Qiu + gut 2ba, + 4a'b, = 0, — bw + fo + 2a’ by + dba, = 0, 


Juu — fov — 4fa;, — 2a’ f, + 49b, + 2bg, = 0. 
4 Mi, p. 241, 


(11) 
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The asymptotic curves v = const. and u = const. will be denoted by I’ and 
I” respectively. 
The differential equations of I’ and I” are* 


Yuuuu + ADP1 Yuuu + 63 Yuu + 493 Yu t ps y =O, 


(12) aA aA 4? ve 
Youre + 4p, Yor Ss 6p» Yow + Ap: Yr + ae 0, 
where 
, b, , at 1 baa b; 
Dis pi= 5+ be) —5(" 258), 


are. ‘ by 
p= 5 (fot das), 
i = fs — f+ AB g — Df. +E (2Hf + 2bs — aw) — 255 (Sha — Dud) 


The fundamental seminvariants of I’ have the values 





/ / 0 Dy / 

Pi = ps — Spr, 

, ’ 0? pi Me al 13 
(13) P3 = (Ok, = aud =a 3p1 P2 + 2p) , 


, , , , , Taal ' 0° 
Ps. = py — 4p) p3 — 3p. 120i. Ps — 6p, Pra a . 





Finally the fundamental invariants of I’ are 


3 OP: 
Pear Oia 





(14) 0; = Ps — 0, = Py — 


50 Oa 0 (354 
du 15 Ou? 


2 p? 
+ & 2 i 
If we replace 

a’; D3 Te q; Dis ee Cs U;, V 
by 

b, ae, vm) ie D; > 1eage G5 Vv, U 


respectively, we obtain the corresponding expressions for I’. 

In the subsequent applications of these equations we shall generally assume 
that a’ = 0, b = 0, so that ruled surfaces are to be excluded unless the 
contrary is stated. 

Let us consider the integral surfaces S for which the asymptotic curves I’ 
and I” belong to linear complexes. For these surfaces the invariants 63 and 
6, must vanish identically. By direct calculation from equations (12), (13), 
(14), these conditions are found to reduce to 


* M2, pp. 90, 93. 
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Perens, 0” log a’ 
aoe dudv’ 
ay 0? log b 
Wi iy a 2H0E.0" » 
eee dudv =” 
whence, by subtraction, 
0? log (a’/b) 
2) du dv Sur 
Hence, by integration, 
(17) b= eo (u)ée(o) a’. 
The transformation 
(18) Yeo ee b= w(t), t= 6 (er) 


leaves the parametric curves of equations (10) unchanged. Moreover the 
function \ (w, v) may be chosen in such a way that the transformed system 
of equations shall again have the same (canonical) form as the system (10). 
The transformed coefficients a’, b, f, g will then be given by the equations 


ap (OE , ney Li Stas Sy oe aes Bl 
a = ey aor 0) bi 3M) » 
(19) 
ry _ Bo pret ; 1 
b= 50, Poste 10 leu arma ey 
where 
_ Cun _ Bow cade, AWE pe ek 
Dicer 23 See gi 31s, Dial LES 14 
In particular, the transformation 
1 ‘ ; [vow : f 1 
et ager eae ves (ha u) du, i Ape Or 
y if BB y g (uw) FO) 
du dv 


will replace equations (10) by a system of the same form in which the funda- 
mental invariants a’ and b are equal to each other. Let us assume that this 
transformation has been effected already, so that we have 


a0 
The conditions 
UO AY nh 
will then reduce to 
Plogb _,,, 
(20) Oudv 40°. 


If we put b = e®”, the above equation becomes 


* Mi, pp. 249-250. 
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0’ od 


Le 
Oudv - 


(20a) 





But (20a) is the form known as Liouville’s equation.* Its general integral is 


ee! 1 Oe Vv’ 


MALT Vy 323 





where U and V are functions of the single variables wu and v respectively, and 
where the accents indicate differentiation with respect to these variables. 
Hence the general integral of (20) is 
dan da 
(21) pee ee 
2(U+Y7V) 
where we assume U’ = 0, V’ = 0 when we wish to exclude ruled surfaces. 
We shall refer to equations (10) as being in the normal form} when the in- 
variants a’ and b are given by (21). We therefore have the theorem: 
Both families of asymptotic curves of a non-ruled surface belong to linear com- 
plexes, if and only «uf, the differential equations of the surface can be put in the 
normal form characterized by the values (21) for the invariants a’ and b.t 


§ 3. PROPERTIES OF THE OSCULATING RULED SURFACES, AND EXPLICIT DETER- 
MINATION OF THE DIFFERENTIAL EQUATIONS OF THE SURFACES OF § 2 


The differential equations of R, (one of the osculating ruled surfaces of the 
first kind) are§$ 


(22) You + Pi Yo + Pre ZBtqyt qw2= os 


Zvy TF Pr Yo ia P22 Sy + Qiyt q22z=O0, 
where z = y, and 


Pu = Pu = Pr = 0, ies 7.5 giz = 2a’, 
px = — 4a’b, gai = gu — 2a'f, q22 = ee. 


Since pie is equal to zero, I’ is an asymptotic curve on R, as well as on the 
surface S. 
The invariants of weights four and nine of R, are 


(23) 6= (ui SLY De + 4ure U21 » 
and 

ra — U2 U2 “Ua | 

Ay = | M11 Serpe O12) | Osis 


| Wi1 — Won Wig Wa 
* Darboux Legons sur la Théorie des Surfaces, t. IV, pp. 419-424. 
7 The complete normal form will be given later. 


t The invariants Q’ and ” vanish for these surfaces only. 
§ Mo, p. 81 et seq. 
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where 


U1, = to — 8ai., Un = Sa’ ’ U1 = 4a,., + 8a’ (f+ bey 
V1 — V2 = 16 (Air aa 4a” b) ) 1 eae 16a,, 
V1 = 8 (Guu — 4a’ a,b + 2a, f + 2a’ fy + 2a, by + 2a’ boy) 
= 8[ da. + 2a, (f+ b,) — 4a” b, — 12a’ ba], 
Wit — Wee = 32 (Gin — 40” by — 12a’ bas), Wi. = — 82a,,, 
UD 16 ane =| 24» (f + be) ia 4a” One oe 12a’ (a, by, “te a, Gn 
la ( base na beacon ba. 
the final forms of w21, 721, We; resulting from an application of the integrability 
conditions (11). 
Analogous equations may be obtained for R, (an osculating ruled surface 
of the second kind). 


If we differentiate the conditions 2’ = 0, 2” = 0, we obtain the following 
equations: 


ivy — Oy On, — 120” ba, — 4a” b, = 0, 
Cone alo ba, — 40" b, = 0, 
b bun» — by buy — 12a’ b? b, — 468 a, = 0, 
b bury — by by» — 12a’ bb, — 4b? a, = 0, 
Wane — Oy Ger — 240’ bala, — 12a” (a, b, + a; by) 
— 120" haps 4a" be = 0; 
BDinien — Dun Vo» — 24a’ bb, b, — 125? (a,, by + a, b.) 
— 12a’ b? b,, — 4b a,, = 0, 


(24) 


which enable us to reduce the elements of 45 to 








U11 — U2 = 8a,, Uy = — 8a’, ua = 4[a,, + 2a’ (f+ b,)], 
a, a, 8a; 
CU, => py hing = — l6a,, m1 = Gr baw F 2a’ (f+ Ges 
4 i} , 
a, a ; Loos ee, 
GE == py BY" ee o> UT ears S20sy, W31 = or Oe ate + 2a’ (f+, ) ] . 


If we substitute these simplified expressions in 9), we find that 6 and all of its 
second order minors vanish. In the same way we find that 6, , the invariant of 
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weight nine for R2, and all of its second order minors vanish. Consequently 
we have the theorem: 

If both families of asymptotic curves of a surface S belong to linear complexes, 
then both families of osculating ruled surfaces Ry and Ry have straight line direc- 
trices, distinct or coincident according as the corresponding invariant 6 or 8’ vs 
different from zero or not.* 

We shall need several other formule connected with the theory of the os- 
culating ruled surfaces. In developing these formule we shall indicate another 
proof of the above theorem. 

If P, and P, are the flecnodes on the generator P, P, of Ri, we havet 


y = 16a":(y + Cee sa, 78) ay ot Sa 


When we make this transformation the equations of R, referred to its flecnode 
curves, are found to be 


How > Mile aise Kil) 4 hao a 
Coo + ei Ne FF Heo So + Kor 7 + Kee F = 0, 


(25) 


where 
tae eS dCs 
@ oan Bee G V6 282 








e Oy Oe 2 C. By 
V6 Sek cm a’ V6 26’ 








But since we are dealing with the case when ’ = 0, we find C= 0. Con- 
sequently 


{2 


95 


, P 2 3 
, [a’ (a! Qu — Ain @, — 12a’ bai, — 4a’* b) 


~ a’ 
+ a, (a,a,— a a» + 40” b)) = 0, 


, 
v 
7 


TTD = 702 a 


a 
SI= 


a, 
er 
Wii 122 a? 
and therefore 
2 
d= g(u)a’, 


where ¢ is an arbitrary function of w. We find further 





* Several months after this paper was presented to the American Mathematical Society, 
a memoir containing this theorem was published by Enrico Bompiani, Rendiconti 
del Circolo Matematico di Palermo, vol. 34 (1912). 

Tt Mz, p. 83 et seq. 
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1 ; a — 8 a’ 6° 
hee Pen, nae ole a. Vb — == sath Pineda 
Ki z| 4a’ @ — 32ga’ V 0 — 32a'a,V 0 S( 20i.0-+ O55 29 )|. 


SH a 0, 
Kip = MET: | 2a, 6+ a’ Oy, — 26 | etc., 


which reduce to 


V0 Vée 
ku = a+ g + 8? Ke = 0, ko = 0, Kee = Oyu g — 3. 


The equations of the osculating ruled surface R; may therefore be reduced to 
the form 


6, ; /0 
not Gaet(atgte)a=0, 
(25a) a 
6, V 6 
fot Boot (aito— "6! )e=0, 


where 0/ a’ = ¢ (uw), a function of w alone. 

The corresponding equations for R; may be obtained from the above by 
replacing 6, a’, g by 6’, b, f respectively, and interchanging wu and v. Com- 
bining these results we have the following theorem: 

If the invariants 6 and 6’ are different from zero, and if both families of asymp- 
totic curves on 8 belong to linear complexes, the invariants 6/ a’ and 6’ /b?+ are 
functions of the single variables wu and v respectively. The equations of the oscu- 
lating ruled surfaces may be reduced to the form (25a), which makes evident the 
already established theorem that the osculating ruled surfaces have straight line 
directrices. 

Suppose 6= 0. Let P, coincide with the double flecnode on P,P.. We 
make the transformation 


a. 





Y=; z= 5gi1 — eet! 


so that the equations of R, referred to I” and its fleenode curve are§ 
b? — 2bb,, 
a _ 9 —— 
Noo aie n 2a ¢ 0, 
(26) 


which are characteristic of ruled surfaces with coincident directrices. 


* In order to obtain these results we must use relations (24), (11) and the relation 
2a,,9 +a'8,, 2,0, =0 
obtained by differentiating m2 = m2 = 0 with respect tov. 
t0’ /b? = » (v), v being an arbitrary function of v. 
t Mz, Dp. 86. 
§ The reductions are effected by means of (24), (11), and the condition@ = 0. The equa- 
tions of R2 referred to I’ and its flecnode curve have a similar form when 6’ = 0. 
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We can now complete the determination of the normal form of the equations 


of S. We have 
fans log b _ 2 
der Dipse e e 





and the integrability conditions (11), which are reducible to 
buu + gu + 6bb, = 0, boo + fo + 6b, = 0, 
Juu — Sov — 4fby, — 2bfy + 496. + 2b9, = O. 
We have further (from the previous theorem and the definition of 6 and 6’), 
6 = 64 [bi — 2b (bu + 2b- f+ b)]= ¢(u)P, 
go’ = 64[b2 — 2b (b,, + 2b-gt+b,)J=v(v)B. 








Whence 
10? logb 10: 
f=- vas Aah a A Bl eee 
i Taloxb. 1 6: 
Gas any ave ge a g2(v), 
where 
(fy ee Cee 
ge ate Sak 256 


Substituting these values of f and g in the integrability conditions, we find that 
the first two are satisfied identically and the third becomes 


— 4b, ¢1 (wu) + 4b, G2 (v) — 2b¢) (uw) + 2b¢; (0) = 0. 
Now 0 is given by equation (21), so that 





bol CO ae be 1 ee 
b. 2:0) ear. b 23-2 ee 
We must therefore have 
u U' — 9 ») V? Vv" U"” : . 
2 Pil ) ie eu ty aera 272 (1h) rae g (u) — g2 (0). 


Thus the left hand member of this equation reduces to a function of u minus 
a function of v. Now U’ and V’ can not vanish, for then b also would vanish. 
Hence U and V are not constants, and we must have 


gi (u) U' — go (0) V’ 
U+V 





= H, (u) — Hz (v) 


or 


(a) gi (u) U'— go (v) V’ = UM, (u) — Vie (v0) + VA (u) — UA (0), 
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where ¢;, H; are functions to be determined. These must be such that 
VH, (u) — UH? (v) is of the form G; (uw) — G2 (v), that is we must have 





FY) 
audy ©) (wu) a UH2 (v)) = ie 
whence 
ie dH, _ 1 dH, 
(du Vv’ do.’ 


Since the left hand member is a function of w alone and the right hand member 
is a function of v alone, their equality implies 


Becerra, 
ede tae dy °°? 


where kp is a constant. Therefore 
A (uw) =k U+h, Hy (v) = kh V + ke, 


where k; and ke are additional constants. If these values for H; and He be 
substituted in (a), we find 


aU?+ bU+e aV?—bV+e 
91 (u) = U’ ’ g2(v) = V’ ’ 








where a = ky, b= ki — ko, and c is a further constant. If we substitute 
these values of g; (w) and ¢: (v) in the expressions for f and g, we shall find 


= 1 VU'V' (F V’ )-i(F (a) ) 
=o (0+ \ +) 404 


























H( U" Une =) aU? + bU+c¢ 

E Ceara © (Oe ey ta ae 
ee (ee U’ ) 1(E-3(2 ‘) 
el Nou me CUE) AN 4 ca) 

Sify vy" aV?—bV +e 

tl iene geet y . 


If the osculating ruled surfaces are characterized by equations of the form 
(26), it is readily seen that a = b = c = 0, in the above equations. A dis- 
cussion of some of the geometrical configurations corresponding to this case 
will be given below. We may recapitulate these results in the following 
theorem: 

Every non-ruled surface all of whose asymptotic curves belong to linear complexes 
as defined by a system of equations of the form (10), where the fundamental in- 
variants a’, b and seminvariants f , g are given explicitly as functions of u and v 
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by equations (21) and (27), and conversely. Since all the invariants of S are 
functions of a’, b, f, g and their derivatives, they can be determined as explicit 
functions of u and v. 


§ 4. PROPERTIES OF THE LINEAR COMPLEXES OF THE ASYMPTOTIC CURVES, 
AND A GEOMETRIC CONSTRUCTION FOR THE SURFACES OF THE PROBLEM 


The directrices 6; and 62 of the surface R; are found to have the equations* 


ala, + Aro + 2a” ba, = 0, 


(28) res 
2a x3-+ Ax, = 0, 
and 
9 
24a’ a,+ Ba, + 2a” baz = 0, 
2a ae, + Ba, = 0, 
where 


A=8a.—-V6, B=8a4+ V8. 
The equations of the directrices 6; and 6, of Rz are found to be 


24 ba, + Aia3+ 2a’ Ba = hs 


(28a) 
pA bas + Ay M1 = 0, 
and 
24 ba, + Bi a3 + 22a’ ba, = 0, 
24 bas + By x4 se 0, 
where 


Ai, =8b,—V60’, Bi =8b,+V6'. 


These equations are of fundamental importance in the succeeding investigation. 

It is clear that, when ’ and ” vanish, the osculating linear complexes of 
the curves I” and I” coincide with the linear complexes which contain all of 
the tangents to these curves. Hence, referred to the moving tetraedron 
P,P. P, P,, the linear complexes determined by I’ and I” are given by the 
equationst 


(a) iY = = De W34 — bor4 a bwos => 0, 


(29) | 
(b) C” = — a, 02 + a wy + a’ on3 = 0. 


The invariants of C’ and C” are — b? and a” respectively. 
We shall now determine the linear complexes to which belong the asymp- 
totic curves through the neighbouring points Putau,» and Pu, a. Their 
* Py Pz Pp Pg is the tetrahedron of reference. In this system the coérdinates of the point 


P= ay + Bz + vp +40 are, by definition, (a,8,7,6). 
t Ma, pp. 92-94. 
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equations will, of course, have the same form as (29), the tetrahedra of reference 
being those associated with the points considered. Now when w receives an 
increment du, v remaining constant, the semi-covariants y, z, p, 0 change. 
Let 7, 2, p, o be their new values.* We shall find 


Y=yteu+-:-:-, 
z2=2z2—(fy+ 2bp)du+-:--, 
(30) . 
p=ptoadu+::-, 
¢=a0-+[(2b9 —f,) y+ 4a’ bz — (20, +f) p]du+---. 


Let the codrdinates of any point Q referred to T and T be (21, x2, 23, 4) 
and (21, %2, 3, 4) respectively. Then the point Q is given by each of the 
expressions 


Gry +20, 8 pts p 1 ac , Hytme+ipt+ uo, 


which must therefore be identical except for a factor. Making use of this 
fact and equations (30), we find (on neglecting du” and higher powers of du ) 


OX, = Z + (— fae + ak, ) du, 


(31) wx, = F,dut # + 4a’ bi, du, 
Ot3°= — 2bx2 du + Ca Ba du ’ 
Wt, = X3 du ++ kre 

Whence 


@ fi tio fte — ar,) du, 
w’ f= — x dut x — 4a’ bars du, 


‘3 = 2ba. du + a3 + Bus du, 


€ 
S 
| 


w’ C.— — x3 du + 4 4 
where w and w’ are factors of proportionality and where 
a = 2bg — fo, B = 2b, +f. 


If w;; and &,; are the codrdinates of a line referred to 7 and T' respectively, 
we shall have a 
O14 = wat (— w13 — fw) du, 


G23 = We3 + (— 14 + 4a’ basa = Bars ) du, 
Wo = wa + (wi4 a (23 ) du. 


* The tetrahedron T = P, P, P, P, is displaced to T= Pokg hg toe 
Trans. Am. Math. Soc. 13 
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The linear complex C’/...,, containing the asymptotic curve T'/.a, is given 
by the equation 

(32) & — Gi, Ws + @ (Gia + a3) = 0, 

referred to 7’, where 


I 


a@=a'+a, dut+-::-:, 
G, = A+ Gy du+-:-. 
Therefore the equation of C’,.2., referred to 7’, is 


(-— a, wa. a’ w+ a’ 23 ) 





(32a) : E 
h + (— 2a wi3 + 4a” bw34 + dws.) du = 0, 
where 
= ae _ 9 — Bay 
6 Ped Oe 2a ae by) mat 97 a’ 


We shall need the invariant I’ of the complex 
— 2a’ wi3 + 4a” buss + dw = 0, 
and the mutual invariant (I’’, I’’) of this complex and C/. We find 
77 = eee oT!) ur ae 
The complexes C’/ an dC‘/,2, determine the pencil 


(838) A(— a, wa. + a’wrs + a’ wo3) + we ( — 2a’ wig + 4a!” besa + dws.) = O. 


The special complexes of this pencil are given by the values of \ and uw which 
satisfy the equation 
MI" + rw (1, 1”) + wel" = 0. 
Hence 
V6 


Ou 55 


ve 

ia a’ 
Introducing these values of \/ u into equation (33), we find the line codrdinates 
of the directrices of the special complexes of the pencil to be 


3 Pn. O , ; , VO 
O12 = 4a ie O3=—> a - ol: a a 6, W1i4 = a = a, = 93 , 
(34) . i 
V0 2 
/ 
wns = al (— a ee ’ w34 = 0, ws. = — 2a’. 


Their point equations are 


2 a! a1 + (8a, = VO) v2 + 25 a” ba, = 0, 
(34a) os 
24 a’ ag + (Sa;, a V 6) v4 = QO. 
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If we substitute the codrdinates (34) in equation (29a), we find that the 
directrices of the congruence determined by the complexes CY) and C/.a 
(i. e., according to equation (28) the directrices of R,) belong to the complex 
C;. Similarly we prove that the directrices of R2 belong to C’;. Hence the 
theorem: 

The directrices of the osculating ruled surfaces R, are contained in the com- 
plexes C,, determined by TY’, and the directrices of Ro are contained in the complexes 
C’, determined by T’’. 

It is of interest to obtain this result in another way. Let H be the common 
osculating hyperboloid of R; and R,. Its equation is 


(35) 4 98 + i bai = ().* 


The lines (84a) and the corresponding lines of Rez are easily seen to be on H. 
The complex (’/ contains three generators of the first kind on H and therefore 
all the generators of this set. The complex C) contains three and therefore 
all the generators of the second set on H. The directrices (61, 62) and 
(6,, 6.) are among these generators, as we have just seen. This proves the 
theorem. 

Let v remain fixed and let wu vary. Then R, remains fixed as P, describes 
the asymptotic curve I, on S. Hence the directrices (6; , 6:) of Re belong to 
all of the complexes C’;. But Rz is any surface of the one parameter family 
of osculating ruled surfaces of the second kind. Hence all the directrices of 
R» are generators of a ruled surface S, contained in all of the complexes C’ 
of S. Similarly the directrices of R; are generators of a ruled surface S, 
contained in all of the complexes C; of S. We shall now prove that 8; is 
identical with S, and therefore a quadric, the two sets of directrices being 
complementary reguli. 

Since the four directrices (6;, 62) and (6;, 6:) of the osculating ruled sur- 
faces R, and FR, determined by I’ and I” are situated upon the osculating 
hyperboloid H of the point P,, and since this is true for every point of I’ 
when 2 is fixed, and for every point of I’ when w is fixed, it follows that all the 
directrices of FR, intersect all the directrices of R.. Therefore the generators 
of S; and S_ constitute complementary reguli on the same quadric surface. 
We shall call this surface the directrix quadric and denote it, for brevity, by 
the letter Q. 

If the integrating surface S is not ruled, all the complexes C’ can not be those 
of a pencil of complexes. For, if all the complexes C’ were contained in a 
pencil, the congruence determined by C} and C,.2, would have the same pair 
of directrices (6;, 6:) for every v. Therefore all the osculating ruled surfaces 


* Mz, p. 82. 
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of one family would belong to the same linear congruence, viz., the one having 
(5,, 62) as directrices. But this implies that S itself is a ruled surface of the 
congruence. Similarly we show that the complexes C” are not all contained 
in a pencil. 

Therefore if all the linear complexes of the asymptotic curves of either family 
belong to a pencil, the surface must be ruled. 

If I’ or I” belong to a one parameter family of linear complexes not con- 
tained in a net, then these complexes could not intersect in more than two 
lines.* Therefore, there could not be more than one pair of directrices for 
the osculating ruled surfaces of the other family. But by the above theorem 
the surface S would, in this case, be ruled. We therefore have the theorem: 

If both families of asymptotic curves of a non-ruled surface S belong to linear 
complexes, these complexes must form two one-parameter families belonging to 
two involutory nets.7 

This theorem, together with one which we shall now prove, leads to an 
important result, namely, a geometric construction for the surfaces having the 
property in question. 

The osculating hyperboloid Hy+au, » of the surfaces R; and R, determined 
by the asymptotic curves through the point Pi+au, » has the equation 


H1 X4 — To F3+ 2a! bk = (y 
referred to 7’. This becomes, when referred to 7 : 
(a1 %4 — X wg + 2a’ bai) + (— 2bx; — 2b, aa, + ya) du = 0, 
where 
Df ies Zarb) — bg]. 


Now H,, , and Hu+au, » intersect along two generators of R, consecutive to 
P, P,, and two generators of the second set upon H in the planes 


(36) 24 bay — (Sby = V0") ay = OF. 
The tangent plane to H,, , at the point (y1, 0, y3, 0) is 
(36a) 2 Ys — Meyi = O. 


Therefore the generators of intersection of H,, , and Hytau, », apart from 
those consecutive to P, P,, pass through the points 


(36b) wy = (8b, — V0’) y—16bp, wt = — (8b, + V6’) y+ 16bp. 
These two generators are the flecnode tangents to R: at the flecnodes on P, P,. 
* The complexes of a hypernet have, at most, two lines in common. 


+ The mutual invariant (J’’, J’) vanishes and therefore the complexes are in involution. 
t This follows from the definition of @’ and the second integrability condition. 
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Let us now assume that the asymptotic curves I’ belong to a one parameter 
family of linear complexes contained in a net, but not contained in a pencil. 
The complexes of this net have in common a regulus p” of a quadric Q, as 
we have seen. The directrices (6; (w,v), 62 (wu, v)) of R, are situated upon 
the complementary regulus p’ of Q, and also upon the osculating hyper- 
boloid H,,,. Hence Q and H,,,» intersect in another pair of generators 
(gi (%), g2 (w)) of Q and H,, » which belong to the regulus p’’. Again, the 
directrices (6; (w+ du, v), 62 (w+ du, v)) of 1S hee » are on Q and be- 
long to p’; hence Q and Hyz+au, » mtersect in another pair of generators 
(gi (w+ du), g2(w-+ du) ) which belong to p’’. Now the generators, not con- 
secutive to P, P,, common to H,, , and Hu+au, » are given by equations (36), 
(36a), (86b). These being on H,,, and Hy+au, » must intersect the four gen- 
erators (6:(u,v), 62(u, 0)) and (6:(w-+ du, v), 62(u-+ du, v)) of Q and 
are, therefore, generators of the regulus p’’. If we call these lines (1), 2), 
it follows that the pairs (gi (vw), go (w)) and (g: (w+ du), go (w+ du) ) 
both coincide with the pair (/,, 2). For otherwise the total intersection of 
@ and H,, , would be of higher order than the fourth, 1. e., Q and H,, , would 
coincide and S would be itself a quadric surface. In precisely the same way 
we see that Husau, », etc., +++, intersect in two generators belonging to p’’ 
of Q. These must, therefore, be (11, 2). Proceeding in this manner we find 
that all of the osculating hyperboloids of Rz (%) (say) have in common a 
fixed pair of lines of the regulus p”’ of Q, viz., the pair (1, l2), and therefore 
R, has a pair of straight line directrices* (6; (wu, vo), 62(w,vo0)). Hence all 
of its asymptotic curves belong to linear complexes. In particular I’ belongs 
to a linear complex, and this is true for every value of v. We therefore have 
the theorem: 

If the asymptotic curves of one family of a non-ruled surface belong to a one- 
parameter family of linear complexes contained in a net, then the asymptotic 
curves of the second family must also belong to a one-parameter family of linear 
complexes contained in an involutory net. 

To construct the surfaces having the property in question we may now pro- 
ceed as follows: Select a one-parameter family of pairs of lines (6; (w), 
do (w)) on Q. Each of these pairs of lines determines a pencil of linear com- 
plexes, (6; (w), 62 (w)) being the axes of the special complexes of this pencil. 
In each of these pencils pick out (according to some arbitrary law) one complex 
C (uw). We thus obtain a one-parameter family of complexes contained in a 
net. Every line which intersects (6; (7), 62 (w)) belongs to C (uw). Let us 
begin with w = wo. Let R; (uo) be an arbitrary ruled surface having (6, (29) , 
52 (wo) ) asdirectrices. Ry (uo) will then belong to C (wo) , and one of its asymp- 
totic curves I (wo) intersecting every generator twice will likewise belong to 


*( 61 (wu, v0), 62 (u, %) ) are the lines (1, , 12). 
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(1) 


the complex C (uo). Let g, g\, 9, ete., be the generators of R, (19) 
corresponding to v = %, % + dv, % + 2dr, etec., and intersecting I (wo) in 
the points Ao, A1, Abe, ete. 

Now let (6; (uo + dw), 62 (1% + dw)) be the pair of lines of Q which cor- 
respond to u = up + du, and C (uw + du) the corresponding linear complex. 
Let Po be a point of g\” ultimately to be allowed to approach the corresponding 
point Ao of I (uo) as its limit. The line g‘?,,,, through Py which intersects 
(8; (%& + du), 62 (uo + du)) belongs to the complex C (w+ dw). Hence 
the null-plane of Py in the complex C (uo + du) contains g,,,. Let its 
intersection with g\!? be called P;. Then Po P; also belongs to C (up + du). 
Denote by g/)’.2, the line through P,; which intersects (6; (wo + du), 
5. (uo + du)), and by Pz the point where g‘ is cut by the null-plane of P; 
in the null-system of C (w+ du). Then g(}?,,,, and P; Pz are lines of the 
complex C (uo + du). As we continue this process and proceed to the limit 
(i. e., dv = 0) we obtain a curve on R, (uo + du) whose tangents obviously 
belong to the complex C (wo + dw). Moreover, the null-planes of the points 
of this curve in the null-system of the complex C (wo + dw) are clearly tangent 
to the surface R, (w+ du). But for any curve of a linear complex the 
osculating plane at any point of the curve coincides with its null-plane. 
Therefore the curve Ry; R, R3 +--+ is an asymptotic curve of Ry; (w+ du). 

By starting anew with the lines (6; (wo + 2dw), 62 (wo + 2dw)) and the 
surface R; (wo + dw), ete., we can construct a new ruled surface R; (uo + 2du) 
with an asymptotic curve on it belonging to the complex C (2) + 2dw), ete. 
If now we allow du to approach zero, we (finally) obtain a surface S as the 
envelope of the ruled surfaces constructed in this way; and the asymptotic 
curves of one family on S clearly belong to the given one parameter family of 
linear complexes. But by a previous theorem it follows that the asymptotic 
curves of the second family on S will also belong to linear complexes. 

If the asymptotic curves of a single family belong to linear complexes 
(i. e., if Q’ = 0, Q” + 0), we select a one parameter family of pairs of lines 
(6; (uw), 62 (w) ) on a directrix ruled surface of the third or higher order so as to 
preclude the possibility of the second family of asymptotic curves belonging to 
linear complexes. ‘The remaining steps in this construction are precisely the 
same as in the case just considered and need not be repeated. Our construc- 
tion shows that this directrix ruled surface may be chosen arbitrarily. 


vr 


§5. THE LINES COMMON TO THE COMPLEXES C), Cy, Cosav, Curran 


, , mr . . 
The complexes C;, Cv’, Cisau, Cra, have in common the same lines as the 
complexes 


* Cf. Ms, pos. 
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= a, wie + a’ wr + a’ Op U3 
— 2a’ G13 ++ 4q” bws4 -|- 6042 = 0, 
a by W34 — bois == bwes = Ue 


+ 2baie + 4a’ B? wae + 8’ wes = 0, 
where 
_ O-— 28 a 


6’ — 2° 
$= ae 


/ 


i ar 





All of the lines common to these complexes intersect the lines 
2a’ ba; + ai, ba. + a’ b, x3 = 0, a, = 0; 
2ba2 + by x4 = 0, 2a’ a3 + aa, = 0, 


which are the directrices d and d’ of the first and second kinds of the point 
degen v) Ps If 
p=—ayt2a2z, gq=—byt 2bp, 


then \p + yq is an arbitrary point on the directrix of the first kind. Similarly, 


if we write 
/ 
r= — a’ bz — ba, p+ 2a’ bo, 


then \’y-+ p’r is an arbitrary point on the directrix of the second kind, 
The codrdinates of the line joining these points are 


wig = — 2a’ dN’ + a’ ay by Aw’ + a! DF wy’, 
wig = — 2bud! + ba dw! + bby ai wy’, 
wi4 = — 2a’ ba, Ap’ — 2a’ bb, wy’, 

@wo3 = — 2a’ ba Au’ + 2a’ bby wy’, 

w34 = 4a’ b? wy’, i= 40s byw’. 


In order that this line may belong to the complexes Cy, and Cv, , > 
’, w’ must satisfy the equations 


Ory! — 27N w+ 2° (a,b, — Ba” b?) py’ = 0, 


OTAN’ — 28 (a, bp — 22 a!” b?) Aw! — 6’ pp’ = 08 
Hence 





Y Bee ee © pe Then 

Nees NO eee 

ia 6’ oe 2 / 
* Mz, pp. 95, 96. 
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Thus we have two lines* common to these four complexes, and they are ob- 
viously the diagonals of the skew quadrilateral (6:, 62, 6:, 62). Since 
A/p= + V0'/ 6, 1, and l, intersect the directrix d in two points which are 
harmonic conjugates with respect to p and q. Again d’ intersects the oscu- 
lating hyperboloid H in the points P (1, 0, 0, 0) and Q (a1, a, 23, a4), 
where 





, nA 
Oy = (ade pe 2, = — 2a' b,, fs = ta oe x, = 4a' be 


Hence 7; and 7 intersect d’ in two points which are harmonic conjugates with 
respect to P and Q. We therefore have the theorem: 

If the asymptotic curves of a non-ruled surface belong to linear complexes, and 
af the directrices of Ry and Ry are distinct, the diagonals of the net-work of skew 
quadrilaterals formed by the directrices of Ry and Ry on the directrix quadric are 
the lines common to Cy, Cv, Cozavy Crear. These lines intersect the directrices 
of the first kind in points which are harmonic conjugates with respect to the inter- 
sections of the latter with the asymptotic tangents. They intersect the directrices 
of the second kind in points which are harmonic conjugates with respect to the 
intersections of the latter with the osculating hyperboloid. 


§ 6. APPLICATIONS TO THE THEORY OF RULED SURFACES 


If the integrating surface S is a ruled surface not a quadric, we may assume 
a’ equal to zero, and b different from zero. Then from equations (11) and 


bs b, 


Q = bis — b 5) 





it follows that we can find by quadratures a transformation of the type (18) 
which replaces equations (10) by the following system: 


(37) Yuu t 2yo + fy =O0, You —- ay = 0,7 


where a is a constant and f is a function of u alone, since, by equations (11), 
Ju = Jv = fv = 0. Therefore any non-developable ruled surface (not a quadric) 
whose asymptotic curves belong to linear complexes may be represented by a system 
of equations of the form (87), and conversely, every such system of equations defines 
a projectively equivalent family of non-developable surfaces having the property 
in question. 

From (37) we find that 


, : 2 16 : 
0’ = 2a, 01 = F fuu + 55 f° — 4a. 7 
av 
* We shall refer to these as l; and I. . 


+ 6’ denotes the invariant of weight four for the surface S and 6, the invariant of weight four 
forse 
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If we impose the additional condition that the asymptotic curves be twisted 
cubics, we find precisely the same equations as we obtained from the point 
of view of ordinary differential equations. Corresponding to the first case 
under (9) we find 

=a=-f=0. 
Equations (37) now become 


Yuu 2y, = 0, You = O. 
On integrating the second equation we find 
y = Ujv + U2, 


where U,; and U> are functions of u alone. Substituting this expression for 
y in the first equation and integrating the resulting equations 
dU, i Us 


ues erat 7 
du? us du? 3 ee ea 





we find 


3 
y = (au+ b)o+ (-"y- bu? + cu + a), 


where a, 6, c and d are arbitrary constants. Therefore the equation of the 
surface S is 
3y4 (Yo Ys — yr Ys) — 2y3 = 0, 


which is the equation of a Cayley cubic scroll. If we notice that the con- 
ditions imposed upon equations (37) in this case are precisely that the in- 
variants 6’, C’, and h shall vanish, we have a simple direct proof of the theorem* 
that “‘ If these invariants vanish identically, the surface must be a Cayley 
cubic scroll.’’ By the classical method we find the line y3 = ys = 0 is the 
nodal line, and the point P (1,0, 0, 0) is the pinch-point. 

In his third memoir,t Wilczynski has proved an interesting and important 
theorem for the case when 6’ and a certain invariant St are each different 
from zero. Now for the surfaces of the type we are considering [i. e., Q’ = 0 | 
the osculating linear complexes are indeterminate, and the invariant 8 vanishes 
whether 6’ vanishes or not. The theorem just referred to undergoes extensive 
modifications in this case. In fact, we can find the locus of the pinch-points 
and singular tangent planes not only of the «©! osculating Cayley cubic scrolls 
belonging to a single generator g of S but also of all the ©? Cayley cubic 
scrolls associated with S. 

An arbitrary point Py on the generator g of S will be represented by 





* Mz, p. 307. 
+ Ms, p. 315. 
tB = — 2°( (bo, — 20,6’)? — 4b%c 0’). 


192 C. T. SULLIVAN: SURFACES WHOSE ASYMPTOTIC CURVES [April 


Y=y+lp, 


where / is an arbitrary constant. 
Since the invariant ©’ vanishes, we may assume that the equations of S 
have been reduced to the form (387). We shall find 


(38) Yuet 2Y,+7Y =0, Y.. —aY =0:- 
The semi-covariants of this system of equations are 
Y=y+lp, L=2z+1c, P=aly+p, Z=alz+o. 
The pinch-point z of the Cayley cubic scroll, osculating S at the point Py, 
is given by the expression 
v= BY = 2 (alz+c). 
Hence as Py moves along the generator g, the pinch-point of the osculating 
Cayley cubic scroll moves along the line joining the semi-covariant points 


P.,and P,. We shall now set up the equations of S in the form (1). They 
are found to be 


(39) Yuu t+ fy + 4p ae 0, Puu + 4ay + fp = 0. 
The semi-covariants of this system are 
r= 22, $= 20, y= Y; p=p. 


For uniformity we shall use the notation of the theory of ruled surfaces and 
write these equations 


(39a) Yuutfy+t42=0, 2uu+4ay+fe=0, 


and denote their semi-covariants by y, 2, p, o. If we denote the semi-co- 
variants of (37) by y’, 2’, p’, a’ we shall find 


Therefore the equations of transformation between the coérdinate systems 
determined by P, Pa P, Pj, and Pf, P,P, are 


y / , , 
OL = ti. WO ey = 2ae. OQ tg == Ne, ee ew ee ee 


(40) 


/ tf , f 
wx; = 271, wte = 243, Wis = X2; Wt, = %, 
where w and w’ are factors of proportionality. From these equations we find 


that the coédrdinates of the pinch-point z of the Cayley cubic scroll osculating 


Dratee, are 
i1=7=0, %it=a, 
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the codrdinate system being that determined by P, P: P, P,. Equations (37) 
show that the invariant 6’ is a constant; so that the first derived ruled surface 
of S is the principal surface* of the flecnode congruence of S. We therefore 
have the theorem: 

The locus of the pinch-points of the osculating Cayley cubic scrolls of a ruled 
surface whose asymptotic curves belong to linear complexes is the principal surface 
of the flecnode congruence of the surface itself. 

An interesting special case arises when f (w) reduces to a constant. It 
follows from the general theory of ruled surfaces that the surface S then gives 
rise to a surface of pinch-points S; which is a projective transformation of S; 
and S; gives rise to a surface of pinch-points which is the surface 8 itself. 
As Py describes an asymptotic curve on S, the corresponding pinch-point 
describes an asymptotic curve on the surface of pinch-points. 

From equations (40) it follows that the nodal line of the Cayley cubic scroll 
of the point Py intersects the generator g in the point 


v= ah y + 2, 
where f; : f2 = 1. The flecnodes on g are the points 
n= Vay —8, C= Vayte. 


The cross ratio of the points (P,Q,7,¢)is—1. The singular tangent plane 
of the Cayley cubic scroll is tangent to the osculating hyperboloid at the 
pinch-point.j Its codrdinates are 


(im, — at, 0, 0). 


If we denote that generator of S; (the surface of pinch-points), which cor- 
responds to g, by g’, we see that the singular tangent planes of the Cayley 
cubic scrolls of g form a pencil whose axis is g’. 

Therefore as the point P moves along the generator g of S, the singular tangent 
planes of the osculating Cayley cubie scrolls rotate about the corresponding generator 
of the locus of pinch-points as axis. If f (uw) reduces to a constant the point P, 
the point Q where the nodal line of the Cayley cubic scroll of P intersects the generator 
g, and the flecnodes n and ¢ on g form a harmonic group. 


§ 7. THE DIRECTRIX CURVES ON THE SURFACES S OF THE PROBLEM CAN BE 
DETERMINED BY QUADRATURES 


The linear complexes determined by the asymptotic curves through P, 
have a congruencein common. The directrix d (the directrix of the first kind) 


* W, pp. 216, 218, 220, 
T Mg, p. 303. 
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of this congruence is situated in the tangent plane of P,; the directrix d’ (the 
directrix of the second kind) passes through P,. As P, moves over S, d 
and d’ generate the directrix congruences of the first and second kinds re- 
spectively.* The differential equation of the directrix curves on S, which 
correspond to the developables of these congruences, is 


(41) bLdu? + 2Mdudv — a’ Ndv* = 0, 
where 
} , 0 
L = — 2a’ (2a’ bf + 2a' bb, + baw) + ba? = eA? 
U = 2q'b (ab be) (Bo, 0c, — a Oe be 
j : 6’ 
N = — 2b (2a’ bg + 2a’ ba, + a’ by) + a’ 5; = 64° 


Since I’ and I” belong to linear complexes, we have 


Oe) = 
and therefore 


M=2 a" (bby — 5, be — 0 (a! a, ann.) = 0% 
Hence equation (41) becomes 
(41a) bédu? — a’é’dv? = 0. 


If we introduce the transformation} 


dE 3105 (0 Lae 








we see, from equations (17), (18), (19) and a previous theorem, that (41a) 
becomes 


which gives (on integration) 
u + 0 = const., ué — 0 = const., 


as the finite equations of the two families of directrix curves on S. Since M 
vanishes the directrix curves form a conjugate system on the surface S. 

If Y , Q”, 6, 6’ all vanish (2. e., of the normal forms of the seminvariants f and 
g are characterized by the vanishing of the constants a, b, c), equation (41) is 
satisfied for every direction du: dv. In this case we find that the point 





* Mz, p. 114 et seq. 3 
+ The origin of this transformation is clear if we recall that b/a’ =60:(u)/62(v), 
@/a” = 91(u),0'/B = g(v). 
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P=X (yt yu dut yy dv) + u(r+7.dut+ t, dv)* 


is on the line 
2bxe — b, a4 = 0, 20 23 + a, 24 = 0 


for every value of du : dv, if 
A: = — (2004+ 0,8) : 2b = — (2a’ R+ 4,8’) : 2a’. 
It follows that under these circumstances all the directrices of the second kind 


in the vicinity of a point P have a point in common. Referred to 7' the 
coordinates of this point are found to be 


(ees —— (200 et — — 2a'bb,, 23 = — 20,67, 24= 4a’ bd. 
Using the fact that the invariants Q’ and Q” vanish, we find 
1222 2%3 1%, = 2a” b? — ai, b, : 2a’ b, : 2a,b:— 4a’bd. 
To prove that this point is fixed in space we consider the following expression 
a = — (2bQ0+ b, S)y — 2a’ bb, z — 2a),b? p + 4a’ Bo 
for the point (42), and calculate 


Or Om 
T +a, duet 9p 2» 
making use of the relations 


Ce — —  —.()) 
We find 
Om da mm aub + 4a’ b, a’ by + 4a,b 
w+ 5e dut Gedo = (1+ Bald du + Da’ b iw), 








which shows that z is a fixed point. 
Let us now consider the directrices of the first kind. The point 


P=X(rtrdutr, dv) t+ u(st+ s,dut sy dv) 
will be on the line joining 
r=—a,y+2a’z and s= —b,y+ 2bp, 
if the equations 
(Sa” b? + aby) (da! dv + pbdu) = 0, da’ dv + ubdu = 0, 
are satisfied. If we choose 
A: n= — bdu:a’ do, 





* += —a’' byz — ba, p + 2a’ be, @. = 8a" bt — abge = Obs, 1S = a,b + 2a’ dy, 
S’=a'b,+2a,b, R= —(2a’' df + 2a’ bby + ba,, + a, bu). 
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we see that two consecutive directrices intersect for every value of the ratio 
du:dv. It therefore follows that all the directrices of the first kind in the 
vicinity of the point P, lie in the same plane. We proceed to determine this 
plane. By using the conditions 


O= OY = 97= 9 =0 
we can show that the four points 
r,8,r+rudut tr, dv, s+ s.du+t+ s, dv 


are coplanar. After some reductions we find the equation of their plane, which 
we shall call the directrix plane, to be 


2? a! bay + 2a%, bao + 2a’ by x3 + (22 a” B+ aby) ay = 0. 


It can be readily shown that this directrix plane is the null-plane of 7 in both 
of the complexes C’ and C’’. If we introduce the transformation* 


r . : r 

Ft = — auX — BY + BZ + we, 7 ts = MY — of, 
r 2 r 

qt = WX — BZ, 7m = Z, 


which refers the plane to the canonical tetrahedron of the point P,, the above 
equation becomes 


Z+ 8 = 0, 
and the point z referred to this tetrahedron becomes 
At) cs Z= — 2, pale 


These results may be combined in the following theorem: 

If both families of asymptotic curves of the surface S belong to linear complexes 
and af the invariants 6 and @’ vanish, the directrix congruences degenerate. The 
directrix congruence of the first kind consists of the net of lines in the directrix 
plane, while the directrix congruence of the second kind consists of the sheaf of 
lines through the null-point of the directrix plane in the complexes C’ and C"”. 

There remains to be considered the case of a degenerate directrix quadric. 
This case is closely allied to that of the degenerate directrix congruence re- 
ferred to above. There also exist a number of other curves and congruences. 
organically connected with the configurations of this problem. The discussion 
of all of these questions will be reserved for a future occasion. 

Tue UNIVERSITY OF CHICAGO. 

* Mz, p. 104. 


RELATIVELY UNIFORM CONVERGENCE OF SEQUENCES OF 
FUNCTIONS * 


BY 


E. W. CHITTENDEN 


E. H. Moore? has introduced the notion of uniform convergence of a sequence 
of functions relative to a scale function. It is the purpose of this paper to 
study this type of convergence in the field of functions of a real variable. 

1. The following definition of relatively uniform convergence is, for the 
case of a sequence of functions of a real variable, equivalent to the definition 
given by Moore. 

A sequence { up} of single-valued, real-valued functions yu, of a variable 
p, ranging over a set 3 of real elements p, converges relatively uniformly on 
$$ in case there exist functions @ and a, defined on J, and for every m an in- 
teger m», (dependent on m), such that for every n greater than or equal to nn 
the inequality 
Qa icra 


holds for every element p of %. 

The function o of the definition above is called a scale function. The 
sequence { u, } is said to converge uniformly relative to the scale function o; 
or more simply, relatively uniformly. 

2. The following propositions are immediate consequences of the definition 
of relatively uniform convergence.§ 

I. Uniformity of convergence relative to a constant scale function different 
from zero is equivalent to uniform convergence. 

II. Uniformity relative to o implies uniformity relative to every function 
7 such that |7| 5 |o]. 

* Presented to the Society March 22, 1913. 

} An Introduction to a Form of General Analysis, The New Haven Mathematical Colloquium, 
Yale University Press, New Haven, 1910. This memoir will be cited as I. G. A. 

t The relation (1) holds identically in p. In such cases we follow the usage of Moore 
(ef. I. G. A., p. 27) and omit the variable. 

§ Cf. I. G. A., p. 33, et seq. All propositions and theorems of this paper are stated for 


sequences of functions. The corresponding propositions for series of functions are readily 
inferred. 
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III. Uniformity as to a function o such that A <|o| < B, where A and B 
are positive, implies uniform convergence. 

IV. If a sequence converges uniformly relative to a scale function o, but 
does not converge uniformly, then o is not bounded. 

V. If a sequence of functions is defined on a class $ and if $8 may be divided 
into a finite number of parts such that the sequence converges relatively 
uniformly on each part, then the sequence converges relatively uniformly on 
$.* 

VI. If a sequence converges relatively uniformly on 3, S$ may be divided 
into a sequence { [, } such that no two sets Bn,, Bn, (m1 + M2) have a 
common element, and such that on each $8, the sequence converges uniformly. 

3. The following examples are illustrative of relative uniformity of con- 
vergence. 

(a) The class { is the interval 0 < p < 1; the sequence { yw, } such that 
Mn (p) =1/np (p +0), pr(0) =0. This sequence does not converge 
uniformly, but the function ¢ (p) = 1/ p is effective as a scale function. 

(b) The class $8 is the infinite segment, 1 <p; un(p)=1/np. The 
sequence converges uniformly, but satisfies the stronger condition of uniform 
convergence relative to the scale function ¢ (p) = 1/ p.t 

4. Using the notation of § 1, we denote by ¢, (p) the least upper bound of 
|0(p) — wn (p)| for all n’ =n. If the sequence { uw, } converges to @ 
uniformly, relative to a scale function o (p), then for every m there exists 
an 7, such that the inequality (1) is satisfied for all nm 2 n,. Hence we may 
write, in view of the definition of ¢, (p), 


(2) mdn,(p) S|o(p)|. 


As an immediate consequence of this result we have the following theorem: 

THEOREM 1. A necessary and sufficient condition that a sequence { Un } 
of functions fn converges relatively uniformly on % to a limit function @ is that 
there exist a sequence { Nm } of positive integers such that the sequence md¢n,,(p) 
has an upper bound B(p) for every p. 

5. Let S$ be any interval (a, b), and (7, q) a sub-interval of $ in which 
the only point of non-uniform convergencet of a sequence { pw» } is the end 
point g. The sequence { u, } being supposed convergent on (7, g), we have 
a function A(p) 2 1 such that for every p in (7, ¢) 





* Cf. §6 of this paper, proposition VIII, which is an extension of proposition V and the 
converse of VI. 

+ Other examples are given later in this paper. Cf. also I. G. A. 

t A point q is a point of non-uniform convergence in case the measure of non-uniformity of 
convergence of the sequence is greater than zero at q. Cf. W. H. Young, Proceedings 
oftheLondonMathematical Society, ser. 2, vol. I (1903-4) p. 91; also E. W. 
Hobson, Theory of Functions of a Real Variable, Cambridge University Press, p. 474, § 342; 
p. 484, § 349. 
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|6(p) — un (p)| S$ A(p). 


We will now show that the sequence { wu, } converges uniformly on (r, ¢) 
relative to the scale function ¢(p) = A(p)/(q-—p); ¢(q) =A(q). 
For each m greater than 1/ (q — p) choose pm so that ¢— Pm =1/m. Then 
in the interval (r, pm), which contains no point of non-uniformity, the 
sequence { u, } converges uniformly, and therefore n,, exists so that for every 


n= Mm, pin (r, pm), and p= q, 
m|@(p) — pm (p)| S1. 


But for every n, and p in the segment pn <p < q, 
Tp pet p) | =A (p)/ (7 — 2): 


The combination of the last two inequalities gives the desired convergence 
relative toc. 

The result just obtained is stated in the following theorem: 

THeoreM 2. If q is on the left an isolated point of non-uniformity of con- 
vergence of a convergent sequence of functions, there exists a left necghborhood of 
q on which the sequence converges relatively uniformly. 

A similar statement holds if q is isolated on the right. 

6. We have occasion to use the following two propositions from general 
analysis.* 

VII. If a sequence of functions is defined on an enumerable set $$ and 
converges on ‘$ it converges relatively uniformly on 3. 

VIII. If a sequence of functions is defined and ‘converges relatively uni- 
formly on each of a sequence of classes $$, it converges relatively uniformly 
on the class $$ of all elements which are in some class §3,,, the least common 
superclass of the classes J, . 

7. Denote by © the set of all points q of non-uniform convergene of a 
sequence of functions converging on an interval $5 to a definite limit function; 
by 0’ the derived set of QO, and by Q° the aggregate of the points of O and 
Q’. O° is closed. The set complementary to {2° consists of the interior 
points of an enumerable set of non-overlapping intervals, in each of which 
the sequence of functions converges relatively uniformly (Theorem 2). It 
follows from proposition VIII that the sequence converges relatively uniformly 
on the complement of Q°. Since the points of Q° which are not in Q’ form 
an enumerable set, we may state, in view of the preceding remarks and proposi- 
tions V and VII, the following theorem: 

THEOREM 3. A necessary and sufficient condition that a sequence of functions 
converges relatively uniformly on an interval 8 is that rt converges relatively uni- 

* Proposition VII is from I. G. A., p.87. A simple proof may be given following the lines 


of the proof of Theorem 2 above. Proposition VIII is an immediate extension of VII. 
Trans, Amer, Math. Soc, 14 
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formly on the derived set Q’ of the set Q of the points of which are points of 
non-uniformity. 

CoroLuary I. If Q! is enwmerable the sequence converges relatively uniformly 
on JS. 

Corotuary II. If a sequence of functions does not converge relatwely uniformly 
on J8, the corresponding set Q’ 1s not enumerable, that 1s, 2 1s dense on a perfect 
set. 

8. The converse of corollary II above is not true, as is shown by the following 
example.* ‘Sis the interval (0,1). We define the sequence { pu, } as follows: 
Mn (p) = 0, if = is irrational, zero, or equal to m/k (m and k relatively prime, 
andk + 1); un(p)=1,ifp = m/n (m,n relatively prime). For this sequence 
of functions every p is a point of non-uniformity of convergence. However, 
the functions of the sequence are all zero on the irrational points. Hence by 
propositions V and VII the sequence converges relatively uniformly. 

Osgood} has given an example of a sequence of continuous functions con- 
verging to zero as a limit for which the set Q and its derivative form a perfect 
set, but which converges relatively uniformly because the sequence is identi- 
cally zero on OQ and QO’. . 

9. For sequences of continuous functions we have the following theorem: 

THeorEeM 4. If a sequence of continuous functions converges on an interval 
38 to a continuous limit in such a way that the set Q of all points of non-uniformity 
of convergence is dense on SS, the sequence does not converge relatively uniformly. 

To establish this theorem it is sufficient to show that for every sequence 
{ %» } of positive integers n» there exists a p determined by the sequence 
{ Mm } such that the sequence { md@n,(p) }f is not bounded. Theorem 4 
follows in view of Theorem 1. 

Let { mm } be any sequence of integers with index m, and { up } denote the 
sequence of continuous functions of the theorem, converging to a continuous 
limit 6. Since the sequence { yu, } does not converge uniformly in any sub- 
interval of SS there exists an integer m, with the following property: for every 
N there exists an n; greater than N and a 7, (interior to $3) such that 


TO Cae an (D1) |e dee 


Since 6 and yu,, are continuous, we may find an interval J; interior to $$ such 
that for every p in J, 


m1|0(p) — bn (p)| > 1. 


*Cf. W. H. Young, Proceedings of the London Mathematical So- 
ciety, Ser. 2, vol. I (1903-4), p. 94; also E. W. Hobson, Theory of Functions of a Real 
Variable, p. 487. 

t Non-Uniform Convergence and the Integration of Series Term by Term, American Jour- 
nal of Mathematics, vol. 19 (1897), p. 168. 

t Cf. § 4 for explanation of this notation. 
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Consequently, if we take N equal to mm, of the sequence { n» }, we have 


my Prm, end 
for every pin ,. 
By similar reasoning we may show that there exists an mz and an interval 
I, interior to J; such for every p in I, 


M2 Prm, (Pp) > 2. 


Proceeding step by step in the manner indicated we may obtain a sequence 
{ m; } and a sequence { I; } of closed intervals, each interior to the preceding, 
such that for every 7 we have on J; 


1; by, (PD) > J 


There must exist an element p° common to the intervals J;.. For such an 
element we have for every 7 
5 bn, (D2) > F 


The sequence m¢n,, (p°) is therefore unbounded, which was to be proved. 

Osgood* has given an example of a sequence of continuous functions con- 
verging to a continuous limit for which the set Q is dense on J. It follows 
from the theorem just proved that this sequence does not converge relatively 
uniformly. 

10. A point of non-uniformity of convergence of a sequence of functions 
relative to a subset 3 of $$ is a point whose measure of non-uniformity of 
convergence relative to 3 is greater than zero.+ 

Evidently a point of non-uniformity of convergence relative to {i is a point 
of non-uniformity of convergence relative to any set containing 3, and 
therefore of L. 

A slight extension of the proof of Theorem 4 serves to establish the following 
generalization of that theorem. 

TuHroreM 5. If a sequence of functions defined on 8 and continuous on VK, 
a perfect subset of IS, converges on $3 to a limit which is continuous on J in such a 
fashion that the class Q of all points of 8 which are points of non-uniformity of 
convergence relative to St is dense on Kt, then the sequence of functions does not con- 
verge relatively uniformly on or on $B. 

Ursana, IL1., 
May 7, 1913. 


* Osgood, loc. cit., p. 171. 
+ Hobson, loc. cit., p. 484, § 349. 





NOTE ON FERMAT’S LAST THEOREM“ 


BY 


H. 8. VANDIVER 


1. If x, y and z are integers prime to each other, and 


(1) ye tg == 1() 
where p is a prime, and 
yet — | 


CE Vis Tae 
Furtwingler + has shown that 


q (r) = 0 (mod p) 
for each factor r of 2, in case x = 0 (mod p), and for each factor r of 2? — y’, 
in case 2” — y” is prime to p. 

By applying this theorem, Furtwingler deduces the criterion of Wieferich 
q(2) =0 (mod p) and the criterion of Mirimanoff q (3) = 0 (mod p) 
for the solution of (1) in integers prime to p. I shall here extend these results 
and show that in addition we have, provided that q(2) = 0 (mod p’), the 
criteria g(5) =0 (mod p) for p=1 (mod 38) and q(5)=q(7)=0 
(mod p) for p = 2 (mod 3). 

2. Assume that x, y and z are prime to each other and to p and that p> 5. 
If one of the integers 2, y, 2 is divisible by 5, then qg (5) = 0 (mod p) by 
Furtwingler’s theorem. If none of them is so divisible, then, modulo 5, 
x? , y?, 2? have the residues + 2, + 2, + 1 or + 1, + 1, = 2 in some order. 
We may therefore take 7? = y? (mod 5). Then x= y (mod 5), since 
every integer has a unique cube root modulo 5. Thus 5 is a divisor of 2?—y?’. 
Hence (§ 1) ¢ (5) = 0 (mod p=), unless 2? = y? (mod p), i. e., unless x = y 
(mod p), since x = — y and e+ y+2=0 (mod p) would imply z=0 
(mod p), contrary to hypothesis. Using x + y+ z= 0, we may state the 
result: 

If (1) ws satisfied by integers prime to p, then the congruence 


(2) q(5) (t— 1) (¢+ 2) (¢+ 1/2) = 0 (mod p) 
is satisfied by each of the following values of t: 


Cont ae 
(3) y? x? 2? 
* Presented to the Society, February 28, 1914. 
TSitzungsberichte K. Akademie der Wissenschaften, Wien, vol. 
121 (1912), p. 589. 
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3. From (1) we have 


when 2 is an integer, since the quotient is relatively prime to x + y and hence 
is a pth power. Since v is a factor of z, it is not divisible by p, and is of 
the form 1-+ kp, since the fraction is congruent to — 2? /(— 2) modulo p. 
Furthermore, 


(1+ kp)??=1 (mod p*) 
by Furtwingler’s theorem. Multiply the members by 1+ kp and apply 
(1+ kp)? =1 (mod p?). Hence k= 0 (mod p), and 2 = 1 (mod 7°). 


Hence 
ary Srry, 


(4) 2+ 22 =-2-+2, (mod 7’), 
1 ag el lg al 
(5) vP=r, y= y, fees (mod. p)): 
Hence by (1), 
(6) z+y+2z2=0 (mod 7°). 


4. Suppose that y= x-+ py. Substituting in the first relation (4), we 


have 
ae (ep)? = 22-+- pp (mod p*), 


22? +- p? px? * = 22 -+ pu (mod p*). 
Hence, by (5), 
pu (pa??—1)=0 (mod p*), =O (modp?). 


We may therefore set y= a+ p*u. Then, from (6), z= — 2a+ pp. 
Hence, from (1), 
(tap Bp) (— 22+ pr)? — 0, 
22? — 2? x? = 0 (mod 7‘), 
q(2)=0 (mod p’*). 
5. Now consider the criteria given by Mirimanoff* for the solution of (1). 


He showed that if (1) is satisfied by integers prime to p, then the ratios (3) 
satisfy 





m—1 m—1 R; - 
(7 P(t) =I (t+ a) Dy = 0 (mod p) 
when m = 2, 3, --+,p— 1 and 
R,= Yp-1(— a") pes eer Nam 


Op Oras sea 


*Journal fir Mathematik, vol. 139 (1911), p. 309 et seq. 
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o; (t) et 21 + 4 a I ges a Pe (p- Dist eee 
He also showed that 
(8) P= 1) = Ga Mang (im) (mod pm 


Let m= 7 in (7). Assume p >7. The resulting congruence is of degree 5 in 
t. The ratios (8) have 6 incongruent values unless one of them is a root of 


(¢— 1) (e+ 2) (Eee Over Pee Le Demon 


If p= 2 (mod 8), the latter is not possible for ¢ rational. Hence t= 1, 
— 2 or — 1/2 and therefore, by § 4, g (2) = 0 (mod p*) unless (7) is an iden- 
tity. In the latter case we may set t= — 1 and obtain q (7) = 0 (mod p) 
by reason of (8). Hence the criteria: 

If (1) ts satisfied by integers prime to p, then either 


q(2)=0 (mod p*), 4¢(3)=0 (mod p), 


q(2)=¢(8)=9(5)=0 (mod p); 
and uf p = 2 (mod 3), 


or else 


q(7).-=0 (mod>p). 


6. There are no primes 7 at present known such that q (2) = 0 (mod 7°). 
Meissner* observes that ¢g (2) = 0 (mod 1,093), but finds g (2) = 0 (mod 
1,0937). He also states that q (2) = 0 (mod p) for every p < 2,000 ex- 
cepting 1,093. 

7. If any one of the forms 


Bea eat 2 9 


where a and @ are positive integers or zero, is divisible by a prime p but is 
not divisible by p”, then 7 is excluded as an exponent in (1), if 2, y and 
z are prime to each other and to p.f For, if p is admissible in (1), then 
q(2) =q(38) =0 (mod p), and 


(9) (2°) Pl ss (3° Pe 2 3")? eel mod) 
But if 2° 3° = 1 = 0 or 2* = 38 = 0 (mod p:) but = 0 (mod 7’), then 
(2° 3°)?" se 1 mod are 2 8 Se (a eee anode 


which contradict (9). As an example, the integer p = 2° — 1 is known to be 
prime, hence it is excluded as an exponent in (1). 





*Sitzungsberichte der Preuss. Akademie der Wissenschaften, 
1913, no. 35, p. 663. 
} See also Mirimanoff, Paris Comptes Rendus, vol. 150 (1910), p. 206. 


A SET OF AXIOMS FOR LINE GEOMETRY“ 
E. R. HEDRICK AND LOUIS INGOLD 


1. Introduction. This paper proposes a set of axioms for line geometryf 
based upon the line as an undefined element and intersection as an undefined 
relation between unordered pairs of elements. These same undefined concepts 
have been used in a set of axioms by Pieri.t 

The Pieri system, however, does not seem to accomplish all that could 
be desired in the way of simplicity, and there are several rather obvious 
redundancies in it which the authors of the present paper have been able to 


avoid.§ 


* Presented to the Society in a somewhat different form, December 1, 1911. At that time 
the paper of Pieri mentioned below was unknown to the authors. 

{ The precise types of geometry studied are discussed below. 

t Sui principi che regono la geometria delle rette,. Atti della Accademia di To- 
rino, vol. 36 (1901), pp. 335-3851. The relation used by Pieri is introduced first as a relation 
between ordered pairs of elements; but he states an axiom later to make the relation inde- 
pendent of the order. 

§ For reference, we give here the system of Pieri: 

Postul® I. I] raggio e una classe non illusoria. 

Postul® II. Ogni raggia incontra se stesso. 

Postul® III. Essendo @ un raggio, esiste almeno un raggio, che taglia a senza coincider 
cona. 

Postul? IV. Posto che a, 6 siano raggi distinti, e che a tagli b , si deduce che b tagliaa. 

Df. Date le rette a , b che s’incontrino senza confondersi, per fascio ab , s’intende la classe 
di tutti quei raggi, ognuno de quali s’incontra con ogni retta, che tagli al medesimo tempo 
aeb. Lastessa figura si rappresenta col simbolo (ab). é 

Postul? V. Dal supposto, che due raggi a e } s’incontrino senza confondersi, e c sia un 
raggio di (ab ) non coincidente con a, si deduce che b appartiene ad (ac). 

Postul® VI. Qualunque volta due raggi a e b si tagliano senza confondersi, nel fascio 
(ab ) giace almeno un raggio diverso da ae dab. 

Postul® VII. Dato che a, b siano raggi distinti e l’un l’altro incidenti, dovra esistere un 
raggio che li tagli ambedue senza giacere in (ab) . 

Df. Si chiama triraggio; o trilatispigolo, la figura costituita in tre rette, di cui clascuna 
incontri ciascuna sepero non esiste alcun fascio di raggi che le contenga. 

Postul® VIII. Posto che i raggi a, b e c siano elementi d’un trilatispigolo, se a’ e un 
(be ) diverso da b e da c, similmente b’ un (ca ) diverso da c e da a, deve esisteri almeno un 
raggio comune ai due fasci (aa’ ) e ( bb’). 

Postul® IX. Se di due rette a e b, che s’incontrano senza coincidere, ognuna e tagliata da 
due rette sghembe c e d; allora ogni raggio che incontri al medisimo tempo a e b, dovra tagliare 
uno almeno dei raggic,d. 
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In this paper a set of five axioms is introduced which are essentially equivalent 
to Pieri’s system, and which seem to be quite as simple in statement and in 
application as those of Pieri. It is shown also that the resulting space is a 
general projective space, that is, the space is either properly or improperly 
projective according to the classification introduced by Veblen and Young.* 
This follows from the fact that the five axioms of this paper are equivalent to 
the two groups A and FE of assumptions given by them. 

The axioms are stated in terms of the undefined concepts line and inter- 
section, and two defined secondary concepts, viz., a pencil of lines, and what we 
have called a doublet of lines. These secondary concepts are defined in terms 
of line and intersection in what follows. After the axioms, a third secondary 
concept, a field of lines, is defined. 

For the purpose of easy orientation, the reader may think of a field of lines 
either as a set of lines lying in a given projective plane, or as a set of lines 
passing through a given point of space. He may regard a pencil of lines as a 
set of lines of a plane through a given point of that plane. A doublet may be 
thought of as a set consisting of all the lines of a plane together with all the 
lines of space which pass through a given point of that plane. It should be 
noticed, however, that the concepts plane and point are not used in setting 
up the system; rather we have been able to define these concepts in terms of 
the fundamental notions line and intersection. The concepts field, pencil, 
and doublet seem particularly adapted to a treatment of line geometry and 
their early introduction makes possible a great simplification of the axioms. 

The plan of the paper lends itself to extension to higher dimensions, although 
the generalization is not immediate. On some other occasion this extension 
will be treated. 

2. The Axioms and their Independence. In what follows, the undefined 
elements (lines) will be denoted by small Roman letters. We shall presuppose 
nothing regarding the character of the undefined relation (intersection) except 





Postul? X. E ogni raggio, che incontri tutte e quattro le rette a, b,c, d giace nel fascio 
(ab). 

Postul2 XI. Dati ancora due raggi a e b che s’incontrino senza coincidere, e date una 
retta g che non taglia ne b, sara necessario che questa g incontri un qualche raggio di 
(ab). 

Of these, Nos. I, III, V, VI, VII, VIII, IX, X, XI, are consequences of our axioms. No. II 
is unnecessary in the present system, since the relation of intersection is not defined to apply 
for a pair of identical lines. No. IV is not necessary in the system unless it is presumed that 
the relation of intersection depends on the order of the two elements as well as on the elements 
themselves. 

It may be added that Pieri’s V and VIII can be proved from his I, IV, VII, IX, X, and XI, 
and that the major content of his III and his VI can be proved from his XI. 

* A set of assumptions for projective geometry, AMerican Journal of Mathe- 
matics, vol. 30 (1908), pp. 347-380; in particular, p. 352. These axioms are stated below 
in §6. See also Veblen and Young, Projective Geometry, Ginn & Co., 1910. 
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that it holds or fails for any two distinct elements.* If the relation holds for 
two lines a and b we shall say that they intersect, or that a meets b, or that b 
meets a. If the relation fails, we shall say that a and 6 are skew, or that they 
are a pair of skew lines. 

DerFinition 1. If a and 6 are a pair of intersecting lines, the set of lines 
consisting of a and b together with all the lines that meet both a and b is 
called a doublet, and is denoted by the symbol [| ab]. 

DEFINITION 2. The set of lines of a doublet [ ab | each of which meets every 
other line of the doublet | ab | is called a pencil, and is denoted by the symbol 
(ab). 

In any doublet [a, b] there is evidently just one pencil (a, b). 

Axiom I. There exists at least one pair of intersecting lines. 

Axiom II. In every doublet [ ab] there 2s at least one line not belonging to the 
pencil (ab). 

Axtom III. Every line l of every doublet | ab] which is not in the pencil (ab) 
meets one and only one of any two skew lines of | ab] both different from 1. 

Axiom IV. Both of any two intersecting lines are skew to some third line.t 

Axiom V. Every line meets at least one line of every pencil.t 

We give the following examples to show the technical independence of these 
five axioms, in their order. 

1. The elements are two lines; they do not meet. All the axioms except I 
are satisfied (vacuously). 

2. The elements are the lines of one plane together with the five perpen- 
diculars to that plane at the vertices of a certain regular pentagon of the plane. 
Intersection shall be interpreted as usual (projectively), except that the per- 
pendiculars to the plane shall all be skew to each other. Axiom II is the only 
axiom violated. 

3. The elements are the lines of an ordinary projective space and one extra 
line /’. Intersection shall be interpreted as usual for all lines except 1’, while 
I’ shall meet all lines that meet a given line / of space and be skew to all other 
lines of space, including / itself. Axiom III alone is violated. 

4. The elements are the edges of a tetrahedron. Intersection is to be under- 
stood in the ordinary sense. All the axioms except IV are satisfied. 

*It should be noticed that in this paper the undefined relation holds or fails for the set 
of objects (a,b) , not for the sequence (a,b). 

+ It is necessary to assume this only for every pair of lines of which at least one belongs to a 
certain fixed pencil. It seems actually to defeat the desire for simplicity to remove this re- 
dundancy, but it may be done by stating IV as follows: 

IV’. If there exists a pair of intersecting lines, then there are two intersecting lines a and 
b such that, if either of any two intersecting lines m and n belongs to (ab), a line k skew to 
both m and n exists. 


tIt is evident that this last axiom contains a redundancy, in that we already know that 
any line which meets either a or b meets at least one line of the pencil (ab). 
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5. The elements are the lines of an ordinary projective space and one extra 
line l’. Intersection shall have the usual meaning, except that l’ shall be 
skew to every other line. All the axioms except V are satisfied. 

Axiom I may be broken into two parts, as follows: 

I,. There exists at least one line. (Pieri’s I.) 

I,. If there exists one line, there exists a pair of intersecting lines.* 

These statements are independent of each other, and the system h, I, 
II, III, IV, V form a mutually independent system. For, the examples (2), 
(3), (4), (5), above, need not be altered; and (1) serves as an independence 
example for I,. If there are no lines whatever, all but J; are satisfied. 

Again, Axiom I, may be divided into two parts, as follows: 

I. If there exists one line, there exists at least one other line. 

Iy’. If there exist two lines, there exist two intersecting lines.t 

Axiom III can be readily broken into two parts by replacing in it the words 
one and only one by (III,) the word one, or (III) the words not more than one. 

3. Freliminary Definitions and Theorems. Before proceeding to any the- 
orems, we shall define another secondary concept, a field of lines. 

DEFINITION 3. A set of lines of a doublet is called a field if (a) the set 
contains no pair of skew lines; (b) every line of the doublet not in the set is 
skew to at least one line of the set. 

Fields will sometimes be denoted by small Greek letters. As an illustration 
of the usefulness of this concept, we may state, by Axiom III, that the lines 
of a given doublet [ ab] not in a given field a of [ ab] are all skew to any line 
of a not in the pencil (ab). 

THEeorEM I. In any doublet there are two and only two fields. 

By Axiom II, there exists at least one pair of skew lines ~ and q in any given 
doublet. All the lines of the doublet that meet p meet each other, by Axiom 
III. Now p is skew to all other lines of the doublet. Hence p together with 
the lines of the doublet that meet p constitute a field. 





*It should be noticed that I, is by no means equivalent to Pieri’s IIJ. But our V (or 
Pieri’s XI) and I; suffice to prove his III. 

7 The possibility of dividing most axioms into component parts seems not to have been 
sufficiently emphasized. For example, the statement of A; of the Veblen-Young list ($6, below, 
is rather obviously composed of the two parts: 

A\. If A and B are distinct points, there is at least one line. 

A,. If A and B are distinct points and if there is at least one line, there is a line con- 
taining both A and B. 

It is evident that A; is also a portion of Z,. Aj can be split into two parts in a similar 
manner, and so on ad infinitum. In fact it seems to be true that the existence of an infinite 
number of elements in any system at once renders it possible to arrange at least a countably 
infinite set of independent axioms whose content does not overlap, and which are all provable 
from any axioms that define that set. Hence it seems difficult to define conveniently the 
difference between single and multiple statements. 
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Another field consists of g and all the lines of the given doublet that meet q. 
There is no other field, since there is no line skew to both p and q, by Axiom III. 

TuHEorEM 2. If a line p of a doublet | ab] meets two skew lines c and k of 
that doublet, it belongs to the pencil (ab). 

For, since every pair of the set a, b, p, ¢ intersect, they belong to a field; 
likewise, a,b, p,k belong to a field. These fields are different, since ¢ and k 
cannot belong to the same field. Hence p lies in both fields and therefore 
belongs to the pencil (ab). 

Corouttary. The pencil (ab) contains the lines a and b. 

THEOREM 3. If p and q are distinct lines of the pencil (ab), the doublet 
[ pq] ts identical with the doublet | ab]. 

For, p and q belong to both fields of the doublet [ ab | ; hence a line meeting 
a and b meets p and q; and therefore the doublet [ab] is contained in the 
doublet [ pq]. 

Again, a and b belong to [ pq] and each meets at least one pair of skew 
lines that belongs to [ ab] and therefore also to [ pq]; hence, by Theorem 2, 
a and b belong to the pencil (pq). 

Interchanging a and b with p and q in the argument above, it is seen that 
any line of [ pq] is also a line of [ab]. 

CoroLuary 2. If a line meets two lines of a pencil, it meets every line of the 
pencil, 

CoroLuary 3. If ¢ rs a line of the pencil (ab) and c + b, then a ts a line 
of the pencil (be). 

TuHreorEM 4. Jf c is a line of the doublet [ ab] which does not belong to the 
pencil (ab), that field of the dowblet [ab] which contains ¢ consists of a, b, ¢ 
and all the lines that meet a,b, and c. 

Let p and q be any two lines that meet a, b, and c; suppose that p and q 
are skew. Then, by Theorem 2, since c meets p and q, c belongs to the 
pencil (ab), contrary to hypothesis. Hence p and q intersect and therefore 
belong to the field of the doublet [ ab] which contains c. 

DeriniTion 4. If cisa line of the doublet [ ab | which does not belong to the 
pencil (ab), the three lines a, 6, c form a triad. 

THEOREM 5. There is one and only one field containing the lines of a given 
triad. 

This follows immediately from Theorem 4 and Definition 2. 

It will be convenient to denote the field determined by the lines a, b, ¢ of 
a triad by (abc). 

THEOREM 6. If two distinct pencils belong to the same field, they have one and 
only one line in common. 

Let the distinct pencils (ab) and (cd) belong to a field a; then there is a 
line / meeting a and b but not belonging to a. The lines ¢ and d cannot both 


‘ 
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belong to the pencil (ab); for, by Theorem 3, (ab) would then coincide with 
(cd). Hence / does not meet all lines of (cd). By Axiom V, / meets at least 
one line m of (cd). Hence by Corollary 2, / meets one and only one line m 
of (cd). The line m belongs to (ab), since / meets only those lines of a which 
are lines of (ab). No other line can be common to the two pencils, since / 
meets every line of (ab) and only the line m of (cd). 

THEOREM 7. The lines of a field that meet a line not belonging to the field form 
a pencil. 

Let p be a line not belonging to the field a of the doublet [ab]. If p meets 
a and b, then p meets every line of the pencil (ab) , and the theorem is proved. 

If p does not meet both a and JD, there is at least one line c of the pencil 
(ab) which p meets, by Axiom V; also there is a line / of the field a which does 
not belong to the pencil (ab). Then a is identical with the field (abl) by 
Theorem 5. Suppose p does not meet a. The line p meets one line d of the 
pencil (al). Hence p meets two lines ¢ and d of the field a, so that p meets 
all lines of the pencil (cd). 

There is no other line of the field a which meets p. For if p meets all lines 
of the pencil (cd) and one other line of the field a, then p belongs to the field a. 

4. Classification of Fields. We shall now show that fields fall into two main 
classes, for which a principle of duality holds. Later we shall identify these 
two classes of fields with points and planes of ordinary geometry.* 

DEFINITION 5. Two distinct fields are said to be incident to one another if 
they have in common all the lines of a pencil. 

THEOREM 8. If two distinct fields are incident to the same field they have in 
common one and only one line. 

If a and @ are both incident to ¢, there is a pencil P common to a and ¢ 
and a pencil Q common to 8 and ¢. 

The pencils P and Q have one and only one line /in common. Let p and q 
be two other lines belonging to P and Q, respectively. Then 1, p, and q are 
three lines of ¢ forming a triad; also p belongs to a and q belongs to 8. Letk 
be any line commontoaand@. Thenk meets!,p,andq. Hencek belongs to 
¢, and therefore to each of the pencils P and Q. It follows that k is identical 
with /. 

DEFINITION 6. ‘Two fields which have one and only one line in common are 
said to be similar to each other; otherwise they are not similar, except that a 
field is said to be similar to itself. 

THEOREM 9. If a field a 1s not similar to a field W and wf W is incident to a 
field o, then ais similar to ¢. 

* Such a classification, whose purpose is to realize the well-known duality of point and 
plane in line geometry, will obviously be a part of any treatment of the subject. Thus Pieri, 


loc. cit., gives a treatment similar to that of this paper, but his proofs are of course essentially 
different. 
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1. If a is incident to y, there is one and only one line common to a and ¢, 
by Theorem 8; hence a is similar to ¢. 

2. If a is not incident to y, let J be any line of a which does not belong to 
¢ (if there is no such line, a and ¢ are identical and therefore similar). Denote 
by P the pencil common to¢and y. Then / meets one and only one line m of 
P; let r be another line of P. The lines of a which meet m form a pencil A; 
r meets at least one line s of A; s meets m and r; hence s belongs to the field ¢. 
For, the line s cannot belong to y, since it belongs to a. The lines/,m,and s 
form a triad; a is incident to the field (lms). The field ¢ also is incident to 
(lms). Hence a and ¢ have only the line s in common, so that a is similar to 
¢, as was to be proved. 

THEOREM 10. If each of two fields a and B is similar to a field $, a 1s similar 
20g 

Let a be common to a and @¢, and b common to 6 and ¢. If a coincides 
with b, there is no other line common to a and 8. For, suppose kf is such a 
line, so that a and 6 are incident. Then, since k does not belong to ¢, k 
meets ¢ inapencil A. Let a’ be a line of this pencil different froma. Then 
a,a’,and k form a triad. The field (aa’ k) contains the pencil (ak) which 
is common to a and 8. Hence (aa’k) is identical with either a or 8, and 
therefore a or 8 has the pencil (aa’) = A in common with ¢, contrary to 
hypothesis. 

If ais different from 6, then at least a meets b, since they belong to the same 
field @. Let wy be the field incident to ¢ containing a and b. Then a meets 
6B in a pencil B. Let b’ denote a line of B different from b. The line b’ 
meets a and b and does not belong to ¢, since b’ belongs to8. Hence b’ 
belongs to y and therefore 8 has the pencil (bb’) in common with y. Sim- 
ilarly, a has a pencil in common with y. Hence, by Theorem 8, a is similar 
to f. 

THEOREM 11. [Jf each of two fields a and B is not similar to a field , a is 
similar to B. 

Let y be a field incident to ¢. Then, by Theorem 9, a and @ are both 
similar to Y. Hence by Theorem 10, a is similar to 6. 

THEOREM 12. If a field a is similar to a field & and if another field B is not 
similar to ¢, then a ts not similar to B. 

For, if a were similar to 8, then, by Theorem 10, we would have @ similar 
to @, contrary to hypothesis. 

By Theorems 10, 11, 12, we can separate all fields into two classes, those in 
one class being all that are similar to a given field ¢, and those of the other 
class being the fields which are not similar to ¢. Any two belonging to the 
same class are similar to each other, any two belonging to different classes are 
not similar to each other. 
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5. Identification of Fields with Points and Planes. We shall call the fields 
of one of the classes just mentioned planes, and those of the other class 
points. Since these two classes of fields possess a complete duality, a dis- 
tinction as to which fields are to be called points and which are to be called 
planes is impossible. 

If a point and a plane are incident to one another, we say that the point 
hes an the plane or that the plane passes through the point, or contains the 
point. 

If a line belongs to a plane, we say that the line lies in the plane or that the 
plane passes through the line. 

We say that two intersecting lines a and b meet in a point and also that they 
determine a plane. 

Other expressions commonly used in geometry, such as “ the line joining 
two points,” “ the line of intersection of two planes,”’ etc., may also be defined 
in an obvious way. 

It is now possible to prove many theorems of projective geometry relating 
to the intersections of lines and planes and the collinearity of points; for 
example, Desargues’s theorem regarding two perspective triangles could be 
proved; and, again, the quadrangle construction for the harmonic conjugate 
of a given point with respect to two others on the same line is clearly possible. 

6. Comparison with Other Systems of Axioms. In conclusion we compare 
the axioms of this paper with a complete system of axioms for projective 
geometry, so that it may be seen what further axioms are needed to complete 
the usual theory. The system chosen for this purpose is that of Veblen and 
Young cited above. The following groups A and E of their assumptions will 
be proved to be equivalent to our Axioms I-V. 

Ay. If A and B are distinct points, there is at least one line containing both 
A and B. 

A». If A and B are distinct points, there is not more than one line containing 
both A and B. 

A3. If A, B, C are points not belonging to the same line, and if a line | 
contains a point D of a line joining B and C and a point EL, distinct from D, 
of a line joining C and A, then the line / contains a point F of a line joining 
Aand B. 

Eo. There are at least three points on every line. 

E;. There exists at least one line. 

E>. It is not true that every point lies on every line. 

E3. It is not true that every point lies on every plane.* 





* Under at least one interpretation of these statements, /; is a logical consequence of F2, 
and both #; and #2 are consequences of #;. The somewhat altered statements in Veblen 
and Young, Projective Geometry, p. 24, appear to be independent, however. 
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E;’. If S is a three-space, every point lies in S. 

In this system the plane and the three-space are defined in terms of the 
undefined elements point and line as follows: 

Derrinition. If P, Q, R are three points not on the same line, and / is a 
line joining Q and R, the class S2 of all points such that every point of S> is 
collinear with P and some point of / is called the plane determined by P and I. 
If P,Q, R, T are four points not in the same line or plane, and if a is a plane 
containing Q, R, and T, the class S3 of all points such that every point of S3 
is collinear with P and some point of a is called the three-space determined by 
Panda. 

Assumptions A; and Ag follow from our axioms by the definition of similar 
fields. 

To prove A3, let a be common to the (point) fields C and B, and let b and 
c be the lines common to the (point) fields Cand A, and A and B, respectively. 
Then a, b, and c form a triad (triangle). Let ¢ be the (plane) field determined 
bya,b,andc. Ifa line! meets a and b, and if the (point) field D determined 
by a and 1 and the (point) field H determined by 6 and / are distinct, then 
a,b, and/ do not all three belong to a (point) field. Hence / belongs to the 
(plane) field (abe), so that ] meets c, and the (point) field determined by I 
and ¢ is a point of a line c joining A and B. 

Ep follows from I, II, IV, and V in an obvious manner. 

FE, follows from I; or indeed from Es, as remarked above. 

E2 follows from E3; or it may be proved directly as follows. Consider a 
line / on which there is a point P, and let a and b be two lines passing through 
P. We shall denote the field which defines the point P by a. The lines a 
and 6b determine also a (plane) field 8. Let ¢ be a line of this plane not be- 
longing to the pencil (ab). Then c meets both a and 5b; the three points de- 
termined by a and b, b and c, ec and a, respectively, do not all three lie on the 
same line. Hence EF, is proved. 

To prove E;, consider the plane a of any plane triad a, b, c. There is a 
line p, not lying in a, which passes through the point P determined by aand b. 
The lines p and a determine a plane which contains a line g not passing through 
the point P. The lines p and q determine the point R. Now R is distinct 
from P, for otherwise q would pass through P; hence R does not lie in a, for 
then p would also lie in a. 

To prove E3;, let S3 be a three-space determined by a point P and a plane a 
containing the intersecting lines a and b; and let Q denote a point. Let! bea 
line common to Pand@Q. By V,/ meets at least one line c of the pencil (ab). 
Hence Q is collinear with P and the point determined by / and ¢ of the plane 
a. Therefore Q is a point of S3 by definition. 

It can also be shown that I, II, III, IV, and V follow from the assumptions 
A and E. 
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7. Conclusion. In order to complete the entire theory, it is only necessary 
to follow precisely the steps taken by Veblen and Young, for example, beyond 
their assumptions A and E, in the paper referred to above, and those taken 
by Veblen in a later paper.* ‘The remaining assumptions of the Veblen- 
Young system are evidently independent of our set. Hence there seems to be 
no essential reason for pursuing the details of this discussion further. 


Couumsia, Mo., 
January, 1914. 





* On the definition of the multiplication of irrational numbers, American Journal of 
Mathematics, vol. 34 (1912), pp. 211-214. 





THE CAUCHY PROBLEM FOR INTEGRO-DIFFERENTIAL 
EQUATIONS.* 


BY 


GRIFFITH C. EVANS 


INTRODUCTION 


1. A large part of the theory of integral and integro-differential equations 
may be reduced to the corresponding theory of algebraic and differential 
equations by the introduction of convenient symbolism. For direct operations 
this analogy is well expressed by merely considering as a product the com- 
bination 


(1) AB = f{ A(r, r) B(r, 8) dr, 


taking the integral with constant limits a, b, or variable limits s, r, as the 
case may be.j In this symbolism, however, the vanishing of the ‘‘ product ” 
of two functions does not imply necessarily that one of the functions vanishes. 
And therefore for the treatment of the inverse operations and the construction 
of a complete algebra, it is more convenient to consider, instead of the com- 
bination written above, the following combination of certain complex quanti- 
ties. Let 
E=utjU(r,s), 4 0 ere ee 


By &n we understand the quantity 
(2) t= wt j{uV (r,s) + (r,s) +f U(r, r) Vir, 8) dr}, 


taking as the limits of the integral a, b or s, r, according as the algebra is of 
one kind or the other.t The complex unit 7 is merely used to separate the 








* Presented to the Society September, 1913. 

+ V. Volterra, Questiont generali sulle equazioni integrali ed integro-differenziali, Rendi- 
conti della R. Accademia dei Lincei, vol. 19 (1910), p. 169 and p. 178. 

t In order not to introduce special parameter values into the formal consideration of the 
problem, it is convenient to make the assumption that for constant limits of integration the 
j-coefficients contain a parameter )\ in such a way that | U(r, s)|< 2M, and to consider 
small values of }. That convention will not generally be necessary here, since we are to 
introduce explicitly parameters x, y. Where the introduction of such a parameter is neces- 
sary it will be specified. 

Trans. Am. Math. Soc. 15 215 
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quantity & into two parts, which may be called respectively ordinary coef- 
ficient, denoted by Ord £, and j-coefficient, written j-coefficient £. Each 
coefficient may be complex in the usual sense. By £ = 0 is understood, of 
course, the pair of equations uw = 0, U = 0, and by & = 7, the pair u = 0, 
Gia Va 


If the functions U, V are permutable, 2. e., if 
fUC, 1) VC, 8) dr = f[V(r, 7) U(r, 8) dr, 


then the operation defined by (2) is commutative, and £ and 7 are said to be 
permutable. 

If w = 0, £is said to be a function of nullity. We see, by referring to the 
condition for equality, that division by a function not of nullity is equivalent 
to solving a linear integral equation of the second kind of Fredholm or Volterra 
type, and that division by a function of nullity is often impossible. With this 
distinction, if our quantities are permutable among themselves we may apply 
all the laws of algebra, and if the quantities are not permutable, all except the 
commutative law.* The function of nullity, which includes zero as a special 
case, takes much the same place in this algebra as the quantity zero in the 
ordinary algebra. In fact the two algebras are merihedrically isomorphic.t 
If we do not divide by zero in the ordinary algebra, we do not need to divide 
by a function of nullity in the symbolic correspondence. 

2. If now we introduce into the quantities w and U which define & extra 


parameters or variables (a1, #2, «+: ) we have obviously the formula 
0 On , O& 
7 
(3) dx; °°" ) ney dx," 


irrespective of the commutativity or non-commutativity of the product £7. 
To every differential equation corresponds then an integro-differential equa- 
tion by means of this symbolism, and a large part of the theory of differential 
equations may be carried over word for word to these other equations, even 
when the multiplication is not commutative. 

It may be noticed, however, that this symbolism, in particular equation 
(3), is valid for those integro-differential equations only in which the variables 
of differentiation (21, ---) are different from those of integration r, s. 
These equations were called by their inventor “of static type,” on account of 


*Evans, L’algebra delle funziont permutabili e non permutabili, Rendiconti del 
Circolo Matematico di Palermo, vol. 34 (1912), pp. 1-28, and ibid. vol. 35, 
Errata Corrigi. 

7 Evans: Sopra Valgebra delle funzioni permutabili, Atti delle R. Accademia 
dei Lincei, ser. 5a, vol. 8 (1911), p. 710. 
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their application to the theory of slow motion.* It is the object of this paper 
to extend Cauchy’s theorem for differential equations to integro-differential 
equations of this type. tT 

Theorem V, in the paper of Volterra first cited, deals with equations of this 
kind, and demonstrates the existence of what correspond, in the theory of 
differential equations, to the general and complete integrals of the equation. 
Boundary problems for this class of equations have been discussed by Volterra, 
Lauricella, recently by J. Pérés and others. Integro-differential equations 
and functional equations of non-static type have also been discussed by Volterra 
and others, and some corresponding existence theorems have been obtained. 


SYSTEMS OF SYMBOLIC DIFFERENTIAL EQUATIONS WITH PERMUTABLE COEF- 
FICIENTS 


3. Let us limit ourselves to two variables of differentiation x, y besides 
the variables of integration 7, s, and let us consider the system of symbolic 
equations 


dé dé dk, 

ae = (SB, ae fc bsyalrye), 
(4) ea 

0 En oég 0é, ; 

St Faia. ae bs ys elra). 


The variables r, s are to be restricted to a single region 7’ of the complex plane, 
such that if r and s are any two points of JT the whole of the straight line joining 
them lies in 7. Iffora, y, &,--+, &,0& /0x, --+, 02x, / Ox we substitute 
variables 71, +++, Yeny2, the functions F), ---, F, are to be analytic in these 
variables in a (2n-+ 2)-dimensional neighborhood of the origin, which may be 
chosen in such a way as to be independent of r, s. The coefficients in the 
developments of these F; are continuous functions of r, s in 7’, permutable 
among themselves. 

The developments in (4) will be convergent and have meaning provided 
that the ordinary coefficients of the £;, with their first derivatives in 2, lie 
in the given (2n + 2)-dimensional neighborhood. 





*V. Volterra: Sulle equazioni della elettrodinamica, Rendicontidella R. Acca- 
demia dei Lincei, vol. 23 (1909), p. 209. 

{In the interim of the writing of this paper and its publication, an article has appeared 
by M. Paul Lévy, in which the notion of characteristic is applied to another kind of func- 
tional equation. See: Sur lintégration des équations aux dérivées fonctionelles partielles, 
Rendiconti del Circolo Matematico di Palermo, vol. 37 (1914), pp. 113-169. 

tSee: A theorem of convergence, Rendicontidel Circolo Matematico di 
Palermo, vol. 34 (1912), p. 10. To insure this convergence when the limits of 
integration are constant, parameters \1, ---, An must be introduced into the j-coefficients of 
£1, °-:, £2. In Theorem 1, however, on account of the initial conditions these parameters 
are provided for by the variable y. 
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THEeoREM 1. There is one and only one system of solutions &, +--+, & of 
the system of equations (4) analytic in x and y in the neighborhood of the origin, 
and such that for y = 0 the conditions & = 0, +--+, & = O are satisfied. These 
solutions are themselves permutable with the coefficients of Fi, +++, Fn and with 
each other. 

From the fact that the region of analyticity of the F; is independent of r, s 
we are able to get inequalities for the values of the coefficients in the develop- 
ment of the /;. We have then a complete identity of operations with the 
corresponding theory for differential equations; whence is established, step 
by step, the permutability of every coefficient in the development of the €; 
with those of the F;, and also the fact that they are permutable with each 
other, because they are, symbolically, integral rational expressions in the 
coefficients of the F;. Likewise is established the uniqueness of the formal 
solutions so developed. The convergence of the developments follow im- 
mediately from the convergence of the corresponding power series for the 
solution of the analogous differential equations if we replace the length of 
the rectangle of convergence p, in the y direction, in the theory of differential 
equations, by the distanec p /c, where c is some quantity greater than unity, 
and greater also than the interval of integration, ab, or rs, as the case may be. 


In fact, if 
el erro Ole tt | UF fos aa 


| 20) aed ania.) Vs oe 
én | < ABc, 





it follows that 


and these are the inequalities that it is necessary to use in the demonstration 
of the convergence of the j-coefficients and ordinary coefficients in the de- 
velopments of the &;. 

4. Let us say that a function u (a|r, s) 


ioe) 


ua rye oe 3A; (17,8) (% — a)* 

s permutably analytic, or permutably analytic in 2, if it is analytic in 2 and 
all its coefficients are mutually permutable functions of r, s. We notice 
that if such a function is permutably analytic about the point 2, it is per- 
mutably analytic when developed about any other point 2; in the region of 
analytic extension; for the new coefficients are linear expressions in terms of 
the old, the coefficients in these expressions being monomials in a1 — 2. 

A necessary and sufficient condition that u (x | r,s) be permutably analytic 
in a given region is that it be analytic in that region and satisfy the condition 


fu(elr,7)u(mlr,s)dr= fu(alr,7) u (a7, 8) dr, 
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where the limits of integration are constant, or s, 7, as we deal with one 
kind of permutability or the other, and where 2; and 22 are any two values 
within the region of analyticity.* 

The solutions &, +++, & in Theorem 1 are permutably analytic. 

We say that two functions are analytically permutable, or analytically per- 
mutable with each other, when every coefficient in the development of one is 
permutable with each of the coefficients of the other. As before, this definition 
is independent of the point 2, or (20, yo), about which the functions are 
developed. 

Two functions are permutable if they are analytically permutable. 

A necessary and sufficient condition that w(a|r,s) and v(a|r, s) be 
analytically permutable in x is that they be analytic in 2 in two regions o1 
and o2 respectively, and that 


fu(a |r, 7) 0(a2|7,8) dt = fo(m|r, tT) u(a,|7,8) dr, 


where 2; is any value in o; and 2» any value in o2. 

5. We may generalize Theorem 1 to the case where £,, ---, £& are, fory=0, 
arbitrary functions of x,7,s provided that these functions are permutably 
analytic in x, and analytically permutable with each other and with the coef- 
ficients in the developments of the F;.t The F; are assumed to be developable 
throughout a (2n + 2)-dimensional neighborhood that includes the ordinary 
coefficients of the given values of the &;. There is a unique system of solutions, 
and these solutions are permutably analytic, and analytically permutable with 
each other and with the coefficients of the F;. 





SYSTEMS OF SYMBOLIC DIFFERENTIAL EQUATIONS WHOSE COEFFICIENTS ARE 
NOT NECESSARILY PERMUTABLE 


6. As has been remarked by M. Pérés in regard to certain integral equations, t 
the method of procedure may be extended to take care of the case where the 
coefficients in the analytic developments are not necessarily permutable 
among themselves. We have, as before, a unique formal determination of the 
coefficients, and the convergence of the resulting series is established§ by 


* Compare the concept of ‘ continuous group of permutable functions,” V. Volterra: Sopra 
equaziont di tipo integrale,. Proceedings of the Fifth International Con- 
gressof Mathematicians, Cambridge, 1913, vol. 1, p. 405. 

t+ When the limits of integration are constants, the given values of the j-coefficients of 
&, *-+, &, are supposed to contain parameters \1, «+: , An respectively, unless the F; are 
entire functions of the 2n arguments consisting of the £; and their derivatives. 

tJ. Pérés: Sulle equaziont integrali, Rendiconti della R. Accademia dei 
Lincei, ser. 5a, vol. 22 (1913), pp. 66-70. 

§ The system (4) may be replaced by one linear in the derivatives in regard to x by the 
introduction of nm more equations and n more unknowns. The dominant series is most simply 
stated in terms of the linear system. 
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means of exactly the same dominant series that is used in Theorem 1. In 
fact, the less-or-equal relation between the terms of series and dominant series 
(all of whose coefficients are positive) holds even to the partial terms whose 
sum is the coefficient of a” y”. 

Let F be analytic in its 2n-+-2 arguments in a (2n+2 )-dimensional neighbor- 
hood which includes the points determined by the ordinary coefficients of the 
functions & (a|7r,s), «++, &(a|r, 8), functions which are analytic in a, 
in the neighborhood of 2 = 0, with coefficients that in 7 are continuous func- 
tions of r, s. We have then the following theorem: | 


THEOREM 2. There is one and only one system of solutions £:, +++, & of 
(4) under the given conditions,* which are analytic at the origin in x and y, and 
which, for y = 0, take the given values &), «++, &. 


By means of the process of analytic extension we may extend our theorem 
to the case where the given functions are analytic along a certain given segment 
of the x-axis. 

7. Two of Volterra’s integro-differential equations, viz., 

u(x, y|7,8) 


veu(asylrse)+ fi | A(r, 7) ax 

















% ule, ylrs9) 
241 (eeu as 
+ Ay he Be | — 0 
nae Oy? 7 
and 
D We 
Vu(x,y|r,8)+ S|) | Ai(r, T) : Hey a8 
me | au(e, ult s) 
2 (Cl, eo 
+'Ao(r, 7) af {dr =0 
have the common symbolic form 
ag are 
(7) Qa t Qe aye 0, 


in which are to be considered only the solutions of nullity. 
For small values of \, the equation (7) may be written in the form 


One o- & 
(8) oy? ar oe 
in which 
1 
1X ee nay) 
Q2 


In close relation to (8) stands the system of equations 


* As in §5, parameters \1, «++, An must be introduced when the limits of integration 
are constant. 


bo 
bo 
es 
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) oy fee Oye ay Oa 


Under the boundary conditions 
0 0 
(9’) (E)y-0 = & (2,7,8), Gls) = 2 (2,7, 3); (£1 )yno = 5 (2,17, 8), 


the system (9) has one and only one analytic solution.* 
But the system (9) under the conditions (9’) is equivalent to the system (8) 
under the conditions 


(8’) (E) pS eee r ys), (OE /Oy)y-0 = & (2,7, 8), 


and (8), then, under these conditions, has one and only one analytic solution. 
If £ and &} are functions of nullity, the solution is a function of nullity, and 
(8) is equivalent to (5) or (6). 

Equation (5) needs no further discussion. In equation (6), however, we made 
the assumption that \ was small. If d is not small (6) is equivalent to (8) 
under the condition that \ is not a special parameter value for Ag(r, s). 
Equation (6) has therefore a unique analytic solution under the given conditions, 
provided that \ is not a special parameter value for Ar(r, 8). 


THE CORRESPONDENCE BETWEEN SYMBOLIC DIFFERENTIAL AND INTEGRO- 
DIFFERENTIAL EQUATIONS 


8. Let us consider the equation 


(ca 
of which the left hand member is an integral rational expression in U and its 
derivatives up to the nth order, with coefficients that are analytic in 2 and y 
throughout a neighborhood o, independent of 7, s, of a given analytic curve 
a. The coefficients in the analytic developments of these coefficients are 
continuous functions of r, sin 7. Multiplication of U by itself or by any of 
its derivatives, or of any of these by a function of r, s is to be interpreted as 
combination according to the formula (1) [$1]. Multiplication of U or any 
of its derivatives by a function not involving 7, s may be interpreted in the 
ordinary way; or, on the other hand, that function may be regarded as im- 
plicitly a function of r, s, according as we care to consider one equation or 
another. In this way we generate an integro-differential equation which 
includes that discussed by Volterra in the Theorem V already referred to. 
Equation (10) may be rewritten as a symbolic differential equation. In 


(10) 





* It is not necessary to introduce parameters ); into these boundary conditions (see note to 


§ 5). 
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fact if we replace in it U and its derivatives by jU = é and its derivatives, 
and replace every function involving 7, s, explicitly, or by definition, by 7 
times that function, leaving the functions not involving r, s as they are, and 
if we then collect terms, we shall have a symbolic differential equation whose 
solutions of nullity are the solutions of (10), and vice-versa. Let us write 
this equation as 


(11) 





*? dx’? dy’? @x2’ —’ Ysois, F |) 0. 


9. If the curve o is the a-axis, and (11) can be solved for 0” £/ dy", the 
equation (11) may be replaced by a system of equations of the type of (4), 
and Theorem 1 or Theorem 2 may be applied. We thus are able to restate for 
integro-differential equations of the form (10) the ordinary Cauchy existence 
theorems for differential equations. 

If the coefficients in the analytic development of (10) are permutable among 
themselves, the solution of (10) is permutably analytic, and analytically per- 
mutable with the coefficients, provided that the same statement is true of 
the initial conditions. 


CHARACTERISTICS OF INTEGRO-DIFFERENTIAL EQUATIONS * 


10. If the curve oa is not the z-axis but is some analytic curve y = ¢ (x), 
we may still determine a solution of the equation (10), or, what is the same 
thing, a solution of nullity of equation (11), by assigning proper values for the 
solution and its derivatives up to and including those of order n — 1 along the 
curve. For, by a transformation of variable, this case may be reduced to that 
already discussed. For certain families of curves, however, as with differential 
equations, this transformation is impossible; the solution is not uniquely de- 
termined by means of the given conditions. These families of curves, to which 
correspond the characteristics of differential equations, are the subject of this 
last section. 

Without any essential loss of generality, for our treatment, we can assume 
that equations (10) and (11) are of the second order. We shall suppose them, 
for the present, to be linear in the derivatives of highest order. Equation 
(11) may then be rewritten as 

9 9 
(12) oe au 5egy + oe ath=0. 


In this equation a4, a2, a2 and are functions of £,d&/dx,dE/dy,2z,y,7,- 





* This treatment may be compared with that in Hadamard’s Lecgons sur la propogation des 
ondes, chap. 7, Paris, 1913. The equations (12), (13), (14), (15), (17), (18’), below, correspond 
to the equations (1), (7), (8), (8’) and (12), (11), (18) respectively in the chapter cited. 
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s of the type specified in $8. We assume that on the curve y = ¢ (x) we 
are given £ and 0£/ dy, or what amounts to the same thing, €, 0&/ dx and 
0é/ dy as analytic functions of 2 in the region 7, with coefficients continuous 
functions of 7, s in 7'.* 

Precisely as in the theory of differential equations, we have from (12), by 
expressing 0? £ / dx” and 0?é / dxdy for points on y = g(a) in terms of dé / dy 
and 0? £ / dy, as the equation for the determination of 0? €/ dy? = £22 


(13) Too + Il = 0. 


In this equation 
dy \? di 
r=an( 2) — an (9!) + a, 


d ly dé d & 
i an ( na oe) + ang, +; 


(14) 





where d/ dz refers to differentiation along the curve, and £ and & denote 
0&/dx and 0£/dy respectively. In these formule it is important to pre- 
serve the order of all quantities that involve the 7, so as not to necessitate 
the introduction of the hypothesis of permutability. 

The equation (13) enables us to determine £2, unless T is a function of nullity 


at some pownt of the curve y = ¢ (x); 2. €., unless 
(15) Ord T = 0. 


The curves defined by the differential equation (15) may be called the ordinary 
characteristics of the integro-differential equation (10). On account of the 
way (11) is formed from (10), equation (15), which involves no j-coefficients, 
must be independent of the solution €=jU. The ordinary characteristics 
are independent of the solution of the equation (10). 

11. If we make an analytic transformation of the independent variables 
x, y that reduces the curve y = ¢ (2) to the z-axis, it is immediately verifiable 
that a sufficient condition that the transformation of the equation (11) be 
solvable for 0"é / dy” is that the curve y = ¢ (x) be nowhere tangent to an 
ordinary characteristic. That it is not also a necessary condition depends on 
the fact that it is often possible to divide by a function of nullity. 

THEOREM 3. If y = @ (2) ws not tangent to any ordinary characteristic, the 
given values of U and aU | dy uniquely determine an analytic solution of (10). 

12. It may happen that all the curves in the plane are ordinary characteris- 
tics of the equation (10). In other words Ord I’ may vanish identically. A 





* The j-coefficients of these functions of r,s and of the functions and values arbitrarily 
assigned are supposed to contain parameters ), if we are dealing with integration with con- 
stant limits. 
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necessary and sufficient condition that Ord I be identically zero is that we 


have identically 
(16) Ord ay = Ord ay = Ord Q22 = WP 


We may still, however, be able to determine solutions of the equation by giving 
arbitrary values of U and 0U / dy along y = ¢(2). 

As an illustration of this fact, let us restrict ourselves to an integro-differ- 
ential equation in which the limits of integration are s, r, and let 


Qi; = jAi(a,y|r, 8) + jBy ery lr, 8) Bi; r = 70 (zy y | 7, 3 )eye 


where 6;;, y are functions of £, d£/dxz, 0&/ dy, 2, y, 7, s of the kind already 
described, and A;,, B;;, C and their first derivatives in regard to r are con- 
tinuous functions of r, s and analytic functions of x, y, which for s=r 
become merely functions a;;, b:;, c, of x, yalone. We assume, moreover, that 
the 8;; are functions of nullity. 

To investigate this equation, differentiate it with regard tor. It will then, 
as is directly verifiable, take the form 


0A OB 0° 
fan +5 S8+ (but 5o9 7 ) Bu ie 


A OB 0? 
a | a+ joo (ou +5°5") Bu | ae 





+ | ae ieee (os +575) Bo Sat = 0. 
The solutions of nullity of this last equation are solutions of nullity of the 
original one, and vice-versa. But this last equation has definite ordinary 
characteristics unless a11, @12, @22 are all zero. 

13. Let us now suppose that we have an integro-differential equation (12) 
for which the ordinary characteristics are defined, and that y = @ (2) is one 
of them. Let us consider how much is arbitrary in the solution. 

The equation (13) shows that it is not generally possible to assign values of 
£ and & arbitrarily along an ordinary characteristic. For if, for instance, we 
restrict ourselves to variable limits of integration 7, s and take account of the 
fact that since y = ¢ (a) is an ordinary characteristic I is a function of nullity, 
it follows that in general I'é:. vanishes to a higher order than II along r = s, 
and equation (13) is not satisfied. By properly choosing the values of & 
and &, however, we may still have solutions. 

By successive differentiation of (12) and elimination of all partial derivatives 
except those with regard to y, by means of the relation y = ¢ (x), we have 
the equation 
(17) T'fo02 + Ih = 0, DP fo202 + In = 0, sie, 


1914] G. C. EVANS: INTEGRO-DIFFERENTIAL EQUATIONS 225 
in which 
dy\ d (73 
1 ci Oe | 
( 8) IT; (a au | dx a + Mis 


where »; does not involve differentiation along y = ¢ (2) of d™£/dy™. 
Hence, if all the derivatives of & of order up to 7 are known, II; becomes an 
integro-differential expression of the first order in 0**! £/ dy**!. We may also 
write 


E/ PE i dydis ay ) dis 
18’) m= an ( F3— 29g! — 7 5 ao pan 





Let us assume that we are able to choose our arbitrary values so that 


(19) j-coefficient T = 0. 
From (13) it follows that necessarily 

(20) T= 10% 

and from (17), 

(21) ilv=0> Tis.=.0;, 


We must then, if we choose values to satisfy (19), so choose them that they 
also satisfy (20) and (21). 

We may regard (19) and (20) as simultaneous equations that hold along 
y = g(a) for — and &. In fact, if in the expression for j-coefficient I’ we 
substitute for the £, that appears in a11, a2, 22, by means of the formula 


_d&_ dy 
ie de age”? 


we get for (19) an integro-differential equation of order zero in £ and of the 
first order in &. Considered as an equation to determine £, it is an integral 
equation, and may generally be solved for &. On substituting this value 
in (20), we have an integro-differential equation of the second order to deter- 
mine £, simpler than those discussed here, since it involves differentiation with 
regard to but one variable. In general, then, zf (19) holds we may assign at one 
point of the characteristic arbitrary values of — and dé / dx, whence will be de- 
termined the values of — and & all along the curves.. The equations I, = 0, 


Il, = 0, --- now become integro-differential equations of the first order to 
determine £9, £922, --+ respectively. Therefore we may assign arbitrarily the 
values of £2, £22, +--+ at one point of the characteristic, whence their values will 


be determined all along the curve. 

14. These results may be generalized in various ways. The extension is 
immediate to the case where instead of x, y we have n variables x1, a2, ++, 
a. The characteristics become spaces of n — 1 dimensions, 
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La He (tt, fa, 5" tani) s 
and provided that the given (n — 1)-space 
in = ¢ fae Dis aeNenes y Xn—1 ) 


contains no (n—1 )-dimensional element of a characteristic, arbitrarily assigned 
values of £ and dé/ 0x, = & determine a solution of the integro-differential 
equation throughout the n-space. In a characteristic space the values of 
€ and dé / 0x, may no longer be chosen arbitrarily. If they are taken so that 
(19) is satisfied, then along an (mn — 2)-space 


Mri = V ry, Ag ae yt) 


values of £, 0&/ Oan1, Eun, «++ may be chosen arbitrarily, their values being 
then determined by the integro-differential equation throughout the given 
(n — 1)-space. Here by 0£/ 0a; we mean the total derivative in the 
(n —1)-space. In fact, the equation (19) may be rewritten as an integral 
equation in &,, as before it was rewritten for £, and the result of substituting 
in (20) is an integro-differential equation of the second order in €. This 
equation and the equations (21) are integro-differential equations of the kind 
treated in this article, referred to n — 1 variables of differentiation. Thus a 
formal development for a solution is obtained. 

In the extension of the results for equations of the second order to those of 
higher order, or from equations linear in the derivatives of highest order to 
those that are not, there is no difference in the case that we are now treating 
from the similar extensions in the case of differential equations. 

Boston, July 26, 1913. 


~~ 


A NEW PRINCIPLE IN THE GEOMETRY OF NUMBERS, WITH 
SOME APPLICATIONS 
H. F, BLICHFELDT 


1. Minkowski has discovered a geometrical principle which he applied with 
success to certain important problems in the theory of numbers. If we 
define lattice-points as those points in space of n dimensions whose (rectangular) 
coérdinates are positive or negative integers or zero, his principle may be 
stated as follows:* 

A surface in n-dimensional space, nowhere concave, possessing a center 
which coincides with one of the lattice-points of this n-space, and having a 
volume = 2”, will contain at least two more lattice-points, either inside the 
surface or upon its boundary. 

He gave this theorem the following analytic form: Let f (a1, ---, xn) be 
any function of 21, ---, 2,1, which vanishes when x7; = 0, ---, a = 0, but 
possesses a definite positive value for any other system of values assigned to 
21, °**, Xn; let, moreover, the following functional equations be fulfilled: 


(1) PAL), eee at Cth, ar, v,), when f > 0; 

ey vit At, °° * Yat eas (Yt, *, Yn) Ff (ai, 8 en), 

(IIT) Ue OCR eR es a 

Then the n-tuple integral f dx, -+- dx,, taken over the region 
f (21; 005 Fn) S1 


in positive directions along the paths of integration, will possess a definite 
value J, and there exists at least one system of integers /,, ---, J,, such that 


9 
I< l ee bee = a . 
Ff ( 1 ) ay 
2. Among the applications given by Minkowski, two will be mentioned 
here, and one later on (§ 12). 


* Geometrie der Zahlen, Leipzig und Berlin, 1910, p. 76. 
Trans. Am, Math. Soc. 16 OO 


YNIVERS Ty My 
‘ | 
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(a) Let 
[f (a1, +++, 2) P= Do ayaa; 


t, j=1 


be a positive, definite quadratic form in n variables, having a determinant D. 
Then the variables may be replaced by such integers 11, --- , |, that we have* 


o<pss[r(1+3)[p-. 


(8) Let 
ie ese =e ea Et J a + onl, 
where 21, «++, are linear homogeneous forms in 2), «++, %,, with a non- 
vanishing determinant A. Let s pairs of these forms have conjugate imaginary 
coefficients. ‘Then integers 1,, ---, l, exist such that we have, upon sub- 
stitution,* 


o<fa|(2)r GL Ay jal]. 


3. A new geometrical principle will now be stated and proved. To make 
it somewhat more general in scope, a new definition of lattice-points will be 
necessary. 

DEFINITION. Let the n-space defined by rectangular coérdinates a, +--+, &» 
be divided into equal rectangular spaces by the n systems of planes 


= a+ bij, in =H On t+ Ont (= 05 = lee es 


where a1, +++, Qn, b1, «++, by are given real numbers. We shall call these 
spaces fundamental parallelepipeds. In each of them let there be located, in 
an arbitrary manner, a given number of points, say k; none of them, however, 
lying upon the boundaries of the parallelepipeds. These points shall be desig- 
nated lattice-points. 

It will be observed that this definition of lattice-points includes the former: 
set a; = 3, 6; = 1(@=1, ---, n); and locate one lattice-point (k = 1) at 
the center of each of the resulting parallelepipeds. 

4. Theorem I. Let S represent any limited open n-dimensional continuum 
in the n-space %1, +++, Xn, having the (outer) volume V. By a suitable translation 


x, = a+ 6; (t=1,---,n), 


this continuum can be placed in such a position with reference to the fundamental 
parallelepipeds that the number of lattice-points L contained in the continuum or 
lying as near as we please to its boundary is greater than Vk/W, where W re- 
presents the volume, and k the number of lattice-points of a fundamental paral- 
lelepiped. 

* Geometrie der Zahlen, p. 122. 
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Proof. We construct a parallelepiped « whose edges parallel to the co- 
érdinate axes X,, ---, X, are of lengths Ab, ---, Ab,, A being a fixed 
integer (2 in the figure) taken so large that S can, 
by a translation, be placed entirely withing. When 
so placed, the double surface obtained will be denoted 
by (S,o). We then construct a parallelepiped = 
whose edges, parallel to the axes, are of lengths 
Bb,, ---, Bbn, B being a large (variable) integer 
(8 in the figure), which exceeds 24. We may 
assume that 2 contains just B” fundamental 
parallelepipeds. Inside = we have a parallelepiped L’ whose edges are of 
lengths (B—2A)bi, ---, (B—2A)bn, its faces being at distances 
Ab,, ---, Ab, from those of 2. 

Now place (S,o) in such a position inside } that one of the vertices of ¢ 
coincides with one of 2, so that n of its faces lie upon n of the faces of =. 
From this position we obtain {(B— A)C-+ 1 }” different positions of 
(S,o), all inside >, by means of translations of the form 
































(1) raat (t=1yee ny, 


where #; runs through all integral values from — ~ to + ~, independently 
for each subscript z, and where C represents a large positive integer. 

5. Each of the k (B — 2A)" lattice-points inside D’ will lie inside or near to 
several of the surfaces S, if C be chosen large enough. We shall proceed to 
count these lattice-points in such a way that each is counted as often as it 
appears Inside of, or as near as we please to a surface S. Call this number JN. 

Consider any one of these lattice-points P. To count the number of surfaces 
S inside of which it will appear, we may regard S as stationary and P as sub- 
jected to the translations (1). Then P will appear as vertices of parallelepipeds 
whose edges are of lengths b,/C, ---, b,/C. Let the least number of such 
parallelepipeds which entirely contain the continuum S be Mp. We may 
take C so large that all the vertices of these M> parallelepipeds lie either within 
the continuum S, or as near as we please to its boundary. Summing for all of 
the lattice-points considered, we get 


N>k(B—2A)M, 


M being the smallest of the numbers M>. 

6. Since there are {(B— A)C+1 }” different surfaces S inside 2, it 
follows that there are 
(B—2A)"M 


eee CR ALO 1 
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lattice-points inside or near the surface of at least one of them. If now B and 
C increase indefinitely, the right-hand member approaches 





M V k 
7 dime — a — Pe 
aCe be 
so that for a given positive « we may take 
dé, k A 
> ase: 


Finally, since Z is an integer, the inequality of the theorem follows unless 
Vk /W is an integer also. In this case however we consider first a con- 
tinuum lying arbitrarily near to S and containing S within it. For this 
continuum of volume greater than V the desired inequality holds, and thus 
for S also. The theorem is therefore true. 

7. When the different fundamental parallelepipeds are congruent with 
reference to the lattice-points contained, the statement in Theorem I reading 
“the number of lattice-points LZ contained in the continuum or lying as near 
as we please to limiting points of the continuum is greater thankV/W .. .” 
may be accentuated to read as follows: “the number of lattice-points L contained 
in the continuum or belonging to limiting points of the continuum is greater than 
Vk/W....” The above proof may be modified to cover this statement. 
However, instead of doing this, we shall give a very elegant and independent 
proof of Theorem I, under the restrictions mentioned, furnished the author by 
Professor Birkhoff, which proof throws into evidence the sharper wording of 
the theorem. We shall limit ourselves to one lattice-point in each fundamental 
parallelepiped, although the proof, as given by Professor Birkhoff, is valid for 
any number. The spirit of the proof is shown equally well by limiting our- 
selves to space of two dimensions only. 

Let us therefore assume the plane divided into a network R of equal rec- 
tangles, a single lattice-point A in each, similarly placed. Let a closed curve 
C be drawn, having an (outer) area V , the area of a rectangle being W . 

We will superpose, by a translation, upon a single rectangle R, all those 
which are covered, in whole or in part, by V (its boundary included). It is 
then evident that a point P can be located in FR; at which the superposed or 
adjoining portions of V are in number L > V/W, unless V/W = an integer 
and no part of the boundary of V appears inside R,. But such a case could 
be avoided by subjecting C to a proper translation at the outset. In the 
reconstructed area V , P will appear as L points, congruent with reference to 
the rectangles R. Applying a translation such that these points coincide 
with Z points A , the translated area V will contain in its interior or upon its 
boundary more than V / W lattice-points A . 
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8. Extension of Theorem I. Let there be given a finite number of continua 
Si, -++, Sm, overlapping or not, forming a network S, and let ay, +++, Om be 
arbitrary positive constants. Then by a suitable translation, S may be brought 
into such a position that, if L; designates the number of lattice-points inside of 
or as near as we please to the surface of S;, and V; the outer volume of S;, then 
ay Dy + +++ + am Im > (ar Vit +++ + am Vn) k |W. The demonstration 
follows that of Theorem I, after S in the symbol (S,) is replaced by S. 
Considering each continuum S; in turn, we prove (using corresponding nota- 
tion NV;, M;): 


La; N; ee k (B — 2A yb La; M;, 


and then divide by {(B —24)C+1}". Finally, Da; LZ; not being a con- 
tinuous magnitude, the argument at the end of § 6 is valid here. 

9. Minkowsk1’s general analytical theorem (§ 1), so far as the last inequalities 
are concerned, follows immediately from Theorem I. Let the symbols 
f (a1, +++, nx), J be defined as in Minkowski’s theorem, and let S represent 
the continuum of points (21, «++, a») satisfying the condition 


(2) alba af re) <a BY Ween 


Then V = 1, and if “ lattice-points ” are definéd as in § 1, we have k/W=1 
(cf. §3). Applying Theorem I, we have L22. Let (y1, +--+, Yn) and 


(— 21, +++, — 2n) be two lattice-points inside S or upon its boundary (§ 7), in 
its new position. Set yi + 21 = hh, +++, Yn + 2n = In. 
Now, if (21, --:, 2%,) be a lattice-point which after a translation lies in or 


on the boundary of the continuum defined by (2) and if 6,, ---, 6, be the 
components of the translation, we have 


i! 


f (2) — 61, 22+, 2, — On) = jim: 


Hence, we obtain 
eee Gli, se ba) =f(m+t+an2, en Yn t- Sy: 
SS amie °295 Yn — On) + f(— 21 — 41, o++,— Bn — On) ea Rat te 


10. Quadratic forms. Let F designate a positive definite quadratic form in 
m variables 21, +++, 2%,. We may write 


gh IE ery 


where 21, -+-, U, are linear in the n variables and of determinant A. Then 
the determinant of F will be D = A?. 

To apply the theorem in § 8, let us construct the network s, consisting of 
the points respectively inside the surfaces S;, +++, Sm; S, having for its 
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equation 
2 
F = (d9)2", where = ate 
here m is a large (variable) integer, and 
7 
"= ar(l+ in) 


is the volume of F= 1. Let “‘lattice-points”’ be those points having integral 
codrdinates, so that k/ W=1. Then, after a suitable translation, 


oy Dy + +++ + im Lm > Vi + +++ + OmVin 
= oJ (ai + 2ae+ --- + man). 
We shall put a; = (2+ 1)?/" — 7/" when i < m, 
DT) ge 


Qm TOE 
nm 


(3) 


where g = 1+ 277+ ----+ m?/”, and shall denote L; — L;1 by p;.. Then 
(3) becomes 


(n+ 2)g (n+2)9 
a ee ASS pes, 92/n sah! 2in pea re BY he 
ae Lim — (p1 + 2?!" po + tra” sn ) oe 


(4) 


Now, if 21, --+, 2, be a lattice-point inside or near S,, and if we indicate 
the result of substituting 7; — 61, ---, 7, — 6, for 21, +++, 2, inv; by 2;, then 


(1)? etree aaah AG)" ct eg 


where € is a quantity small at will. Ifa’, ---, 2, be any other lattice-point, 
then the differences 1; — v;', etc., are equal to the results obtained by sub- 
stituting the integers x; — @;', etc., for 21, etc., in 71, +++, . Hence 


(5) (m% — 1 P+ +++ + (4 — 2)? 


will be a numerical value of Ff, for integral values of the variables involved. 

Adding all the expressions (5) for every pair of lattice-points contained in 
the network S, and denoting the sum p; + po + --: + pm = Im by P, we 
get 


PLP E+ + = (LeP) ---- (Le) 


j=l j=l j=l 


<P pi gee pal 2b )e et - ++ np) | eee 
(n+ 2)g 


nm mM 


< Pg?! (P —1) + ¢P2, 
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by (4). If we now divide by $ P(P — 1), substitute the value of ¢ and 
pass to the limit m = © , we obtain 

THEOREM II. Let F be a positive definite quadratic form in n variables and of 
determinant D. Then integers l,, +++, ln, not all zero, may be substituted for 
the n variables such that the numerical value of F 1s not greater than 


“|r (1 4 0G “yr Dim, 
T 2 


It will be observed that the asymptotic value nD!'" / ze of this expression 
is one half that of Minkowski’s limit (§ 2). Minkowski* has proved that the 
asymptotic value cannot fall below nD!'"/2re. The actual limit for n = 2 
was first determined by Hermite,} and for n = 3, 4 and 5 by Korkine and 
Zolotareff.{ The quotients of these limits divided by D!’ are respectively 
Buty see. 172, 

11. Linear forms. Let f=| {+ --- +] ,|, where 2, ---, v» are linear 
homogeneous forms in 21, -+:, a, of determinant A +0. If imaginary 
coefficients occur we assume that the forms having such coefficients appear in 
conjugate imaginary pairs. We can then utilize Theorem II. For, from the 
value of | |? +] v2|?, the maximum value of | 2|-+ || is obtained by 
putting || =| 2.|. We find the following 

THEOREM III. Integers l,, --+,ln, not all zero, can be substituted for the 
variables x1, +++, Xn such that 





2n 2\ 
O<Jalt--t]mlsy2[r(it+24 ) eae 


The asymptotic value 








n 
a 4s 


V re 


of this limit is smaller than that (§ 2) of Minkowski 


s/n 
=() Hatin, 
CaN TG 


the more so the greater the number of pairs s of conjugate imaginary forms 
contained among 21, ---, U,. On the other hand, for low values of n, the 
limit given above is higher than that given by Minkowski. 


*Journal fiir Mathematik, vol. 129 (1905), pp. 268-9. 

TJournalftiir Mathematik, vol. 40 (1850), p. 263. The limits for n = 2 and 
n = 3 were virtually determined by Gauss and Seeber. Cf. Gauss’ Werke, Bd. 1, p. 307, ff. 
and Bd. 2, p. 192, ff. Géttingen, 1876. 

tSur les formes quadratiques positives; Mathematische Annalen, vol. ll 
(1877), p. 242, ff. : 
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12. Approximation of irrational numbers by means of fractions. Let 
Qi, ***, Q,-1 represent nm — 1 real positive numbers. The problem of finding 
n — 1 rational fractions 2/2, +++, @,-1/z, having a common denominator, 
which are close approximations to the quantities a, has been solved by 
Hermite,* Kronecker,t and Minkowski,t and for n = 2 by Hurwitz.§ We 
shall prove a theorem giving slightly closer limits, except for n = 2, than those 
obtained by these writers. 

Consider the linear forms 


Yi = %1 — A128, Yo= 2 — 22, DOO AES Rte iy Spal ic 


In the n-space (y1, +++, Yn-1, 2) construct the lattice-points obtained by 
substituting all possible integers for a1, +++, %,-1,2. Construct also the planes 


Yr ay a hy, PF Ui ere os ht, 2 = “= khn. 


Here k is a given positive integer; a1, «++, @n—1 any set of nm — 1 numbers 
not representable by the forms y1, +--+ , ¥n—1;.while h1, --+, hn1 run, independ- 
ently of each other, through all integers from — © to + ©. ‘These planes 
divide the n-space into fundamental parallelepipeds, each of volume W = k, 
and each containing just / lattice-points. For there are just / sets of integers 
1, °**, 1, 2 which satisfy the inequalities 


a; th<2#—-a:z2<a;th;+1 (=, 22 -een—— 
$+hha<2z2<4+k(hna+1). 


We now apply Theorem I, where S represents the continuum of points 
satisfying the conditions 


























il <a; 
Yi Zin — Aes 2 =( n ie 
6) b ae <3 when a| = \ ee ‘ 
z Yi n—1 E n nr 
21( i+ 1) <1 when Mees 21> (505) 

















(¢=1,+++,n—-1). 


Here a and b are two positive real numbers subject to the restrictions 


pa) (n — 2)" 
4 (n—1)"*" (n-—1)™'n 
1-2/n  yn—1 dy 


1 
+2(n—1) [ a fal, b<>. 


*Journalftiir Mathematik, vol. 40 (1850), p. 266. 
| Werke, Bd. I, p. 636. 

t Geometrie der Zahlen, p. 108 ff. 

§ Mathematische Annalen, vol. 39 (1891), p. 279. 





(7) 


bo 
(we) 
or 
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The volume of S is V = 1 by (7). We can therefore apply a translation 
y= m+ 4h, ed) Yn—1 = Yn—-1 + Sn-1; B= 2+ bn 


to S which will bring it into such a position that two lattice-points, 
(Y11y *** 5 Yrn—1, 21) (Yor, ***» Y2 n-1» 22) are contained in S, or lie as near 
as we wish to its boundary. 

The two integers 2), 22 cannot be equal. For otherwise 


=| (yu — 6:) — (yes — 6) |< 2b+€ <1, 


by (6) and (7), i. e., x1; — %; = O for every subscript 7, and hence the two 
lattice-points would not be distinct. If we therefore set 








a | Yui — Yr 


| Vi — Lai 


Ai 011 — ieee a 81-1 — a n—-1, 2 = 21 — 22, 
we have Z 21, and we can prove that 
|\X;-— aZ|< 26+ 4, |\X;—a;Z||Zprt*< a2" 4b4+ e, 


where €; and € are quantities as small as we please. If now we notice that 


from (7) 
a tiem \" re (* —2 el a 
ab (. i ) | 1+ ah 


and that z may be assumed positive, these results give at once: 








THEOREM IV. Given n — 1 positive quantities a1, -++, Qn—1, and an ar- 
bitrarily small quantity b <3, we can find n integers X,, +--+, Xn-1, Z such 
that the n — 1 differences 

X; 
Za 








are not greater than 2b, and at the same time are all not greater than 


Y (n = 1) Z~— (mr in-D 


Znin-1 oa fae n+2 “|l1j/n—1° 
aaa) | 


The common denominator Z need not be taken greater than 2a S 2 (y/ 6b)". 

For n = 2, Hurwitz proved (1. ¢.) that y = 1/ V5, and Minkowski* proved 
that, forn 2 2,y< (n—1)/n. For large values of n, this may be written 
y = ¢/", while the expression for y in Theorem IV becomes (e + 1/e¢)71”. 





* Geometrie der Zahlen, p. 112. 





AN APPLICATION OF SEVERI’S THEORY OF A BASIS TO THE 
KUMMER AND WEDDLE SURFACES * 


BY 
F,. R. SHARPE anp C. F. CRAIG 


In a series of papers F. Severit has developed a theory by means of which 
any linear system of algebraic curves on an algebraic surface can be expressed 
linearly in terms of a finite number of such systems. He has also applied 
this theory to the study of the curves on the Fano quartic surface and to the 
determination of the group of birational transformations which leave this 
surface invariant. 

In the following paper this method is applied to the study of certain of 
the birational transformations which leave the Kummer and Weddle surfaces 
invariant. In particular the question of the periodicity of the product of 
two such transformations is studied. Some new relations among the different 
types of transformation are obtained. 


1. THe KUMMER SURFACE 


Let A, B, E, F be any Gépel even tetrad of nodes on the general Kummer 
surface K,. The notation{ 


HOB aed 
EF GH 
(1) . 
feesenie LT 
MN OP 


will be used to denote the complete configuration of the sixteen nodes on Kg. 
Variables 2, y, z, w will be so chosen that A =(1,0,0,0),B =(0,1,0,0), 
EF =(0,0,1,0) and F =(0,0,0,1). 


* Presented to the Society February 28, 1914. 

{ Sulla totalita delle curve algebriche tracciate sopra una superficie algebrica, Mathe- 
matische Annalen, vol. 62 (1906), pp. 194-225; La base minima pour la totalité des 
courbes tracées sur une surface algébrique, Annales de 1 ‘école normale su péri- 
eure, ser. 3, vol. 25 (1908), pp. 449-468; Complementi alla teoria della base per la totalita 
delle curve di una superficie algebrica, Rendiconti del Circolo Matematico 
di Palermo, vol. 30 (1911), pp. 265-288. 

t See Hudson, Kummer’s Quartic Surface, Chapters I, II, and VII. 
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The surface K,, referred to this system of codrdinates, is invariant under 
the cubic inversion* 


(2) Peta. Wp a e S mt 
Under this transformation the planes of each pencil through an edge of the 


tetraedron of inversion are interchanged in pairs. Through each pair of 
vertices are two six-point conics, namely: 


ABDGKO, AEJKIM , AFCDJIN, 


ABCHIP, AEIONP, AFGHIM , 
EFCHKO, BFIKLN, BECDIM , 
EFDGLP, BFJMOP, BEGHIN. 


Hence these pairs of conics are interchanged under (2). This requires that 
twelve nodes interchange in pairs as follows 


(3) (Comey CRP) (LO) (MN), 


where (CG) indicates the interchange of the points C and G. It follows 
that each of the four remaining conics CGIJLO, DHLOMN, DHIJKP, and 
CGKPMN, which are plane sections of K, by the same quadric, is invariant 
under (2). Since Ky, is invariant and each of the vertices A, B, E, F is 
transformed into the opposite face of the tetraedron of inversion by (2), the 
image on Ky, of each vertex is the rational plane section of the surface by the 
opposite face. Denote a general plane section of Ky by Cy and use the symbol 
«© to denote “is transformed into.’ The transformations of the vertices are 


Av (,—B-—E-F, Bo(,—-A-—E-F, * 


t 
2 Boe%—-A-—-B-EH, Fxl,—-A-B-EH, 


respectively.t By (2) any plane is transformed into a cubic surface which 
contains the edges of the tetraedron ABEF. This surface intersects Ky, in 
Cy, a curve of order 12. Since genus is invariant under birational transforma- 
tion and Cy, is the image of any plane section of K,, the genus of this curve is 3. 
The inversion is also symmetric with respect to all the vertices: hence 


(5) Cy,» 30,;-2(A+B+E+F). 


* See J. I. Hutchinson, On some birational transformations of the Kummer surface into itself, 
Bulletinofthe American Mathematical Society, ser. 2, vol. 7 (1901), 
pp. 211-217; see p. 212. 

{| The symbol AC, — aA — BB — --- denotes the complete curve of intersection of the 
Kummer surface with a surface of order }. This curve of intersection passes through the 
points A, B, +++, 2a, 28, ---, times respectively, is of order 4, and is of genus 1 + 2)? 
— oa’? — 6 —---. For details as to the meaning of symbolic addition and subtraction see 
Picard et Simart, Fonctions algébriques de deux variables, vol. 2, pp. 104-116 or the papers of 
Severi already cited. 
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The partial transformations (3), (4), and (5) completely* express the trans- 
formation of the linear systems of the curves on Ky, under the inversion (2). 
This complete transformation will be denoted by [4]. The inversion as 
thus expressed is geometric in character and independent of the coérdinate 
system. 

The inversion with respect to any other Gépel even tetrad of nodes can 
readily be written. The transformation [47] is 


(CK) (DL) (EF) (GP) (HO) (MN), 
Aet%—-B-I-J, Bert&—A-I-J, Ie%—-A—-B-J, 
Jo(,—-A—-B—-T, C, 0 80,-2(A+B+4+I1+4+/); 


and [tv] 1s 


(CO) (DP) (EF) (GL) (HK) (17), 
Avo(,-B-M-N, Bxet-A-M-N, 
Mo(,;-A-B-N, NxeQ—-A-B-M, 

C, 2 30.—2(A- B+ M+ N)- 


By the symbol [#%] [47], referred to as a product, is meant that a basis 
(a) of elements is transformed into a configuration (8) by [2%] and that 
(8) is transformed into (vy) by [47]. The product transforms (a) 
into (7) ae Lbusi| orl 


Alcs Cee Bee ee Tee 
Bo U0pE AS Bean Fr = Tae 
EoQc-A—-B-E, Feces — FP Ween ee 
JiaQy—-A— Bo, “Wee bOe 404 B) See 
(CP) (DO) (GK) (HL) (MM) (NN). 


The symmetry of this result in E, F, J, and J shows that the transformation 
is of period two.t Similarly the products [#7] [#4], [47][#4] and 





*See Sever, Annales de l’école normale supérieure, ser. 3, vol. 25 
(1908), p. 465. 

+ See H. F. Baker, Note on some transformations of a general Kummer surface, Proceed - 
ingsofthe London Mathematical Society, ser. 2, vol. 11 (1912-13), pp. 
302-312, where this result is obtained by a different method. The operations in Baker’s 
paper may be identified with those of the present paper by the following key: 


meee U =(77] V =| few | 
Oe EF |? WUDA = Ta ? OV DA — MN |’ 


De 03, Os Oy > at Bg 


(AF) (BE) (CH) (DG) (IN )(JM)(KP)(LO), 

(AE) (BF) (CG) (DH) (IM) (JN) (KO) (LP), 

(AB) (CD) (EF) (Ga) UJ) (KL) (MN Y COP), 
C4 remaining invariant under each collineation. 


and 


with 


1914] APPLIED TO THE KUMMER SURFACE 239 


[ae] (47) [08%] are each of period two. Hence three cubic inversions, 
taken with respect to Gépel even tetraedra which have an edge in common, generate 
an abelian group of order eight and type (1,1,1). There are 120 such edges 
and hence 120 such groups. 

The tetraedron ACIK has a vertex in common with the tetraedron ABEF . 
The product [47] [Z£ ] is 


Aw 380,- 24 —-2(C+1I1+K)-(G+J/+4+P), 
Bw 2C,—-2A4—-(C+1I4+K)-(G+P), 
Ew 2C,-—24-(C+I+K)-(J +P), 
Fw 2C,-24—-(C+I+K)-(G+4+J/), 
(6) Ge(,—-A-(I+K), Cx HE, 
Jx,—-A—-(C+K), Dinca 
Bits CO, ee ee 1), KO ook, 
CC,” 70,-64 —4(C+1+K)-—2(G6+J7+P), 
(DNO) (HIM), 
where (DNO) is the cyclic substitution on its elements. If we write 
eae (Es ey eG B=G+J+P, y¥=B+E+F, 
then (6) in part becomes 
Cy, ~ 70, — 6A — 4a — 26, A ~ 8C, — 2A — 2a — B, a oy, 
o B ~ 3C, — 3A — 2a, vy ~ 6C, — 6A — 8a — 28. 


If (7) is non-periodic, (6) can not be periodic. Transform (7) through 
AiG. — 2A Ve CAD, L=a—26+7%7, 
W=A-a, i= 


and it becomes 
een ler ei Ze! Wo BX BV ZEW, 
Te 2 Yee es OW eT 


which is clearly non-periodic. Hence (6) is non-periodic. By suitable choice 
of variables the periodicity of the transformation given by the product of 
any two inversions, taken with respect to Gépel even tetraedra which have 
one node in common, can always be made to depend on the periodicity of (7). 
Hence the products of this type are all non-periodic. 
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Consider next the product [4%] [iv] by which 
Aw 3Q,-(A+H+F)-2(J+J/+M4+N), 
Bow 3C,-(B+E+F)-2(7+J4+M4N), 
E~3C,-(A+B+E£)-2(J+J4+M-+N), 
Fo3C(,-(A+B+F)-2(7+/J4+M4+N), 
Ilo (@-(l+M+N), JoC,-(J+M+N), 
MeoeC,-(1l+J4+M), No(y-(Il+J+N), 
C,~ 9C,-2(A+B+E4+F)-614+/4+M+4+N), 
(Oya de ti) COP). 


(8) 


The periodicity of (8) depends on that of 
Cy ~ 9C, — 2a — 6B, a © 12C, — 3a — 86, Bw 4C, — 36, 


where a=A+B+E4+F and B=I4+J7J+M-+4N. Transform this 
through 
X= Cpe Y=2C, —a— 6, Z=6p, 


and it becomes 
Yor ¥" Xv2VY4+X, Ze 4X+Z, 


which is non-periodic. Hence (8) is non-periodic. It is to be noticed that 
the four vertices of each tetraedron of this product are invariant as a whole 
under the inversion taken with respect to the other tetraedron. The non- 
periodicity of the product of two inversions, taken with respect to any similarly 
chosen pair of Gépel even tetraedra, is an immediate consequence. 

In a similar manner the transformation [#7] [%5] may be shown to be 
non-periodic. The distinction between this case and that immediately pre- 
ceding is that J K N O are not invariant as a whole under [%7] and dA BE F 
are not invariant as a whole under [¥6]. The non-periodicity of all similar 
products follows. 

This completes the analysis of the product of two inversions taken with 
respect to tetraedra chosen in all possible positions. Hence follows the 

THEOREM. The product of any two cubic inversions of the general Kummer 
surface 1s periodic only if the Gépel even tetraedra, with respect to which the 
respective inversions are taken, have an edge in common. 

An immediate consequence of this is the theorem of Hutchinson* that the 
sixty inversions generate a group of infinite order. 


* hoc, cits, p. 2l2. 
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Any line through a node of AK, meets the surface in two other points. The 
transformation which interchanges these points is a monoidal cubic involution 
having the node for fundamental point. Under this nodal projection any 
plane section of Ky is transformed into a Cy of genus three. Hence for the 
node A 
(9) ay ~ 304 —s 4A. 


The image of the node is the intersection of the surface K, with the tangent 
cone at the node, namely a C's of genus zero. Hence 


(10) ee 20 8A. 


The other nodes remain invariant. Equations (9) and (10) are all that will be 
written to denote the complete nodal projection and will be indicated by [A]. 
The product of two nodal projections [B] [A] gives 


C, ~ 9C, — 124A — 4B, A w~ 2C, — 3A, B ~ 6C, — 8A — 3B, 


the rest of the nodes being invariant. This transformation may be shown 
to be non-periodic by the methods employed above.* 

If a point be transformed by a cubic inversion and its image transformed 
by a nodal projection, the resulting transformation is either involutorial or 
non-periodic. For [#%]| [A] gives 


C,0 5C,-64 -—-2(B+E+F), Aw 3C,—44-(B+E+F), 
Bo(,—A-(E+F), Eo (—A-(B+F), 
FoC,—A-(B+F), (CG BCDH) (iJ) (KE) (LOy CIN yr 


This is easily verified to be involutorial. If the node of projection is not a 


vertex of the tetraedron of inversion, every such product is of the same type 
as [42] [C], under which 


Cy~ 9C,-12C —-2(A+B+E+F), 
Aw 3C,—4C -(B+E+F), Bow 3C,-4C -(A+E+F), 
Eo 38C,-—4C-(A+B+F), F ~ 830,-4C -(A+B+8), 
Go 2C, — 3C, CoG, (DH) (IJ) (KP) (LO) (MN). 


The non-periodicity of this transformation may be established as above. 
Hence the product of a cubic inversion and a nodal projection is non-perrodic 
except when the fundamental point of the projection is one of the basis points of 
the inversion. 





* For another proof see V. Snyder, An application of a (1,2) quaternary correspondence 
to the Weddle and Kummer surfaces, these Transactions, vol. 12 (1911), pp. 354-366; 
in particular, see p. 364. 


bo 
nN 
bo 
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2. THe WEDDLE SURFACE 


The Weddle surface W, can be obtained from the Kummer surface by 
birational transformation.* Under this transformation one node of the 
Kummer surface is transformed into a cubic curve on Wy. The six conics of 
K, through this node become the six nodes on the cubic curve on Wy. The 
remaining ten conics on Ky, are transformed into the ten lines of intersection 
of the pairs of planes determined by the six nodes on Wy. The other fifteen 
nodes of K, become the fifteen connecting lines of the six nodes of Wy. A 
plane section of K, is transformed into a curve of order eight on W4. 

In the diagram (1), if the cubic curve is taken as A, the residual elements 
will then be the fifteen lines joining the pairs of nodes on Wy. The six nodes 
will be denoted by b, c, d, e¢, 2, and m ; the remaining ten lines will be a, f, 
g,h,j, k,l, n,o, and p. These may be identified by the conics on K, to 
which they correspond. For example, through the node d pass the lines 
B,C, H, L, P, and the cubic curve 4 ; the line & meets the lines C, G, I, 
J ean. oe 


Let variables x, y, z, w be so chosen that 
eel OL Our Reo, 0,4), m=(0,0,1,0), 
b=(0,0,0,1), c =(a,b,c,d), d =(1/a,1/b, 1/e, 1/d). 


The equation of the Weddle surface, written in terms of these codrdinates 
is (18) and is invariant under the transformation} (2). Under this trans- 
formation the pencils of planes through the edges of the tetraedron and the 
nodes ¢ and d are interchanged in pairs. Hence the lines joining each vertex 
to c and d are interchanged. Thus 


(12) (CD) (GH) (KL) (OP). 


Under (2) an edge of the tetraedron of inversion is transformed into the 
opposite edge, or 


(13) (EF) (IJ) (MN). 


Further, the cubic curve A, through the six nodes, has the line B as image 
and conversely, thus 


(14) (AB). 


A quadric surface through the six nodes intersects W4 in a curve Cs; of order 
eight which has a double point at each node and the lines a, f, g, h, j,k, 
l,n,o, and p for bisecants. Under (2) this curve is transformed into another 

* The transformation here used is employed by Snyder, loc. cit., p. 360 and is the dual of 


the correspondence given by Hudson, loc. cit., p. 169. 
+ See Hutchinson, loc. cit., p. 216. 
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curve of the same system, since the quadric surface is transformed into another 
one through the six nodes; hence 


(15) (Cs Cs). 
It follows from (12), (13), (14), and (15) that the complete inversion is 
COCs) CAB) (CL Cer (GH) CL) (KL) CUN) (OR). 


Since Cs on W, corresponds to Cy on K4, it follows that this is a collineation 
on Ky. Hence the collineation group on K4 corresponds to the inversion group 
on Ws. On W4 the product of two inversions is an inversion* and the inversion 
group is of order 16. 

Any line through a node of W4 meets the surface in two other points. The 
transformation which interchanges these points is involutorial. Consider 
the projection NV, from the node c. ‘The tangent cone at the node meets W, 
in a curve of order eight, which consists of the lines B, D,G, K,and O and the 
cubi. A, hence (dc). A plane through B intersects W, in B and a cubic 
curve. This curve intersects B in c,d, and a residual point R which is the 
image of din this plane. As the plane rotates, R describes the line B. Hence 
(Bd), and similarly for the four remaining lines through c. Under NV, the 
line M is transformed into the ine of intersection of the planes Me and Nd, 
and conversely. Hence (Mo), and similarly for all remaining lines. The 
collected result is 


(Ac) (Bd) (Ca) (Db) (Eg) (Fh) (Ge) (Hf) 
(Ik) (Jl) (Kt) (Lj) (Mo) (Np) (Om) (Pn). 


Since Cs = 24+ B+C+D+E+I1+4+M, it follows from (16) that 
C30 2C+d+a+b+g+hk+0. By writing the symbolic sums for C3 
which contain the elements a, b, d, g, k, 0, these may be expressed in terms 
of Cs and the elements 4, B, ---, P. Hence 


(17) Cs ~ 803; -(A+B+.---+P). 


The transformation JN, is given by (16) and (17). In like manner the trans- 
formation Nq is given by (17) and 


(Ad) (Be) (Cb) (Da) (Eh) (Fg) (Gf) (He) 
(Il) (Jk) (Kj) (12) (Mp) (No) (On) (Pm). 


(16) 





*In Hutchinson’s paper, loc. cit., p. 217, the product of two inversions is stated to be of 
infinite order. The formulas used for changing the fundamental tetraedron from e i m b to 
ezimc should read, in his notation, 


Wi= Ww, Vb? — a? 2, = bw — az, Ve —a?y, = cw — ay, Vd? — a?z,; = dw —az. 





With this change it is seen that the product of the two is an inversion. 
Trans, Am, Math. Soc. 17 
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The product of these transformations is the inversion with respect to the 
remaining nodes. Hence the cubic inversion with respect to any tetraedron of 
nodes on the Weddle surface is the product of the nodal projections with respect 
to the two residual nodes.* 

The ‘points (2, y, 3, w)5.Glye. 1/y, 1/2, 1/wose aos cy) ee 
(1/a, 1/b, 1/c, 1/d) are coplanar if 


2 y 2 w 
Ur 
xyes w 
(18) : a0: 
Gaap 3c 0 
ee ey aL 
LASS cane) 





This condition is satisfied if (2, y,2, w) is on the Weddle surface. In other 
words, a point on W, and its image under a cubic inversion are coplanar with 
the residual nodes of the tetraedron of inversion. Thus any plane through 
the residual nodes is invariant under an inversion, as is well known for the 
equivalent product of the two nodal projections. 

Let the nodal projections be designated by NV;,2=1, 2, ---, 6. The 
inversions will be N; N; = I;,. Hence N; = I; Ni. There results im- 
mediately the known theorem that the group of the nodal projections is of 
order 32. For it is the direct product of the inversion group of order 16 by 
the group generated by any nodal projection. 

CorRNELL UNIVERSITY, 

January, 1914. 

* The algebraical equivalent of this theorem is given by Baker, Multiply Periodic Functions, 

p. 154. 


TRANSFORMATIONS OF SURFACES OF VOSS* 
BY 
LUTHER PFAHLER EISENHART 
INTRODUCTION 


Voss} was the first to study surfaces which are characterized by the property 
of containing two families of geodesics which form a conjugate system. These 
surfaces belong to the class admitting a continuous deformation in which a 
conjugate system remains conjugate; for a surface of Voss it is the geodesic 
conjugate system which possesses this property. These surfaces play an 
important réle also in the determination of congruences whose developables 
meet the focal surfaces in their lines of curvature. It is the purpose of this 
paper to establish transformations of surfaces of Voss into surfaces of the 
same kind, and to study some of the geometrical properties of these trans- 
formations, 

The geodesic conjugate system of a surfacet V has the same spherical 
representation as the asymptotic lines of a pseudospherical surface P. More- 
over, the determination of all surfaces V with the spherical representation of 
a given surface P requires the integration of an equation of Laplace with 
equal invariants. We shall say that each of these surfaces is conjugate to P. 
In $1 we recall the formulas defining a pseudospherical surface P, the formulas 
for a conjugate surface V and the equations of a Backlund transformation of P 
into another pseudospherical surface P;. Such a transformation involves a 
constant o (the angle between the tangent planes to P and P;) and a func- 
tion 6 whose determination requires the solution of a Riccati equation. When 
a surface V is given, each pair of quantities @ and o determine a new surface 
V, such that the developables of the congruence of lines joining corresponding 
points on V and V, meet these surfaces in geodesic conjugate systems. More- 
over, V; is a conjugate of the surface P; which is determined by the Backlund 
transformation of P by means of @ and a. In order to put in evidence the 
functions we say that V; is obtained from V by a transformation Q2(6, 0c). 

* Presented to the Society, December 31, 1913. 

{ Ueber diejenigen Fliachen auf denen zwei Scharen geoddtischer Linien ein conjugirtes System 
bilden, Sitzungsberichteder K. Akademie zu Miinchen (1888), pp. 95- 
102. 


ft Throughout the paper we shall denote by V a surface of Voss. 
245 
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Each surface V conjugate to P is transformable by the same pair of func- 
tions 6 and o. However, for a given pair (8,0) there exists a surface V 
such that the lines joining its points to the corresponding points on the surface 
V, resulting from the transformation 2(6@, 0) are concurrent. By means of 
certain additional functions connected with this special case we are able to 
show that the transformations 2(6, 0) are of the Moutard type for equations 
with equal invariants. In a subsequent paper we shall show that there exist 
transformations of general conjugate systems with equal tangential invariants 
—transformations which are, in certain respects, generalizations of the trans- 
formations 2(0,¢). 

The transformations 2 (6, 0) admit a “theorem of permutability”’ (cf. § 6). 
The remainder of the paper deals with the congruence of lines joining corre- 
sponding points on V and V,, and also the other congruence formed by the 
lines of intersection of the tangent planes at corresponding points on V and V;; 
the latter is a normal congruence. 


1. EQUATIONS OF A SURFACE V AND PRELIMINARY FORMULAS 


We consider a surface V referred to the geodesic conjugate system. Since 
this system has the same spherical representation as the asymptotic lines on a 
pseudospherical surface P, the linear element of this spherical representation 
can be given the form 


(1) do? = dw? + 2 cos 2wdudv + dr’, 
where w is a function of wu and 2 satisfying the equation 
0” w 
oO == 1 — oe 
(2) Judo + sin w cos w = 0. 


If X,, Yi, Z, and X2, Y2, Zz, denote respectively the direction-cosines of 
the bisectors of the angles between the parametric curves of the spherical 
representation, and X , Y, Z the direction-cosines of the normal to a surface V 
with this representation, we have 


OX, Ow = t OX, Ow - é 
Fi cam ies mt tp gp art snad, 
0X, dw OX» Ow |, 





9 es | leis SS ap = XG 
(3) Ou du Ov Ov X1 — cosw X, 


OX : a OX 
ay 7 Sine Xi + cos w Xe, 0 


X,—coswi, 








— sinw X; + cos w Xq.T 


*H., p. 289. A reference of this kind is to the author’s Treatise on the differential geometry 
of curves and surfaces, Ginn and Company, Boston (1909). 
+ Cf. Bianchi, Leziont di geometria differenziale, vol. 1, p. 320, Pisa (1902). 
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The equation satisfied by the tangential codrdinates XY, Y, Z, ae W of 
the surface V is 


(4) 


2 


£2 —0.* 
dudv ee EO? =). 

In terms of the tangential coérdinates the rectangular codrdinates are 
of the form 


ss eee | X05 «(2 


sin 2a 


ow -5-) 


du Ov 
XY si (ven ~)] 
+ X» sin w Pe + aes iT 


(5) 


From these we obtain 














Ox 
EN Tassos (cos w X; + sinw Xo), 
(6) 
Oa Les A : : 
Pre ski (cos w X1 — sinw Xo), 
where 
_ ae dcot 2 OW , 2 av aW ), 
z du aan du. Ou inci sin 2w du Ov a 
(7) 
aw 2 dwoWw dw we 
A Ragan gas a) sansa iy ae te 2 7 
e ( Neca OO” dx de ae ih } 


The Codazzi equations for the surface V may be given the form 


oD 2. OG ab 2 da 
(8) ‘Ov. sin 2w Ou AiO, du sin 2w dv 





D=0.8 


When the pseudospherical surface P with the representation (1) of its 
asymptotic lines is subjected to a Backlund transformation, the linear ele- 
ment of the spherical representation of the asymptotic lines on the new surface 
P, is given by 
(9) do, = dw? + 2 cos 26 dudv + dv, 


where @ is a solution of equation (2) given by 


sin «(3 - 5) + (cos 6 + 1)sin(O+)=0, 


oe 0d (OO 
sino ($2 + i) + (cos 6 —1)sin(@—w)=0, 


ell bp say aeeee sie 

} E., p. 163 with the aid of equations (8). 
t Cf. E., p. 164. 

§ E., p. 200. Equations (36). 
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a being the constant angle between the tangent planes to P and P, at corre- 
sponding points.* The direction-cosines X’, Y’, and Z’ of the normal to P; 
are of the form 


(11) X’ = coso X + sin a (sin 6 X; — cos 8 Xe) ,t 
and the direction-cosines ¥, Y, and Z of the line joining corresponding 


points of P and P;, and tangent to these surfaces at these points, are of the 
form 








(12) X = cos 6X; + sin 6 X2.t 
From (11) we obtain with the aid of equations (3) 
OX’ x =) —) On. . , , 
(13) ar sin 6X, + cos 6X2, aa ek — sin @X, + cos 6X2, 


where we have put 
X; = sin w (cos a(sind Xy — cos 6X2) — sin aX) 


— cos w(cos 6X; + sin 6X2), 
(14) 


Xo, 


— cos w (cos a (sin 6 X1 — cos§@ X.) — sin o X ) 


— sin w(cos 6X; + sin 6 Xo). 
From these follow by differentiation 








Ox 06 , Py ox 06 bald . 

au! 7 Ba ha 36: oo 2 aa 
(15) ; ' 

OX, = 00 +, Bake 0X, = 00 y 6X’ 

Ou ep heeaa : ao”tC«G ee ‘ 


equations which are analogous to (3). Equations (14) are equivalent to 
cos 6X; +sin@X, = — sin(@ — w) [ cos o(sin 6X, 
— cos 6X2) — sin o X | — cos(@ — w) (cos 0X; + sind X2), 


(16) 
cos 6X’, — sin @ X, = sin(@+ w) [ cos o (sin 6X, 


— cos 6X2) — sino X | — cos(6 + w) (cos 6X; + sin 6 Xo). 


2. THE TRANSFORMATION 2(6, 0) OF THE SURFACES V 
Each solution W, of the equation 
dr 
Oudv 


* Equations (10) may be obtained from equations (44) E., p. 289, by replacing cos o by 
— cose. 

+ This follows from E., p. 284. 

Die Lee: 





(17) + cos 26 ¢1 = 0 
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determines a surface V with the spherical representation (9) of its geodesic 
conjugate system. The rectangular codrdinates of the corresponding surface 
V, are of the form 





Bee aW,  aW, 
t= Wik +z5| X! ye ( S av ) 


ow, ow, 
+X; sin o( var dv |, 


where X’, X;, and X; have the significance given by equations (11) and (14). 

It is our purpose to show that when a surface V whose coérdinates are 
given by (5) is known, it is possible to find a surface V; defined by (18), such 
that the developables of the congruence formed by the joins of corresponding 
points of V and V;, cut these surfaces in their respective geodesic conjugate 
systems. 

If we write the coédrdinates of any point on a line of this congruence in the 
form 


(19) a+ti(ai—a), ytt(yi—y), %*et+t(a—2). 
it must be possible to find two values of ¢, say ft; and f2, such that 


(18) 














Ox, oy OY os O21 
one A) ta ee se +4 5h 1 Mi) yy teal agg 
a — 2 yi—y ~ z1— 2 ; 
a 0 O21 0 0 
ay Yi oe rl 
(1 —- ) > 7 +85 (0-8) go tgp (1 — a) 3, t bap 
2 — 2 yi— Yy ie z1— 2 


The necessary and sufficient condition that these equations be consistent is 
that the following equations be satisfied: 





dz dy a dx ay 
Ou Ou Ou Ov Ov Ov 
@1) | am an a |= 0, | a ay au |= 0. 
Ou Ou Ou Ov Ov Ov 
Uae Ue So el aon Ae UB CR 











The equations for V; oe to (6) are 


day _ 
du sin ot 





(cos 6X, + sin@ X)), 
(22) 


Ox 1B ; 7 
Eye Ora 99 (608 6X, —sin@ X,). 
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Again with the aid of equations (11) and (14) we obtain from (5) and (18) 
the expression 

















(23) wy —a¢@= AX + BX,4+ CX, 
where 
y sin ow, b ow, 
A = Wi cos¢o — Ww +55 (sin(o - td.) ae + sin(@+ w) ap i} 
; : cosa sind/ . OW, 
B= Wy, sing sin 6 — so ( sino —w) a 
OW, cosw (OW aw 
ee) 9, | me) ~ dean (Se - ee) 
cos 6 OW, ow, 
(24) ot ee aa i 
int cos o cos 6 OW, 
C = — Wy, sino cos 6 + os re (sin (o - Oj) ci 
7 a a FE) 
SAD ie ~ sin 2a a Ov 
sin 6 ow, 
+ SEF (cos(8 + 0) So 3 cos (0 - w) SO), 


When these values are substituted in (21) and use is made of (16) in the 
reduction, we obtain 


A cos(@— w)(coso —1)+ Bsinw sine — Ccoswsing = 0, 
Acos(@+w)(coso+1)—Bsinwsing — Ccoswsing = 0. 


In consequence of (24) these equations, and consequently equations (21), are 
equivalent to 


OW, coso+l1 OW 1+ cose 














Ae ' 
du sin o cos (9 + w) Ws Sat Geer cos(0 +) W, 
a 1 aw 1 
1, cosa — ee 
Ov sin ¢ cos(6 — w) Wy = av ag a cos (6 — w) W. 


Since @ satisfies equations (10), the condition of integrability of equations 
(25) is satisfied, as is readily shown, and furthermore the function W , so 
defined is a solution of equation (17). We shall find shortly ($5) that the 
integration of equations (25) requires one quadrature only. Hence we have 

THeorEeM I. Each solution of equations (10) determines a transformation 
Q(6,0) of a given surface V into a surface V1 such that the developables of the 
congruence formed by the joins of corresponding points on V and Vy cut these 
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surfaces in the geodesic conjugate systems. Moreover, when @ is known, the 
further determination of Vy requires only a quadrature. 

The second fundamental coefficients of Vi, namely D,, Dj, are given by 
expressions similar to (7). In consequence of (25) these can be given the 
form 








2A re) S 
Dy = — D~ 3 45 ( 2 c08(8 — a) 2 _ 8 tI sn 20), 
sin o sin 2w Ou sin o 
0) 2A fe) 1 
mr ~ Ww —2 COStO: 3 
= pil See 9 
Bins 2 saa (2 00800 + 0) ep ar APPT cae 20). 


3. THE CONGRUENCE ASSOCIATED WITH A TRANSFORMATION Q2(6, c) 
With the aid of (25) the expressions (24) are reducible to 


sin o (= 2a) ow 


A= (Wi — W cos o) — sin(@ — w) 








sin 26 \ sing 
e ow 
+ sin (6 + ) “2 ’ 
(27) erate 
= ——.— (cos 6 cos w — cos o sin # sin w), 
sin ¢ sin w 
A 4 ; 
= —-————-_ (cos 9 cos w cos o — sin @ sinw). 
sin o COS w 


From these expressions and (23) it follows that the direction-cosines a, 6, 
and y of the line joining corresponding points on V and V are of the form 


ap = cos w (cos 8 cos w — cos o sin w sin 0) X, 
(28) + sin w (cos 8 cos w cos ¢ — sin # sin w) X2 
+ sing sinwcoswi, 


where 
(28) p = V2V1 + cos 2w cos 20 — cos a sin 2w sin 26. 





Since the expressions for these direction-cosines involve only the functions 
of the Backlund transformation, we have 

THeoreM II. Jf V and V’ are any two surfaces conjugate to P, and V, 
and V, are obtained by transformations involving the same functions 6 and o, 
the developables of the congruences of lines joining corresponding points of V 
and V,; and of V' and V;, have the same spherical representation. 

In § 4 we shall find that in certain cases these congruences coincide. 

In the tangent plane to V at a point M we draw the line / parallel to the 
line joining corresponding points of the pseudospherical surfaces P and P, 
determining a transformation of V. The direction-cosines X, Y, and Z of 
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this line are of the form z 
(29) X = cos 6X;,+sin 6 Xe. 


The direction-cosines X’, Y’, and Z’ of the line in this plane perpendicular 
to l are of the form ¥ 
(30) X’ = — sin@ X, + cos 6 Xe. 


With the aid of these expressions equation (28) may be written 


2ap = sino sin 2w X + (cos 2w + cos 20) X 


+ (— sin 26 + cos o sin 2w) X’. 


(31) 


In view of this expression we are able to give the following construction for 
the direction of the line through M upon which lies the point M;, of the trans- 
formed surface V,;. In the tangent plane to V at M we lay off a unit vector 
which makes the angle — 26 with the line /, and in the plane through / and 
inclined at the angle o to the tangent plane we lay off a unit vector which makes 
the angle 2w with /; the vector which is the sum of these two vectors has the 
desired direction. 

It is our purpose now to determine the abscissas of the focal points of the 
congruence of joins of corresponding points on V and V,. To this end we 
observe that in consequence of (20) we have 


(l—t) Sox ae ii Ae (1 —%) Sox oF bo oF 


MX et reer TS XCa ae > X’ (a1 — x) Sk eee 
It is readily shown that 

















Ox; Dige: ‘ 
ee 7 — =p sin o sin (0 —w), 





O21 VB, 5 : 

aX) EW ety ni 59 Sin 7 sin(8 + w), 
Ox : : 

Er. a = an Qo Sn @ Sin (6 —w), 
0. DAE 

SY a eee sine in (8 won 


dv sin 2w 


In consequence of the values (27) we have also 


Gk Le 
LAX" (a1 — #) = sin Dig 
Substituting these expressions in the above equations, we obtain 


(l—t)D=f70;5 (l—#)D” =-#D,, 


bo 
Or 
(Js) 
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from which we derive the following: 


LD. ae Pele 

ae ES Tue Deke Doe 

(32) i 
D” ay) 


ape + ~ 2-H pe 
From these values it follows that the cross-ratio of the points M and M, on 
V and V, and the foci F; and F2 of their joins is 
DDY 
(33) R(MM,, Fi F2) = Hie 
1 

Substituting the values (32) in (19), we find that the codrdinates of the 

focal points are of the form 


2D; +24, D Dy — 2x, D" 

(34) 7), pm pam OLCrs bie pee ; 
Hence we have 

TuerorEeM III. The focal points of the lines joining corresponding points 

M and M, on the surfaces V and V, divide the segment MM, in the ratios D/D, 


and — D"/D,’. 


etc. 


4. SPECIAL SURFACES OF Voss 


In the preceding discussion we have ignored the possibility that the joins 
of corresponding points on V and V; may pass through a point, in which case 
any ruled surface of the congruence is developable and Theorem I loses part 
of its significance. It is our purpose now to consider this possibility. We 
shall find that every surface V does not admit of such a transformation. 
We use w to denote the function W for a surface V which possesses this 
property. 

If we take the origin for the point of concurrence of all the rays, we must have 


a+t(a—7v)=0, ytt(m—y)=0, z2+t(2z1—2)=0. 


When the expressions from (5) and (23) are substituted in these equations, 
we obtain three conditions of the form 


LX. + MX, + NX2 — 0, 


which coexist only in case L = M = N=0. This gives the three equations 


of condition 


Ow dw : 
= —$— —__ ——— 9 = 
w+ At=0, au jy tT 2 Sin w tB 0, 
(35) 
Ow 


Ow 
tee ht Epes Tim, ae 
aa tT dy 1 2 COS wt (Fy 
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If we solve the last two equations for dw/du and dw/dv and substitute the 
values of B and C from (27), we have 





Ow (1+ cos oc) Ow cosa — 1 
Ee pons cos (9+ w)=0, a tes cae cos(9@—w). 


Hence equations (35) may be replaced by the first of them and 


dlogw 1+ cosa 


dlogw cosa —1 
Ou sin o a 


Ov sin o 








(36) cos (9 + w), cos(9 —w). 


From the equations (25) for the determination of w, it follows that 
(37) ww, = const. 


Hence each solution @ of equations (10) leads by a quadrature to a surface V , 
which we call a special surface of Voss and denote by V (6,0), such that 
there is another surface of the same kind so related that the lines joining 
corresponding points of the two surfaces are concurrent. We observe that 
the relation between these surfaces is reciprocal, and consequently we say 
that each is the adjoint of the other. 

It is evident that if there is applied to a special surface V (0, 0) a trans- 
formation involving a different @, the relation between the two surfaces will 
be that of Theorem I. 

When the values (86) are ‘substituted in equations (7), we find that the 
expressions for the second fundamental coefficients A, A” of V(@,0) are 
reducible to 





2Qw (- cos(9@ —w) dw 1+ cos =) 





sino sin 2w du sin o 
(38) 
Ne 20 | 2eOskOe we) OW. 1 score 
Reeosinec, sin 2w dv sin ¢ , 


From (26) it follows that the coefficients A;, A,’ of the adjoint surface are 
given by 


A a a A 
(39) a= -a(1+4), KOA (1 +4). 
Since we have 
(40) ArA EAA = 0; 


it follows that the asymptotic lines on a special surface of Voss correspond to 
a conjugate system on its adjoint. 

We consider the converse problem, that is, we suppose that D, D’, D;, Dy’ 
satisfy an equation of the form (40). From (26) it follows that either A = 0, 


bo 
OU 
or 
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or there exists a function \ such that 


r 0 | 
D = 35, (2e08(8 - «) = For S sin uJ, 








sin 2w du -—s sing 
oe nN 0 1 
eye AA rea le COS. Gar 20 | 
D (2 cos (8 + w) a + sing in 2@ J- 


If we take A = 0 and substitute in (25) the value of W, so determined, we 
find that D = D” = 0, which evidently is impossible. 
When the values (41) are substituted in the Codazzi equations (8), we find 


A = cw. 


Hence V is a special surface of Voss, and we have 

TueoreM IV. A necessary and sufficient condition that a surface of Voss 
be “ special” is that rt admit a transformation Q such that the asymptotic lines 
of the given surface V correspond to a conjugate system on the surface V1. 


5. EQUATIONS OF A TRANSFORMATION ((6, 0) IN ANOTHER FORM 


In consequence of equations (36) we may put the fundamental equations 
(25) in the form 


rs) OW ow 

nr Tay. way 1) A thot 9 4 

au (Wi) a Ou ance: ; 
42) 

rete Gp. 0p 


This shows that the transformation 2(@, 0) is of the general class of trans- 
formations of Moutard of equations with equal invariants.* It is a well- 
known fact that three linearly independent solutions 11, v2, v3 of an equation 
of the form 

07 6 
fe, Judd 





= M6 


determine a surface = referred to its asymptotic lines; its codrdinates &, n, ¢ 
are given by the formulas of Lelieuvret 


3 Vo V3 ae V2 V3 
) Gu — |S 9e]> Gy = — [Ore Ors}: 
Ou dv Ov Ov 


If a fourth solution of equation (43) is known, say 61, the functions v;, defined 


* Bianchi, Lezioni di geometria differenziale, vol. 2, p. 47; also Darboux, Legons sur la théorie 
générale des surfaces, vol. 2, p. 145. 
TE, palgs: 
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by the quadratures 





9 6; Vi 3 0; Vi 
(45) a MOLD = —|00, dvi}, 5, (Or vi) = 00, Ov; (¢ =1, 2,3) 
du Ou dv Ov 
satisfy the differential equation 
0° 6 Om 


(43") dudv 1 dud Mi 


Moreover, the surface 21, determined by equations in »; analogous to (44), 
can be so placed in space that 2 and 2, are the focal surfaces of a W-congru- 
ence.* 

Since the total curvature of 2 is given by ft 


—1 
Tie se eae 


if > and Y are to be pseudospherical surfaces of curvature — (1/a?) in the 





K 


relation of a transformation of Backlund, 
Vy =VaXx, Vo =VaY, V3 =VaZ, 
yy = Vax’ ; Ve = Vay’ 5 V3 = Val“! é 


where X’, Y’, Z’ are given by (11). When these values are substituted in 
(45), we find that 4, equals w, given by (86), to within a constant factor. 
Now, equations (43) and (43’) are respectively (4) and (17). Hence we have 

TueorEeM V. A transformation 2(@, 0) is a transformation of Moutard 
in which the transforming function is the tangential codrdinate w of the corre- 
sponding special surface V (0,0). 

It is a fundamental property of W-congruences that each focal surface 
admits an infinitesimal deformation parallel to the normal to the other surface. 
The surface corresponding with orthogonality of linear elements to 2, defined 
by (44), in this case has for coordinates tf 


6; Vi; 6; V2; 6; V3. 


Moreover, in the general case 6; V — K is the tangential codrdinate W of the 
corresponding associate surface. Hence we have 

TueorEeM VI. A special surface V (0,0) associated with a pseudospherical 
surface P is that associate surface in the infinitesimal deformation of P whose 
directrices are parallel to the corresponding normals to the Bicklund transform 
of P by means of 6 andoc. 

*E., pp. 418, 419. 


tE., p. 194. 
TE., p. 420. 
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Since W, w is determined by (42) only to within an additive constant, and 
since also 1/w is a solution of equation (17), if V1 is a transform of V by a 
transformation 2(6, 0), so also is the suite of surfaces whose tangential 
codrdinates are 


x’, ¥', 2, Mite, 


where a is an arbitrary constant. 
In hike manner it may be observed that V; is obtained by a transformation 
Q(6, 0) from any one of the surfaces whose tangential codrdinates are 


X, Y, Z Wtaw, 


provided it is true when a = 0. 

We have seen that when a surface V (6,0) is transformed by 2(@,¢), 
the tangential codrdinates w and w, are such that their product is constant. 
We shall show that this property is characteristic of special surfaces. In 
fact, if we differentiate the equation 


WW, = const. 
with respect to w and v respectively and make use of equations (42), we get 


7) W 7) W 
_ 7 — a — if ss a oe 
(Wi-—V ) a los | OF (Wi-—W ) a, log “ OF 
Hence V is a special surface V (6,0) and the transformation is 2(0@,¢). 
We shall say that in this case the two special surfaces are in perspective 


correspondence. 


6. THEOREM OF PERMUTABILITY OF THE TRANSFORMATIONS (2 


It is our purpose to show that the transformations which have been estab- 
lished in §2 admit a “‘ theorem of permutability ” as follows: 

TuHEeorEM VII. If two surfaces Vi and V2 are obtained from a surface V by 
means of transformations (61, 01) and Q(6@2, o2) respectively, there exists a 
surface V'’ which may be obtained from V, by a transformation Q2(¢, 72) and 
from V2 by a transformation Q(¢, 01) ; moreover, the determination of V’ does 
not involve integration. 

If Wy and W, are tangential coérdinates of Vi and V2 respectively, we 
must have in accordance with (42) 


ow; W; Ow; boy ow W Ow; 
Ou w; OU +~— usw; OU 

(46) (i=1,2), 
ow; W; Ow; OW W dw; 


Ov w; Ov Ov w; dv 











, 
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where the functions w; and we: are given by 


ol i i t 
SEP nu —- cos (6; +w), 








Ou sin o; 
(47) (¢=1, 2), 
dlog w; cosa; — 1 (oes 
yee? | oti ee 
and 
s 06; Ow 
sin a(S 52 ) + (cos o; +1)sn(6;+ 0) = 
(48) rae (i =1, 2). 
sin oi( Si + J ) + (cos os — 1) sin (6, —w)=0 


On the assumption that a surface V’ exists satisfying the requirements of 
the above theorem, there must exist functions JV’, w,, and w, satisfying equa- 
tions analogous to (46), namely 


OW’ W' dw; 2 OEE Ow; 
Ou w, Ou —-—Sdu w; Ou’ 

(49) (J= 1,28) 
ow’ W' Ow; x OW; W; Ow; 


Ov w; dv Ov w; Ov 

















By means of (46) these are reducible to 











ow’ dlog w; aw dlog w; 
nth Ry fg arbabeh NE! vi ; 
au + W Ae W; © Jog (1. W; ) ee — W rare 
059) te ol ow dl 
‘ yt — 102 Wi Le eee fs OF Wi 
+ W pe = W;- © tog (w; W; Bion —W An 
(i= 1.298 


The consistency of the first equations for 7 = 1 and 2 = 2, and likewise for 
the second equations, requires that 


/ 
W 


) 0 
Lien eee ee Vale 
WW an log ie Wi au log (w; w1) 


0 4 0 Wy 
(ee oO is a 
a + W, 3, 08 (wz We) + Wa log = 0; 


us 


W'S Jog at Waa, © Jog (w; w1) 


Wi 


0 ; ts) 
— Wa log (w2 we) + W = logs = 0. 


Since V; and V2 are general transforms of V, the coexistence of equations 
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(51) necessitates the conditions 
) 


4, 10 oe m8 © log wi ot aul aie w, =0, 
(52) bs lo 4 3 10 W, We + = oie} ate W2 W, = 0, 
- dv °F w B22 TT Oy 8 ws Ov bes 


Hi DC Sf CR Ba 
08 iy! due w, du °8 ww, 0°? w, 


This system may be replaced by the first and the following equations 


) ( (w OW dw1 
du wy wi) = — wl wr Faia: 
Ow? Ow 
© (1 we) = $r(wi 5 — We 7) 
(53) 

0 ) Owe Ow, 
ap (wi wi =p\lwa — wm 

0 Owe Ow 
§, (1s a) = — (wi 2 — 2) 


where \ and yp are functions to be determined. When these values are sub- 
stituted in the first of equations (52) we find that it may be replaced by 


(54) MWe, Ws a Aw, Wi — a 
In consequence of (53) and (54) equations (51) reduce to 


(55) = (Wi — Wr) do ens — W ee, 





If we substitute these expressions in (50), we find that \ and uw must be constant. 
It is necessary now that we determine whether functions w, and wz, exist 
which satisfy equations (53) and also equations analogous to (47), namely 


dlog w; _ 1 + cos ox 








du sina; os( + 9:), 
(56) : (i,k =1,2;¢+h), 
dlog wi; _ cos o% — 1 oo es) 
dtheeMaincpe ? : 


where the function ¢ must satisfy the equations 


sin a(S - Se) + (cos o,+1)sn(¢?+6,) =0, 
07) 0 06 
sin o:( gone et) + (cos #1 = 1)sin(# ~ @) = 0 


Ov Ov 
(i,k =1,2;i+k). 
Trans. Am, Math. Soc. 18 
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From the “theorem of permutability ” of transformations of Bicklund of 
pseudospherical surfaces it follows that there exists a function ¢ satisfying 
the four equations (57); it is given by * 


(cos 71 — cos o2) sin (62 — 6) 








sin(@ — w) = sin 1 Sin a2 cos (82 — 61) + COs 01 COS G2 — 1’ 
(58) : : 
Canes yO Satie OOS: COS Cae MI eOe Utena 
COSA a) = sin oi Sin G2 cos(@2 — 01) + cos o1 cos gg — 1 


Since w, and w, are given by (56) only to within a constant factor, it follows 
from (53) that the constants uy and \ may be taken equal to unity, and conse- 
quently equations (53) may be written 


®t an) ovo Bt — yo 
By (We wi TI 

(59) (4,k=1,2;7+k). 
Ow; Ow}, 


© (a0) ws) = — we + we 
Be EE 2S a ar a 


If we reduce these equations for 2 = 1, & = 2 by means of (56) and (47), we 
obtain 





_ {1+ cos a2 © 1+ cosa; 
(A cos (h + Oh) + ee cos (1 + o)) 
1 + cos a2 1 + cos oj 
= - uf ay cos (62 +w) — aie cos(#1 +8)), 
60 
(60) (Ss pee! — (6 )) 
ne SIN G2 cone : Sil'o,, eee 
cos a2 — 1 cos 0; — 1 
= we( oe cos (8; — w) — aoe cos (01 — o)). 


If we add these equations, the result is reducible to 
Ww, 
W, 
( a ieee ) he | 

(61) Asis. sin @ + sin on @ sin 6; 
e ( cos 02 _ cos A; 


sing. sin oy 


| Coot a2 cos @ + cot a1 Cos w) cos 4; 








) eos w + (cot o2 sin 6. — cot o; sin 6) sin w. 


By means of the values of ¢ given by (58) this equation becomes 


Ww, sin 01 Sin 2 cos(A2 — 61) + cos a1 cos a2 — 1 
Wy COS d2 — COS G1 : 





(62) 


*H, p. 287. 
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The same result is obtained if equations (60) be subtracted from each other 
and in the resulting equation the values of the functions of @ given by (58) 
be substituted. It is readily shown with the aid of (58) that this expression 
for w, satisfies equations (56) with? = 1,k = 2. 
If we proceed in a similar manner with equations (59) with z = 2,k = 1, 
we obtain 
W, sin o1 Sin o2 cos (2. — 61) + cos a1 cos o2 — 1 


(63) <2 = 


Ww, COS d2 — COS o1 





These values of w’ and w, are in agreement with (54) which now is 
(64) We We + Ww, Wi = 0. 
_ From (55) it follows that the tangential coérdinate W’ of the surface V is 
(We. — W1) (cos o2 — cos a1) 


sin 01 Sin o2 cos (42 — 61) + cos a; COs a2 — 1° 





(65) W=Ww+ 


d 


Hence the “theorem of permutability,” as stated at the beginning of this 
section, has been completely established. 

Suppose that W = w; and W, = 1/w); it is evident that the character of 
W. and W’ depend upon the choice of the function w.. If we require that 
V2 and V’ shall be special surfaces of Voss such that the joins of corresponding 
points are concurrent, in all generality we can put W’ W.=1. It follows 
at once from (65) and (63) that W2 = w;. Now V1 and V’ are not in per- 
spective correspondence. Otherwise we should have w; wi = const., which is 
inconsistent with (59). 

If four surfaces are related in accordance with Theorem VII, we say that 
they form a quatern. In view of the above results we have 

TueorEM VIII. Jf V,Vi, Vo, V’ form a quatern of surfaces of Voss deter- 
mined by a set of functions wi, W2, W; , W2, the special surfaces of Voss determined 
by the functions wi, 1/wi, w2, 1/w2 form a quatern, and so likewise do the 
special surfaces determined by the functions we, 1/w2, w,, 1/w;. 

Conversely, 

THEOREM IX. If two surfaces V and V, of a quatern (V, Vi, V2, V’) 
are special surfaces in perspective correspondence, the necessary and sufficient 
condition that Vz and V’ be special surfaces in perspective correspondence is that 
these surfaces be determined by w, and 1/w2,, where w is given by (63), o2 being 
any constant and 0 a solution of the corresponding equations (10). 


7. NORMAL CONGRUENCES DETERMINED BY TRANSFORMATIONS Q 


We turn now to the consideration of the congruence of the lines of inter- 
section of the tangent planes at the corresponding points M and M, on two 
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surfaces V and V,, of which the latter arises from V by a transformation Q. 
From the general theory of congruences* we know that the tangents at M 
and M, to the geodesics v = const. through these respective points meet in a 
point F;; likewise, the tangents at M and M, to the geodesics wu = const. 
meet in a point 2; furthermore, these points F; and F», are the focal points 
of their join in the congruence formed by these lines of intersection of the 
tangent planes to V and V; at M and M,. 


If the coérdinates of F; and F, be denoted by aj, bi, ¢1; a2, be, c2 respectively, 
a, = 24+ 1 (cos w X1 + sin w Xo) = a1 + pi (cos 6X; + sin 6 X32), 
(66) ine ; 
ad, = « + d2(cos w X; — sin w Xo) = 2; + wo (cos 6 X; — sin 6X2), 


where Aj, #1, Az, Me are quantities to be determined. From (16) and (23) it 
follows that the equivalence of the two expressions for a1, bi, and ¢; requires 
that A; and yw satisfy 


A+ p,sing sin(@—w)=0, 
B — uw [sin(@ — w) cos oa sin 6 + cos(@ — w) cos 8] — A, cosw = O, 
C + w1[sin(@ — w) cos ¢ cos 6 — cos(@ — w) sind] — Ai sinw = 0. 


It is found that these equations are consistent in view of the values (27) of 
Ay By ard C2 


From the above equations we find 


A sin 20 —A 


~ sin o sin 2w sin(@ — w)’ M.™ sino sin(@ — w)’ 


(67) M1 








In like manner it can be shown that 


A sin 26 A 


~ sin o sin 2w sin(@ +)’ M2 sin o sin (6 +)’ 


(68 oi 





We shall need the expressions for 0A/du and 0A/dv. They are most 
easily obtained indirectly by differentiating equation (23) with respect to u 
and v separately and equating to zero the coefficients of X in each case. These 
expressions are reducible to 








OA, Downe Cpe) A(1+ cos ¢)cos(6 + w) 
ae du _—_—s sin 592 wae oh iar sin o : 
0A —D;. : A(cos ¢ — 1)cos(@ — w) 

Op ~ Hnog We sin(@ + w) + : 


sin o 
If we substitute in (66) the values of \; and dy» given above, we derive by 


* Cf. Darboux, Legons sur la théorie générale des surfaces, vol. 2, pp. 230, 231. 
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means of (69) the following: 





dm OM sin2w /coso+1 
du sin(@— w) 


(cos w X; + sin w X2) — sin(@ — w)X), 











sin o 
(70) : 
Ht = ( 20 dw D0) eto 6X») 
Ov cae sin(@ — w) ; 
Oa, dw (cos 6X, + sin 6 X2) 
PAS pawn oall Fy y gaaeelliend 
Ou (2.5242) sin(@ + w) ; 
(71) Wears , 
as 2 sin 2w — cosa ie ; : : i 
7 = ae ( ae (cos w Xy sinw Xs) +sin(0-+0)X ). 


These equations show incidentally that Ff; and F, are the focal points of the 
congruence. 

We denote by 2; and  , the focal surfaces of the congruence, that is the 
loci of the points F; and Fy, and by Ai, Bi, Ci, A2, Bo, and C2 the direction- 
cosines of the normals to 2; and 22. From (70) and (71) we find 








i| : 
Ar = (sin 8X1 — c05 6X2 + GO" 4 sin o 








oe V2(1+cosc)’ 
(72) 
aT : 
ie (aa teem. 1 oe — :) Sea 
ae V2(1 — cose) 


and similar expressions for the B’s and C’s. 
Hence we have 


pedi Coss, Ded! Ay= cos 5, 
(73) 
wiX4,=—sing, SLX’ Ap = sind. 


Consequently we have 

TueoreM X. For the congruence of the lines of intersection of the tangent 
planes at corresponding points on V, and V the focal planes bisect the angles 
between the tangent planes, and consequently the congruence 1s normal. 

From (66) it follows that 


A sin 20 


(EIEN aes sin(@ — w) sin (6 + a) 








X1cos 6+ Xo sin @), 
consequently the focal distance 2p is given by 


A sin 20 
) — 
(75) “P ~ sin o sin(@ — w)sin(@+w)’ 
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7. CONVERSE PROBLEM 


Suppose that we have a pseudospherical congruence, that is the congruence 
of lines joining points of a pseudospherical surface P to the corresponding 
points of a Backlund transform P,. Using the notation of the preceding 
sections, we note that the direction-cosines of this congruence, namely My ; 
Y, and Z, are of the form 


(76) X = cos 6X, + sin 0 Xo. 


By differentiation we obtain 





ax ’ : x ,,cosa+1 

ox = sin(@ + a)| (sin @ X1 — cos 9 Xe). F5 | 
7) ox 1 

a : : -,cosg — 

Or sin(@ — w)| (sin 0X; — cos ) X2) ae _ x. 


From these expressions we derive the following expressions for the coefficients 
of the linear element of the spherical representation of this congruence: 


ay VeRO 6 
7 a? cos 30 


& 


sin3a0 ’ 
It must be remembered that the parametric curves on the unit sphere 
correspond to the asymptotic lines on the focal surfaces of the congruence. 
Since this system on the sphere is orthogonal, it represents the lines of curva- 
ture of a group of surfaces S whose fundamental functions D and D” satisfy 
the Codazzi equations 
(C2) ee o(2) Davg 
d0\4/8-J, © Gores du\Ye) & du ° 








(79) 





Each set of functions D, D” satisfying these equations gives a surface S by 
means of the quadratures * 





(80) 


dz) 9D OXMemon.  , Dox 
du =~—~sC’ dv~C~«SsC 

Suppose we have such a surface S. Through each normal we draw planes 
parallel to the corresponding tangent planes to the pseudospherical surfaces 
P and P;. The tangential codrdinates W and W, of the envelopes of these 
planes are given by 


W =x Wi = > 2X4" 
oad stra oa Hi) 
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With the aid of (79) and (80) we show that 


aa Ww, 
ag | a A = Se 9 7 = 
andy + 68 20W =0, audy + ©0828 W,=0. 


Hence the envelopes of these planes are surfaces of Voss, and we have 


THeoreM XI. Jf P and P are any two pseudospherical surfaces in the 
relation of a Béicklund transformation, there exists a family of surfaces 8 each 
of which has its normals parallel to lines joining corresponding points of P and P;, 
and, in this correspondence between the surfaces S, P, and Py, the lines of curva- 


ture on the first correspond to the asymptotic lines on the last two surfaces. 


More- 


over, the two planes through each normal to 8 and parallel to the tangent planes 
to P and P, at the corresponding points envelope two surfaces of Voss which are 


in the relation of a transformation Q. 


PRINCETON, 
January 12, 1914. 


BIRATIONAL TRANSFORMATIONS OF CERTAIN QUARTIC 


SURFACES * 


BY 
F. R. SHARPE anp VIRGIL SNYDER 


1. Statement of the problem. It has been shown by Enriques{ that if an 
algebraic surface contains a pencil of elliptic curves and also two curves cutting 
each curve of the pencil in two groups of points which are not equivalent 
and which do not possess equivalent multiples, the surface is invariant under 
a discontinuous infinite series of birational transformations. In a more recent 
memoirt the same author states that, with the exception of the case in which 


[pt gt LE iy hea an 


the converse is also true, since transversal curves of each curve of the pencil 
can always be found. Since the publication of the second theorem the author 
has discovered that the conclusion must be modified.§ An interesting ex- 
ample of a quartic surface having an infinite discontinuous group of birational 
transformations but not containing any elliptic curves has been found by 
Fano.||_ In the following paper it is proposed to study the possibility and the 
nature of birational transformations of quartic surfaces which pass through 
one or more given curves. The method of the basis of a system of curves on 
the surface will be employed, as developed by Severi. § 





* Presented to the Society, February 28, 1914. 

+ F. Enriques, Sulle superficie algebriche, che ammettono una serie discontinua di trasfor- 
mazioni birazionali, Rendiconti della Reale Accademia dei Lincei, 
ser. 5, vol. 15 (1906), pp. 665-669. 

t F. Enriques, Sulle superficie algebriche con un fascio di curve ellittiche, Rendiconti 
della Reale Accademia dei Lincei, ser. 5, vol. 21 (1912), pp. 14-17. 

§ A. Rosenblatt, Sur certaines classes des surfaces algébriques irregulitres et sur les trans- 
formations birationnelles de ces surfaces en ellesmémes, Bulletin de l’académie 
des sciences de Cracovie, Juillet, 1912, pp. 761-810. See footnote 1, page 802. 

|| G. Fano, Sopra alcune superficie del 4. ordine rappresentabili sul piano doppio, Ren- 
diconti del Reale Istituto Lombardo, ser. 2, vol. 39 (1906), pp. 1071- 
1086. 

4] F. Severi, Sulla totalita delle curve algebriche tracciate sopra una superficie algebrica, M ath - 
ematische Annalen, vol. 62 (1906), pp. 194-225. 
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1. QuartTic SURFACES CONTAINING A STRAIGHT LINE 


2. General case. If a quartic surface contains a straight line it contains a 
pencil of plane elliptic cubics. If it is otherwise unrestricted, the surface 
contains no other rational curves, and consequently no birational trans- 
formations into itself. 

3. Rational curve on the surface. Let the quartic surface contain the 
straight line C; and a rational curve C,, of order n meeting Cy in n — 1 points. 
Any plane through C; contains a plane cubic curve C3 on Fy that meets C;, in 
one point K. The involution defined by projecting C3 upon itself from K 
leaves C3 invariant. Associated with this involution is a Cremona trans- 
formation of the Jonquiéres type, having the polar conic of K with respect 
to C3 for invariant curve. This Jonquiéres transformation will be understood 
when we speak of the involution. As K describes C,, the involution defines 
a Cremona transformation which leaves F, invariant and transforms every 
Cs of the pencil into itself. When the equations of the surface and of Cy 
and C,, are known, the equations of the transformation can be readily derived. 

The system of curves Ci, |C3|, and C, constitute a basis, since we are 
concerned with the most general surface which satisfies the conditions.* 
The values of [C;, C;] are 


[C1, Ci] = = 2), [Cs, C3] = 0, | Gas C,] = — 25 
[C1, C3] = 3, [Ci, C,)=n—1, [Cs, Cy] = 1. 


In terms of the above curves the transformation may be expressed symboli- 
cally as follows. 

Let C1, C3, C, go into Ce Ce Gs respectively. The equations connecting 
the old and the new curves are found to be 


C1 20, + 2(n+1)C3 — 3C¢,, 
ch CG; = Ci 


C, = C1 +2(n+1)C3 — 2Ch, 


by the following considerations. To obtain C, we determine the image of 
C, as K describes C,,. Draw the lines from K to the three points of inter- 
section of C; and the plane cubic curve defined by C; and K. As K describes 
C,, these joining lines generate a ruled surface R containing C;. On this 
ruled surface C,, is a threefold curve, and Cj is an (r — 3)-fold straight line, 
r being the order of R. The intersection of R with F, is a curve of order 4r, 
consisting of C,, counted three times, of C, counted r — 2 times, since the 
surfaces touch each other at every point of C;, and of a residual curve, the 


* Severi, 1. c. 
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image of C,. The curve C,, meets C; in n — 1 points, corresponding to each 
one of which C; counts as a double generator of R, hence r — 4 = 2n — 2. 
The residual curve therefore has the symbol 


2(n + 1) (C3 + C1) — 2nC; 2 Bue 


and is of order 2(n +1)4 — 2n — 3n. 

It is evident that each plane cubic curve C3 goes into itself. 

The image of C,, is the locus of the first tangential of K as K describes C,. 
The tangents to |C3| at the points of C, describe a ruled surface of order 
2(n +1) passing through C, and touching Fs at each point of C,, and 
having C; as a (2n + 1)-fold line. The residual intersection is the required 
image of C,. 

From K four tangents can be drawn to C3 besides the one at K. As K 
describes C,, the four tangents generate a ruled surface Ro,+. of order 2n + 6, 
having C;,, for a fourfold curve and C, for a multiple line of order 2n + 2, as 
may be seen as follows: The tangent cone to /; from any point P on C; con- 
sists of the tangent plane at P counted twice and of a cone of order 10 on 
which Cj is fourfold. This cone intersects the projecting cone of C,, from P 
in C; counted 4(nm — 1) times and in 6n + 4 other lines. These 6n + 4 
_ lines are composed of two groups; those of the first are the 2n + 1 tangents 
to C3 at points of C,, each counted twice, and the remaining lines belong to 
the second group. ‘The lines of the second group are generators of the ruled 
surface in question. The residual intersection of Reng with Fy, is a curve 
C counted twice that remains invariant under the transformation 7’. It is 
defined symbolically by the equation 


or : 


C = 20, + (n+ 3) C3 — 2C,. 


As K describes C,, its first tangential K’ describes a rational curve. By pro- 
jecting each C3 from the corresponding K’ upon itself, another Cremona trans- 
formation 7’ is defined. Since by 7’ both |C3| and C, remain invariant, 
and since 


(Co Otis EONS [0:,C,] =n —1, 
we easily obtain the equations 
(he C= — Cy +2 ee oe. Caius C, = Cn. 


The determinants of 7, 7’ are each — 1, and their product is 1; the opera- 
tion (7'T’) is not periodic. Thus the surface is invariant under an infinite 
number of birational transformations. In any plane the operation (7T7’) 
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can be replaced by the product of two projections of the curve upon itself, 
the center of one of which may be chosen anywhere on the curve. But the 
operation does not define a continuous group, since the C3 associated with K 
has not a constant modulus as K describes C,, .* 

Moreover, it can be shown by the same method as that employed by Severit 
that all the effective transformations that leave F, invariant can be expressed 
in terms of 7 and 7’. 

4. One double point on the line. Let all the curves C3 pass through one 
fixed point P on C,, the other points of intersection of C,, C3 being variable. 

The surface is evidently invariant under the projection of the surface upon 
itself from the point P; the projection is an involutional Cremona trans- 
formation of the Jonquiéres type. The surface is also invariant under the 
transformation defined by the first tangential of P as in the preceding case. 
Surfaces of this type necessarily contain rational curves which cut every plane 
C’; of the pencil in one point apart from the point P. 

Symbolically, the transformation is expressed as follows. For basis we 
may choose C;, C3 and the point P with the following characteristict 


[C1, Ci] = — 2, [Ci, C3] = 2, [ Cs, C3] = 0, 
[SS gd heal BGs i )=<1), BP sce a 


The point P is a double point on Fy. The tangent cone to F, at P is a quadric 
passing through C;; the residual intersection is a rational curve of order 7 
which passes through P five times. We have therefore 


[C,,P] =5, [C;,(i] =1, [C;, C3] =1, [C;, Cr] = — 2, 
so that the equations of the projection from P are easily found to be 
= C1, 
S. C; = Cs, 
P=(,+20C; — P. 


The equations of the transformation defined by the first tangential are simi- 
larly found to be 


Coe OF 1005+ 4P, 
Ashes C; = Cs, e 
P=P. 


* Picard et Simart, Fonctions algébriques de deux variables indépendentes, vol. 2, pp. 517- 
518. 

tRendiconti del Circolo Matematico di Palermo, vol. 30 (1911), 
pp. 265-288. 

t For the idea of using a point as part of a basis, see F. Severi, La base minima pour la 
totalité des courbes tracés sur une surface algébrique, Annales de 1l’école normale 
supérieure, ser. 3, vol. 25 (1908), pp. 449-468. 
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The product (SS’) is not periodic, hence the surface is invariant under a 
group of infinite order. 

5. Line an inflexional tangent. The cases in which two distinct or coin- 
cident points of intersection of C3 and C;, are fixed offer no new peculiarities; 
similarly for the cases of three distinct fixed points or of two coincident and 
one distinct fixed points. But the case in which all three points are coinci- 
dent merits special attention. If C; is an inflexional tangent for every C3 
passing through it, the point of inflexion must be the same point for every 
curve of the pencil, as is easily seen by considering the binary cubic whose 
roots define the point of contact. 

An equation of the form 


db (2%: 243) + mf (xe : 23) = 0 


must be a cube in 22 : 23 for every value of m; this is possible only when 
@ = kf, k being a constant. 

The equation of the most general quartic surface ©; passing through a line 
(v1 = 0,24 = 0) and having the property that every plane section (cubic 
curve) through the line will have a fixed point of inflexion (0, 0, 1, 0) on the 
line and the line itself for inflexional tangent, is of the form 


@, = 21 F3 (a1, 22, 13, Xa) + 24 3 (Xe, 13, X41) = O, 
where 


4 4 4 4 4 
Dy De Win Li Ve L1, bs = Dy Dy De bins Xs te 21, 


1 k—1 t=1 t=2 k=2 l=2 


Ms 


a 


~N 


and 
993 9s ose8 sn 333g boo3 = bo33 = b333 = 0. 


The tangent plane to Fy at any point of the line x; = 0, a, = 0, except the 
point (0,0,1,0), is doe. 41 + beoe vy = 0, and is a fixed plane throughout 
the line. It is no restriction to call this plane x; = 0, so that boo. = 0. 

The equation of the surface now has the simpler form 


a, Fs + ai ¢2 = 0, 


4 4 
= > 2 biz Ui Like 


where 


The point (0, 091, 0) is a biplanar point, the equations of the two tangent 
planes being 


A133 Xt + Agga X11 4 + Dgg4 xi = 0. 
One of these planes may be taken for x, = 0, by putting a33;3 = 0. The 


surface may be mapped on a double plane (x3 = 0) by projecting from the 
double point (0,0,1,0). 
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The curve of branch points is the intersection of the cone of tangents from 
the double point. By arranging the equation of the surface in the form 


Uz x3 + 2ugx3 tu = 0, 
where Uz = %4 (334 01 + 5334 24), Uz = quadratic in 21, 7%, 
Us = quadratic in 21, x + doo2 XX, 
the equation of the cone may be written in the form 
U3 — U2 U4 = Ke = pg tz + pax? + ps x2 + ps = 0, 


where 
P3 = Ao22 M1 4 ( 334 vy re bss 24 ) = 


If now a curve exists on F, which meets every plane cubic through the line 
2, = 0, x; = 0, in one point, it must be rational and meet the line in n — 1 
points. 

Projected from (0,0,1,0), the curve lies on the cone qxz — q’ = 0, in 
which q, q’ are binary in 21, 24 of orders n — 1, n respectively. 

Since every generator of the cone meets ®, in one other point, the locus 
of this residual point is another rational curve lying on ®;. The first necessary 
condition that gxz — q’ = 0 shall meet ®, in two distinct curves is that Q shall 
be a contact curve of Kg. If this condition is satisfied, the equation obtained 
by eliminating x2 between K, and Q has only double roots, so that 


psd +p gd Gt ps C+HDE 
q° 





is of the form [?/q°. 

These conditions can be satisfied by properly choosing the constants in 
gq’ andq. ‘The second condition is that the cone from (0,1, 0,0) through 
the curve of intersection of ©, and Q shall be composite. 

By writing the equation of ®, in the form 


(Uz t2 + uz)? = Ke 
and making it simultaneous with Q, we have 
q? (U2 wt + us)? = LT. 


This will be composite when and only when q is a square, hence a further 
condition is stated in the following 

THEOREM. If a rational curve exists on B, cutting every cubic curve through 
v1 = 0, 24 = 0 in one point, it must be of odd order. 

If g is a square, it can contain only n/2 — 1 constants, while q’ contains 
n +2 constants, and 3(n +2) relations among the coefficients must be 
satisfied. 
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n 3n + 2 
ot eee Ty ae 


it follows that there are not enough constants to satisfy the conditions, hence: 
The general quartic surface through the line x1 = 0, x, = 0, having a point of 
inflexion at (0,1,0,0) and a, = 0, a, = 0 for inflexional tangent on the 
cubic curve in every plane through the line, does not contain any rational curve 
which cuts every cubie curve once. 

The surface does not have an infinite number of birational transformations 
under which it is invariant, but only the involution defined by projecting ®, 
upon itself from the point P. 

6. Inflexional tangent obtained by transformation. More generally, given 
a surface F,, of order m, having the line 2; = 0, x, = 0 for an (m — 3)-fold 
line and a rational curve meeting every plane section through the line once, 
it is possible to transform the surface into a surface of order m’ having an 
(m’ — 3)-fold straight line on it, and having the further property that every 
plane cubic section through the line will have the line for inflexional tangent. 

At any point P of the rational curve the tangent ¢ and any other line n 
through P can be chosen in terms of which the equation of the cubic may 
be expressed in the form 


li—-n?+--- =0, L(p) +0. 


The conic lf — n? = 0 has three point contact with the cubic at P, and 
meets it in three other points P;, P2, P3;. By using the triangle P; P»2 P3 for 
triangle of quadratic inversion, the cubic will go over into a cubic and the 
conic into a straight line having at the point P; (the image of P) three point 
contact with the image cubic. Since a net of conics can be drawn having three 
point contact with the cubic at P, there are two independent parameters, 
enough to make the image line any line in the plane. The codrdinates of 
P,, Pz, P3 enter the equations of transformation symmetrically, and all the 
operations can be expressed rationally. 

But it has been seen that, if every C3 has C, for inflexional tangent, the 
point of contact of C3 with C; is fixed. 

It is thus shown that a surface containing a pencil of plane cubic curves 
and a rational curve cutting each curve of the pencil once can be transformed 
into another having the given line for inflexional tangent of every plane cubic 
section through it. The converse, however, is not true. In the transformed 
surface sufficient restrictions are imposed on the coefficients to permit the 
existence of a rational curve, and hence of an infinite number. These curves 
are the transforms of the locus of the successive tangentials of P on the original 
surface. 


bo 
~J 
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2. QUARTIC SURFACES CONTAINING A CONIC 


7. F4 with two coplanar conics. If one plane section of a quartic surface 
is composed of two conics, the number of linearly independent curves on the 
surface is two.* 

Since neither conic is a multiple of the other, the two conics Cz and C; form 
a basis. The surface is regular and of geometric genus 1, and hence the grade 
n and the genus z of any curve C on the surface satisfy the relation 


Nea 2a — 2. 


The curves C are self-adjoint and of dimensions{ 7. In the preceding cases 
the question of the existence of a birational transformation did not need to 
be considered, as each transformation could be determined by geometric 
considerations. In the present case the existence is not so evident, and we 
shall proceed algebraically. 

Since the conics C2, C are rational and meet in four points, any two curves 
ACz + C2, N’ Co + yw’ Cz meet in 7 points, defined by 


} —poeenN ee CA + XN! wp) —2up', 
and the grade n of AC2 + pC? is given by 
nm = — 2074+ 8ru — 2y?.t 


Hence AC2 + wC:, which is of order 2\ + 2u, meets Cy in 4u — 2d points 
and meets C; in 44 — 2u points. It follows that \ and yp are positive integers 
and that neither can exceed twice the other except the cases \ = 1, wp = 0 
and \ =0,u=1. We shall now show that C,, C; form a minimum basis§ 
so that all curves on F, are expressible in the form AC2 + uC>. 
Suppose [ and I” constitute a minimum basis. Then 

Cy = al =p BL, 

CG, = yl + SI’, 


“ 


in which a, 8, y, dare integers. If |I'| is of grade a, |I’| of grade b, and 
any curve |I'| meets |I’| in h points, the grade of any curve JI + mI” is 


al? + 2hlm + bm?. 





* Bagnera and de Franchis, Le nombre p de M. Picard pour les surfaces hyperelliptiques, 
Rendiconti del Circolo Matematico di Palermo, vol. 30 (1911), pp. 
185-238. See page 187. 

+ F. Severi, Complementi alla theoria delle base per la totalita delle curve di una superfice 
algebrica, Rendiconti del circolo matematico di Palermo, vol. 30 
(1911), pp. 265-288, p. 276. = 

t{F. Sever, Mathematische Annalen, loc. cit., see p. 222. 

§ F. Severi, Rendiconti di Palermo, loc. cit., p..277. 
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Since AC, + uC) may be written in the form 


(Aw + ey) T+ (CNB 4 pd) I", 
we have, by making this identical with /[. + mI’, 


a(ar + yu)? + 2h(ar + yu) (BA + du) + b( BA + du)? 


= — 2d? + Sry — 2y?. 
Hence 
(ab — h?) (a6 — By)? = — 12. 


Since a, b, and h are integers, it follows that ad — By = +l or +2. In 
the former case Cz and C2 also form a minimum basis. In any case a and b are 
even, hence the value + 2 is impossible, since it requires h? to be of the form 
4p + 3, in which p is an integer. We have therefore proved that the conics 
C. and C2 form a minimum basis. The following table of possible curves on 
F, can now be found. 


A or pw word Order Genus 
1 0 2 0 
1 if 4 3 
2 1 6 4 
2 ea 8 9 


The curves AC. + wC2, \ = p, are the residual intersections of F'4 with sur- 
faces of order \ having C2 for a(X — w)-fold curve. All the formulas can be 
readily verified by the Cayley-Noether equivalence and postulation theorems. * 
Hence the conics C2 and C; are the only rational curves on the surface; the 
curves of genus two are composed of the partial series of tangent planes; the 
only curves of genus three are the plane sections | C2 + C2], ete. 

If a birational transformation exists that leaves F, invariant, every linear 
system of curves is transformed into another linear system of the same grade, 
genus, and dimension. Hence the plane sections must be transformed into 
plane sections and the two conics either interchanged or left invariant. This 
is possible only under a linear transformation, and the general quartic surface 
containing a conic does not admit such a transformation. We may therefore 
conclude: The most general quartic surface subjected only to the condition that 
at must contain a conic is not invariant under any birational transformation. 





* M. Noether, Sulle curve multiple di superficie algebriche, Annalidimatematica, 
ser. 2, vol. 5 (1871), pp. 163-177. See p. 164 and 168. 

7+ L. Godeaux, Sur la surface du quatritme ordre contenant une conique, Société des 
sciences du Hainaut, vol. 62 (1912), pp. 1-8, has considered the problem of possible 
birational transformations of the quartic surface containing a conic. In consequence of the 
restriction \ > 2u (in our notation) which he overlooks, the system of rational curves there 
found are all composite. The proof of the non-existence of involutional transformations is 
also incomplete because not all possible cases are considered. 


bo 
“I 
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3. QuaRTICS CONTAINING ONE OR Two Space CuBic CURVES 


8. F, through a space cubic curve. Let Fy contain a space cubic curve C3. 
From any point P on Fy can be drawn one bisecant to C3 which meets F’, in 
a fourth point P’. Since the bisecant to C3 from P’ meets Fy in P, we see 
that F, admits an involutional birational transformation. Through C3 
pass a bundle of quadric surfaces, each meeting F, in a residual quintic of 
genus 2. All the quadrics of the bundle which pass through a fixed point P 
belong to a pencil whose basis curve consists of C3 and the bisecant through P. 
Hence all the quintic curves through P on F also pass through P’. 

A basis is composed of C3 and a plane section C;. By proceeding as in the 
preceding cases we obtain the transformation 


C4 
Cs 


9C', — 5C3, 
16C, — 9C3, 


Lie 


which can be verified as follows: 

The image of a plane section C, is obtained by constructing the ruled 
surface of bisecants to C3 from each point of Cy. The curve C4 is a simple 
curve on the surface, and the lines joining the three points of intersection 
of C3 and C, in pairs are double generators. Hence the surface is of order 10. 
From any point of C3 a quadric cone of lines can be drawn meeting C3 again. 
This cone meets the quartic cone to C, in eight lines, but three of them pass 
through the points of intersection of C3 and C4; hence C;3 is a five-fold curve on 
the ruled surface. Since Cy is the residual intersection of Fy and the ruled 
surface, we have 


Cp 0C7 — (0,.+ 5C;). 


The image of C3 is obtained as the residual intersection with F', of the ruled 
surface obtained by connecting each point K of C3 with the point K’ in which 
the tangent plane to F; at K meets C3 again. 

From K can be drawn one generator to K’; from K’ can be drawn six gen- 
erators to points of tangency K. Moreover, the ruled surface and Fs touch 
each other at every point K of C3; hence each generator meets 14 others, 
and the surface is of order 16. The curve C3 counts for nine intersections, 
and hence the residual intersection C3 is defined by the formula 


Cc = 16C4 = 9C3. 
The other possible values of \ and uw which satisfy the congruences analogous 
to those of $2 lead to non-effective curves. Hence the surface does not 
admit an infinite number of birational transformations. 
The transformation is a Cremona transformation, the invariant surface 


Trans. Amer. Math. Soc, 19 
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being the locus of the double points of the involution determined on C3 and F, 
by the bisecants of C3. 

9. F, through two space cubic curves. Consider the general quartic surface 
containing the two space cubic curves C3 and C3 which intersect in k points 
0=k=5. A basis may be made of C3, C3 and a plane section Cy. The 
involution defined by transforming P into the residual point P’ of intersection 
with the surface of the bisecant of C3 through P may be expressed by the 
equations 


C; = 160, — 9Cs, 
V. Cae (env CN (6 —h) CG, e. 
CO, a 90,4 = 503. 


The similar involution as to C3 has the equations 


0; = (20, — 0, — (6 eee 
V'. O; = 1607— 00; 
C, a 9C, ‘ara BOxt 


The product of these two involutions is a discontinuous birational transforma- 
tion that is not periodic. 
When k = 5, the curves C3 and (C3 lie on a quadric which meets F, in a conic 
C,. By the transformation V the curves C3 and C, are interchanged. 
Similarly, the curves C3 and C2 are interchanged by the transformation V’. 


CoRNELL UNIVERSITY, 
January, 1914. 





ONE-PARAMETER FAMILIES OF CURVES IN THE PLANE* 


BY 


GABRIEL M. GREEN 


INTRODUCTION 


Nets of curves in the plane were studied from a projective point of view for 
the first time by Wilczynski.t As he himself points out,t the theory as set 
up by him is that of the “two component one-parameter families, rather 
than a theory of the net itself.” In the present paper, we shall show how 
a single one-parameter family of plane curves may be studied by Wilczynski’s 
methods. Although many of the projective properties of a single one-para- 
meter family may be investigated by considering it as a component family 
of a particular net,—such properties are in fact noted in Wilezynski’s memoir— 
still the theory of one of the families of the net is closely bound up with the 
properties of the other, if the study be made as in the paper already cited. 
To make this clearer, we must outline Wilezynski’s procedure. 

If y, y, y be interpreted as the homogeneous codrdinates of a point 
in the plane, the equations 
(1) y= f” (u,v) (k =1, 2, 3) 


define for wu = const. and v = const. two one-parameter families of curves. 
Equations (1) are a fundamental system of solutions of the completely in- 
tegrable system of partial differential equations 


Yuu = AYu + by» te Cy, 
(2) Yuo = WY, + by +e’ y, 
en = qe Yu + b”’ Yo + Cis Y; 


any fundamental system of solutions of which, say 7, y , 7 , will be of the 
form 
G™ = cn y + cre yO + cx3 y® , lenxr] =O (hk =1, 2, 3) 


where the c’s are constants. The differential equations therefore define the 





* Presented to the Society October 25, 1913. 
| One-parameter families and nets of plane curves. These Transactions, vol. 12 
(1911), pp. 473-510. 
t Loc. cit., p. 478. 
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configuration (1) and all its projective transformations. The most general 
point transformations which leave unchanged the configuration (1) are com- 
posed of transformations of the form 


yY=X(u,2r)Y, 
which leave every point of the plane fixed, and 
“a= U(u), D=) Viwoe 


which leave invariant each of the families w = const., » = const. Suppose 
these transformations to be made on the differential equations (2). Those 
properties of (2) which remain unchanged under these transformations will be 
characteristic of the net (1) and of all its projective transformations, i. e., 
they will be projective properties. Jnvariants are those functions of the 
coefficients of (2), and of their derivatives, which remain unchanged under 
these transformations, except possibly, for a factor depending only on the 
transformations. Covariants have the same nature and properties, but 
contain also the variable y and its derivatives. 

Now evidently the projective properties of the net, as expressed by the 
vanishing of invariants thus found, can not all be characteristic of a single 
family of curves of the net, say the family w= const. For instance, the 
condition that the curves » = const. be straight lines is obviously from the 
first of equations (2) the vanishing of the invariant 5; this has, however, 
nothing whatever to do with the properties of the curves uw = const. But the 
invariant equation a’’ = 0 is the condition that the curves uw = const. be 
straight lines, and is therefore characteristic for that family. 

Again, the covariants of the net have the following geometric interpretation. 
The tangents to the curves of one family, constructed at the points where 
these curves meet a fixed curve of the other family, have a covariant curve as 
envelope. Evidently neither of the two covariants thus obtained is intrin- 
sically connected with the single family of curves wu = const. 

The theory of the net of curves, as developed by Wilczynski, is therefore — 
not applicable in its present form to the study of a single family of plane 
curves, say the curves wu = const. defined by (1). We shall in the sequel 
modify his theory so that it may be used for the theory of a one-parameter 
family of curves, by making this family one of the components of a net, in 
which the second family bears an intrinsic geometric relation to the given 
family. 


1. THe ONE-PARAMETER FAMILY OF CURVES AS PART OF A CANONICAL NET 


The most general transformation of the independent variables which leaves 
fixed the family of curves w = const. defined by equations (1) is 


bo 
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(3) “a= U(u), 6=V (u,v). 


By means of this transformation we can change in the most arbitrary way the 
system of curves v = const. which cut the curves uw = const. We seek a 
particular transformation of form (3) which will associate with the family 
wu = const. a family v = const. intrinsically related to it. For a family of 
space curves which do not lie on a developable surface and which are not 
asymptotic curves on the surface determined by them, there is a very evident 
choice of a second family, namely the conjugate system of curves.* For the 
system of plane curves there are of course isogonal trajectories, but isogonality 
is not a projective property. There is in fact no obvious projective relation, 
analogous say to the relation of conjugacy of curves on a surface, of which 
we can make use here. We proceed to determine a family of curves v = const. 
which have a projectively intrinsic relation to the given family « = const., 
but the relation is by no means so simple as that of conjugacy on a curved 
surface. 
Let us carry out the transformation 


(4) “=U, v= ¢(u,2), 
which is included in (3), on the system of differential equations. We have 
Yau = U5 7° Ue. Ou 5 Yo = Yo dy » 
Yuu = Yurs + 2Yuv Pu + Yor ¢., os Ua a= Yo Puu > 
Ywo = Yur Py + You Pu dy > Yo Puv ) 
You = You db; ae Yo dvy ) 
where we have written 7, for dy/d%, ¥, for dy/dd, ete. Substituting these 
equations in (2), and solving for the new second derivatives Yuu, Yu, Yous 


we obtain a system of differential equations of the same form as (2), with 
coefficients a, b, etc., given by 


j= a — 2a + al, . 
Ee , ” , Pu 1 Pu 
b = (a — 2b’) dy + bd, + (b = a bo ee ob 
bu di, 
— i uv — {,2QPvv» 
duu + Be oe? 
5 Ah ree 
(6) dv p, 
d, a =a!’ — ie dy, =e — es 





* The author has already carried out this idea in a paper entitled Projective Differential 
Geometry of One-parameter Families of Space Curves, and Conjugate Nets on a Curved Surface, 
to appear in the American Journal of Mathematics. 
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buy Fe _ bu 5 bu bn 
Pv d, dv bv gr’ 


b’ = b! + (a? Sp te 


‘s rT Pu Pov s 
2 Li on » bo” =p” (A ini ae : aa ON ae 
p, a a 0) +a a a d 
Let us put 
Of’ a OP L ! b”’ 1 a, 
sag pad") (a ae ) rg 6 a’ ) 


and calculate the corresponding quantity 9’. We have 





a, 9, nll 19) sal *(4— se ) 
MLE | Sle MR 
and 
7 =f Ls Bi cre 
or WU = da —3(a + 6 )+ 6 RH’ 
(7) — Mictaee nh , ” lias, 1 Pu 
a 3 (a +b Puvairg a nF 
BES) ie he. 1 Pu 
=’ -—a be 


We may therefore make X’ vanish by taking for ¢ a solution of the partial differ- 
ential equation of the first order 


(8) a” by — U dy = 0 


This choice of (u,v) gives a uniquely determined family « = const. 
For, from (7) we see that the most general transformation of the independent 
variable v which leaves the condition (’ = 0 unchanged is independent of w; 
also, the condition will be found to remain invariant under any transformation 
u% = U(u). Consequently the family 1 = const. bears a characteristic rela- 
tion to the family % = const., of such nature, that it remains undisturbed only 
by those transformations of the independent variables which are of the form 


u =A aoe 0=V(d). 


We can make this clearer by inquiring into the geometric meaning of the 
relation 2’ = 0. This condition has been interpreted by Wilczynski.* We 
shall give here an adequate description of the geometric nature of the net, 
but must refer to Wilezynski’s memoir for the demonstrations. 

Consider any net w = const., v = const. At each point of a fixed curve 
u = const. construct the tangent to the curve v = const. which passes through 
that point. The «1! tangents so drawn will envelop a curve. The family of 





* Loc. cit., p. 504. 
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curves corresponding in this way to the family wu = const. is given by the 


equations 
p® = y — bf y ia eee Ree ee: BE 


or, aS we may say, by the covariant (of the net) 
p=yu— dy, 
for uw = const.* Thus to every point P, given by the equations 
y) = f® (u,v) 
corresponds a covariant point P,. In the same way, a covariant 
c= Y—a'y 


gives points P,, which for v = const. trace the envelope of the tangents to 
the curves wu = const. at the points where these curves meet the fixed curve 
» = const. given by y. We have then at any point P, two lines, tangent 
respectively to the curves uw = const. and v = const. which pass through P,, 
and on these two lines the respective covariant points P,, P,. 

Now construct the conic which osculates the curve uw = const. at P,. 
The line P, P, cuts it in a pair of points, which are harmonic to the pair P,, Pz 
af and only if X’ = 0.7 

Let us call the net so determined the canonical net. The covariants 
(9) P=j—-WG, C=H-WH 
will give for each point P, two points P; and P,, and the line P, P; will be 
the polar of P; with respect to the conic which osculates the curve w = const. 
at P,. We proceed now to show geometrically how the family u = const. 
determines the second family, + = const., of the canonical net. Of course, 
the best we can do is to find at each point P, the direction of the line P, P;, 
since the determination of the family = const. itself requires the integration 
of equation (8). 

Suppose known only the family of curves wu = const. Draw the tangent ¢ 
and the osculating conic C at P,. Consider any line / through P,. Its pole 
with respect to the conic C is a point Q@ ont. The tangents to the curves 
u = const. at the points where these curves meet / envelop a curve; let R be 
the point of this curve which lies on ¢. Consider now the pencil of lines [J] 
through P,. The corresponding poles will be a range [Q] on ¢; corresponding 
to each Q will be a point R given by the construction above. The ranges 
[Q] and [R] are in one to one correspondence. There are two double-points 
Q@ = R; one of them is the point P,, the other a definite point which is in 


* KE. J. Wilczynski, loc. cit., p. 486. 
7 E. J. Wilczynski, loc. cit., p. 504. 
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fact the covariant point P;. The polar of P; with respect to C gives a certain 
direction passing through P,. This will give the direction of P, P;, although 
the point P; is not thereby determined. It is possible, therefore, to construct 
at each point P, the direction P, P;; the ? directions so constructed give 
on integration the second family, 3 = const., of the canonical net. 

Since the canonical net is completely determined by the given family of 
curves wu = const., it follows that the invariants and covariants of the net 
are invariants and covariants of the given family of curves. Thus the quanti- 
ties p, o given by (9) are covariants of the family w = const. The invariants 
may be calculated as in Wilezynski’s memoir. Put 


(10) fu =at+', P= a+b", 

A=a4- 3h, Baw C= e+ taf. + 40f. — feu — bf, 

A' =a —if,, Bi =F — 3f,,, 
(11) C= 6 +40’ fu +40 f, — Aha —thihro, 

A” B” a fhe af, 

ne ’ Vv) 

Qo” mal! ea cars me les a on r 1758 

Then every invariant of the canonical net, and hence of the family of curves 


wu = const., is a function of the following fundamental system of invariants 
and their derivatives :* 


B=B, C=C—B,-2B"+A'B, 

ae are 124? an aad 1 B, = Se SRS 
9 Py AL ae Jay = 8 = pea Ee gee fl) BY? 
(2) (MS Ala st Siettaag a CG icae e 


9!” uS A”, Cc” 33 Cc” bed wt Pa 94” at A” B’. 


The last statement is evidently true from a geometric point of view; analy- 
tically, it may be verified as follows. In equations (6) appear the first and 
second derivatives of 6. From (8) we obtain by differentiation the equations 


du i as 


Aids Puu ey Wea a” re a” Pu» 
Puv — be = gl! ae ea a Pu - 


By means of these and (8) we may eliminate from expressions (6) all deriva- 
tives of ¢ but one, say ¢,, except in the expression for 6’, from which ¢,y 
and ¢,, cannot be removed. In all of the expressions thus obtained ¢, comes 


~_/l 


* The invariant 4’ = A’+ SS is of course identically equal to zero. 
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out as a factor; moreover, in the invariants (12) 6’ occurs only in combina- 
tions from which ¢,, disappears. It follows upon calculation that except for 
extraneous factors (powers of dy), the invariants (12) are expressible rationally 
in terms of the coefficients of the original system of differential equations (2), 
and the derivatives of these coefficients. 

The covariants (9) are expressible in the same way; we have, in fact, , 


Pu 9 1 
UT ee A), = pe i Yat 
¥ ¥ at ¥ ob,” 


so that on calculating the values of @’ and b’ we obtain 


_ I 2 Cee 
= hut PETE — , Rete fee | Lien SF pth Ue as? 
(14) p Yu q’’ Yo E wt (« b 2 ») ) | Yy; 


a al’ 
Dy o Yo — (al — Mey: 


All covariants of the canonical net are functions of these, of y, and of 
invariants; it may be shown, moreover, that the complete system of invariants, 
as set up by Wilczynski, is expressible entirely in terms of the coefficients 
of (2). We may state our results as follows: the projective geometry of a one- 
parameter family of plane curves may be investigated by the study of a canonical 
net whose determination requires the integration of a partial differential equation 
of the first order. This integration is however unnecessary for the formulation of 
the projective properties of the one-parameter family of curves, since the invariants 
and covariants of this geometric configuration are expressible entirely in terms 
of the coefficients and variables of the original system of differential equations 
which define the one-parameter family as one component family of a net in which 
the second component family is arbitrary. 


I 


2. CANONICAL DEVELOPMENT FOR A ONE-PARAMETER FAMILY OF 
PLANE CURVES 


Suppose the family v = const. has been determined so that it forms with 
the given system wu = const. a canonical net. We have then 


(15a) je=pthly, w=c+ay, 
Vain =e Yu + bij, ae cy, 
(15d) Yur = @’ Ju + Ys + Cerise, 


vv = a’ Yu = bh!’ Jo fe é" 7. 
The second derivatives of 7 are therefore expressible linearly in terms of 


p, 0, ¥; the same is easily seen to be true of all higher derivatives of 7. We 
have, then, in general, 
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ott 
Ou' Ov? 





(15e) 7G = a“ DA B®S + YG, 


where the a’s, §’s, and y’s are functions of the coefficients in (15b) and of their 
derivatives. Thus 

a) = 1, Bo) = 0, yi = B', 

a) = 0, BoD = 1, yO = a, 


from (15a). We may call these “ coefficients of the first order.’”’ The coef- 
ficients of the second order are 


oP = 0, eee Vy = Ce aber bag 
(16) a = a, pe abi, (7) = c+ 20/8, 


q) = Mee Bo) = Bos ry) = ¢! a a” b’ ai 5” a’. 


oI 


Some of the coefficients of the third and higher orders are expressible in more 
than one way; this results from the fact that an expression like 


at) p + BD Gg + y@d y 


may be found either from Oj u/d0 or from Oj.,/d%. We suppose that in 
every case two or more expressions for the same coefficient are identically 
equal* (for all values of i and +). Thus, we have 


QD = a, + aa’ + a’ b’ + Cc’ eet ay + aa’ + ba’, 


etc. There is no theoretical difficulty in the calculation of these coefficients, 
which we leave for the present. 

Let P; be any point of the plane. We may suppose without loss of gen- 
erality that for P; the parameters a, 0 have the values 0,0. Assume that 
about P; the geometric configuration is regular, so that for a sufficiently 
small neighborhood about P; we have the expansion 


Y= GFA Gut t+ PIAS (Yuu W + Gu V+ Yoo) + ++, 
where Y corresponds to general values of the parameters 7, 3. By using 
equations (15) we find, therefore, . 
(17) Y=yptpotysy, 
where 71, Y2, y3 are the following power series in @, 3: 


* The equality of the pairs of expressions which represent the six coefficients a@) , B@D, 
yD, a2), BO) | y{2) is sufficient to ensure the equality of ambiguous expressions for all other 
coefficients. In fact, the six equations expressing the uniqueness in value of a@) , B@, ete., 
are the conditions of complete integrability for the system of differential equations (15b). 
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w= 64+ 34? +0 V+ 3a"? 


+ 4a: Tha + qh Tig d a £q) Uv + A (08) 7°) 


_~ 


+ pa) The + 4a8) Th D + 4 a2) Tha vr + gar) UD? + sa) 
+e CGE 
yo = 04+ 5b7 4+ ad + 4b" P 
(18) + 48° ‘Th + 5 BCD Tha d + 480) Ud + 438) pe 
. a 8 ii ai 488) 2d As 1802) a BF ate 2.3) ap 
+ BOO Ft ..., 
yg =1LHtV Gta itt 3y™ B+ y™ a+ dy *P 
+ sy ‘Th + gyn UU d + dry) Uv, + ay) hg 


ft ++-, 


t—{] 


in which terms omitted are in each case of higher order than the last term 
written. 

Except for isolated points 7 of the plane, the covariant points p, ¢ which 
correspond to the point 7 form with 7 a non-degenerate triangle, which we 
shall take as a moving triangle of reference. A point whose three codrdinates 


are 
Cert pee ob tao + xe hee Ne 


or, aS We may say, a point given by 
L=Mptwrot way, 


will have codrdinates 21, %2, x3 when referred to the covariant triangle P,, 
Pz, P;, if the unit point of the new codrdinate system be properly chosen. 
Hence the point Y, given by (17), has coérdinates y1, y2, y3 when referred to 
the triangle P;, P>, P;. 
We now introduce non-homogeneous codrdinates £, 7, by putting 
_* _ #2 


b 


¥3 ¥3 ; 
We have, to terms of the third order, 
Oe se acs +0 2+ 0 73+ C 
¥3 
+ (C0) Th + CebD a 0 + 002) rays + (03) Ti + ree, 
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where 
CO) = 6? — 1ye0 , COD = 24’ b’ — y™, CO) = a” — Ly, 
meee 
C0) = — BP + hy) — 44080) | 
—) pe — 7® 
(19) COD = — 3a 6° + & y™ 4 20! y — gy, 
CC® = — 347 b +B’ yO + 2a yD — dy, 
CO) = — GP 4 af y™ — 2, 


We therefore obtain for € and 7 the following expressions, the one for & being 
exact to terms of the fourth order, and the one for 7 being calculated only to 
terms of the third order: 


E=4+(34 -—0')? 4 5a"? 
| AS” + AGD G2 5 2k AQ GP? + A (03) 9B 
(20) + AM G4 4+ AY BI+4+ AM HPP + AM GH 4+ AM H+ --, 
n= 0+ 300 + (3b" —@)P? 


-- Beo Ths + Bev Tha D + Bo ig + B®) Dp? + ree, 
where 


A®) = 400 — 19h’ + CO , AQ) = ig@) — qb’ — laa’ + O®, 
A® = £2) ed iq!’ bas at (1002) ‘ A) = 1 403) ia oo a’, 
AG®) = pra oe 2b! 30) au 4a | (1(20) ae C130) , 
ASD = ig@D — 1h’ g@) — 14’ q® + 4a’ C&O) + 4400D 4 C2, 
A@) = 2) — 1h’ Q@) — 1g’ g@) 4 44/7 CO 4+ a COD 

(21) + 340™ + CON, 
A(8) = 2q 03) — 1h! q03) — £4! gO + 24” OD + |! CM + C0, 


A+) — gra ae ral 7 (08) +4 git Cm. 


Bo) — 2. G(30) Sn 1bb’, BOD) = £82) tes b’2 — 44’ b as C2 | 
B® = 1p — 15" —aw +0, 
BO) = 4803) — 1g’ fA 


We wish to express £ as a power series ini and 7. We have from the second 
of (20), to terms of the fourth order,* 


* Our subsequent developments are valid even though the last term in the second of equa- 
tions (20) is of the third order. 
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74 


ni = vw, n = 


p+ shu? v2 + 3(b” — 2a’) 0, 


+ [2B 44(6" — 2a’)?] oF. 


We have therefore, exact to terms of the fourth order, 


tant, @=%, VCP=aP, BiI=H 7, 


P= — bn — (b" — 2a’) + 38? wt — 2B By 
+ [3b (b" — 2a’) — 2B°] # 7? — 2B an’ 
+ [£(0" — 2a)? — 2B] qt. 
Substituting these in the first of equations (20), we obtain 
E=a+4(4 — 26’')#@+ AM B+ [AM — 264eD 4 1G” 8] a4 
Giese [AM — $a” (6% — 2a’) ) 9? 
+ [4 — 8(6” — 2a’) A + 3a" (b" — 2a’)? — a!’ B®] 74 
++) + {(A — £4” 56) + (A — 6A — a!’ BO) 
+ ++-}n +{4% G+ [Ae — 364 — 206" — 24’) AM 
— a!’ BOD + 4a’ b(b" — 2a’) P+ +++ ho? 
+ {[ A — (6” — 2a’) AO — a” BOD] G+ +--+ hy 
Shia Barn 


We have here arranged the expression for € in three parts. The first part is 
a power series in % alone, the second part is a power series in 7 alone, and the 
third part is a power series in 7 whose coefficients are power series in a. 

Since the triangle of reference is a covariant triangle, we might expect the 
coefficients in the development to be invariants; but not all of them are, 
because the parameter @ is not chosen in any unique way. In fact, in the 
part containing powers of @ alone, none of the coefficients is an invariant, 
while in the part containing powers of 7 alone all of the coefficients are invari- 
ants. In particular, the coefficient of n* vanishes identically: 


(23) AG — 4a’ (b'' — 20’) = 0. 
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Again, in the part which contains powers of both &% and 7, we have enclosed 
the coefficient of each power of 7 in a brace { }. Only the first coefficient in 
each brace is an invariant. ‘Thus, in the term 


(24) {(A@D — Bab) a2 + (AM — §40 — GY BOM) G4... 4n, 


the quantity A@) — 4@’’b is an invariant, while 4°” — 64% — @” B® is 
not. In fact, following out the notation of Wilczynski, we may verify that 


A® — 14” 5 = —34(H +H" 8), 
(25) AGD — 64 — a” BOD — — 1H", B’) — UW" BB’ — 4(H, B’) 
— }3(a— 26’) (H+ 2X" B), 


where 


=a | 


H=@+ah—G,, Wea", B=85, 8 = 4025 a) +5 


(4, B’) = 9" AVA Cs a’ + Gi PAN Vid 
(HB) Sige A= A — (a= 2b, 


Uu 


= 


are invariants of the canonical net. Then the second of (25) is not invariant, 
since the quantity @ — 26’ is not. 

If instead of the parameter % we choose a uniquely determined parameter 
7, it will be possible to transform (22) into a new expansion in which all the 
coefficients are relative invariants. This may be done by taking for 7 the 
part of (22) containing powers of & alone, i. e., 


(26) r=%4+4(4—-—20)#+ AM B+..., 
the inversion of which gives 
i=71—3(4@- 20’)? 4+---, 
@= 7? —(G@-— 26’) +---, 


Each brace in (22) becomes a new power series in 7, with invariants as coef- 
ficients; thus, in particular, the term (24) becomes 


(— (1 +0" Be? — (3B, B) + W BW — 3H, B)] A+ --- hn. 


The coefficient of n* in (22) is found without much difficulty to have the 
value ie 
2” KN pr 

7 a} (2 ’ B as 


so that we have the development 
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bart 4a’ at — a" (H", Bt to 
+ (92) 7 + 9@D 73 +... \n 
+ {90 rT + 9) r+ ohn? 
+ {99 7+ ---fni + ---, 


where 6‘ , the coefficient of 7? n’, is a relative invariant of the canonical net. 

We may make some further transformations, which will yield a development 
with absolute invariants as coefficients. The coefficients in (26) are of course 
constants, being the values of the corresponding invariants for the values 0, 0 
of the arguments %, 3. Consider the invariant 6”; it is easily verified that 
the point transformation 


u= U(%), » = V(d) 


(27) 


changes it into 


—.. 1 uf 4 

C10) 
(28) (eT rune opnie> 
where U’ and V’ are the first derivatives of U and V. The same trans- 
formation changes the invariants @’’ and b into 








a” aa b= ey 
Therefore 
Let us put 
20 VOR, VOT 


Then the quantity 


ayy ee 
ogre ie =) gia 
Ne 


is an absolute invariant. In fact, the transformed quantity is seen from (27) 
and (28) to satisfy the equation 


TG) = JCD, 
If, then, in the expansion (26) we put* 
(31) tape, your, t=ur, 
we obtain the final canonical development, 
e=t+ey+ 1 yt + BC 
(32) + {[@ 2+ [SV p+ .--hy 
+ {702 ¢4 JO) P+ ...}y? 
+ {7% ¢ + Ee oe ee 
the coefficients of which are all absolute invariants. 


* The transformation (31) leaves fixed the covariant triangle P;, Ps, Ps. 
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In recapitulation, we state the result: 
A one-parameter family of analytic plane curves, given by the equations 


Gora i (u, 2) (k =1, 2, 3) 


for wu = const., may be represented in the neighborhood of a regular point by the 
canonical development (31) for t = const. In this development all the coefficients 
are absolute projective invariants. The triangle of reference which gives rise to 
this development is the covariant triangle P;, P;, Ps, of which a purely geometric 
interpretation has been given. The parameter t is uniquely determined as an 
analytic function of the old parameter u. 

In the derivation of this canonical development, the essential steps to be 
noted are first, the determination of a triangle of reference which bears a 
covariant relation to the one-parameter family of curves (considered apart 
from any net of which it may be a component family), and secondly the 
characteristic choice of the parameter t. From the results stated in $1, 
we see that the absolute invariants which enter into the canonical develop- 
ment as coefficients are all expressible rationally in terms of the coefficients 
of the original differential equations which define the family of curves as a 
component of a net in which the second family bears only an accidental rela- 
tion to the given family. Our canonical development is therefore independent 
of the integration which is necessary to determine the canonical net. 


CoLLEGE OF THE City or New York, 
October, 1913. 





THE MINIMUM OF A DEFINITE INTEGRAL FOR UNILATERAL 
VARIATIONS IN SPACE* 
G. A. BLISS anp A. L. UNDERHILL 


For the problem of the calculus of variations with fixed end pe! the 
curves which minimize an integral of the form 


J= f F(x,y,2,2',y',2')ds 


have previously been studied, provided that the minimizing arc along which 
the integral J is taken is free to traverse any portion of space or restricted 
to lie entirely within a given region R. It may happen, however, that while 
no extremal joining the two fixed end points exists, which is entirely interior 
to a region R, yet there may be a minimizing curve consisting partly of arcs 
interior to the region and partly of arcs along its boundary. ‘This gives rise 
to the problem of investigating the properties which characterize a minimizing 





S 


rae ls 


curve lying partly on a given surface S, while the variations with which it is 
compared are restricted to lie on one side of the surface, a problem analogous 
to one in the plane which has been discussed by Bliss.t For this problem in 
space a number of necessary conditions have been derived by other writers, 
but the theory of the analogue of Jacobi’s condition is still incomplete. 


* Presented to the Society, December 27, 1913. 
| These Transactions, vol. 5 (1904), pp. 477-492. 
291 





292 G. A. BLISS AND A. L. UNDERHILL: [July 


Suppose that the are E,, whose minimizing properties are to be investigated, 
consists of three parts Eo1, EHy2, and E23, as shown in the accompanying 
figure (Fig. 1). The arc £y must be an extremal of the integral J on the surface 
S, while the other two, lying on the same side of S and joining the end points 
of Ey. to the two fixed points 0 and 3, are necessarily extremals in space and 
tangent to the arc Hy. For the corresponding situation in the plane, the 
analogue of Jacobi’s condition requires only that Jacobi’s condition itself be 
satisfied by each of the arcs Eo; and H23. For the problem here considered, 
however, there is in general more required than this. It is not sufficient, in 
order that EF shall minimize the integral, that no conjugate point to 0 lies on 
the extremal arc £o,, and no conjugate point to 2 on the are Ko; .* 

It will be shown in the following pages that from the two parameter family 
of space extremals passing through the point 0, a set containing Eo; and 
depending upon a single parameter may be selected, each curve of which is 
tangent to the surface S at a point of a curve C through the point 1. Through 
the points of C a one parameter family of extremals on S can be passed, each 
one of which is tangent at a point of C to one of the space extremals through 
the point 0. Again at any point of one of the single infinitude of surface 
extremals so determined, there is a space extremal tangent to the surface 
extremal and lying on the required side of the surface. These form a two 
parameter family of space extremals tangent to S. 

Two new conditions, analogues of the Jacobi condition in the plane case, 
will be established; (1) the are Ey. must not contain a point of contact with 
the enveloping curve of the one-parameter family of surface extremals above 
mentioned; and (2) the are £23; must not contain a contact point with the 
enveloping surface of the two parameter family of space extremals constructed 
as above tangent to the surface S. 

The necessary conditions hitherto derived and the two analogues to the 
Jacobi condition described in the preceeding paragraph, when strengthened 
in a manner customary in the calculus of variations, are sufficient to insure 
that the curve E actually minimizes the integral J. 


1. NEcEssARY ConpiTIONS HirHEeRTO DERIVED 


Let the curve E joining the points 0 and 3, whose minimizing properties 
are to be studied, have the equations 


(£) x=2x(s), y=y(s), 2 = 2(s) (39 8 8); 


where s is the length of arc measured from the point 0. The curve is supposed 


* See a remark by Hadamard in his Legons sur le calcul des variations, p. 457. 
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not to intersect itself and is made up of three pieces, each of class C’’ ,* as 
shown in Fig. 1. 
The surface S, on which Ey, lies, has equations of the form 


(8) re Os Oa eae) a= Sap 


It has no points in common with Eo; and E23 except 1 and 2, and is further 
supposed to have no multiple or singular points and to be of class C’” in the 
vicinity of Ey». 

The function F in the integral J is assumed to have the following properties 
in a region R of points (x, y,2, 2’, y’, 2’) for which (2, y, 2) ranges over 
a neighborhood of E, while (2’, y’, 2’) are any values not all zero: 


(A) Peis. of class. C'"’; 
(B) Biwey. 3, ko ano el (oy, 8, ey so) (x >0); 
(C) F, +0. 


The property (B) is the usual homogeneity property of the function F 
which makes the value of the integral independent of the parametric repre- 
sentation of the curve along which it is taken, while (C) specifies that the 
problem is a regular one.t 

If E is to minimize J, then it must satisfy a number of necessary conditions 
which are already known and which may be stated as follows: 

(I) The ares Ho; and E23 must be space extremals satisfying the differential 
equations 


gee fy J™ d 





(x) = — = ee Lae ees 
4! Er; ds F, fe I Ed 
(1) : 
J@ = F,——F, = 0; 
ds 
(II) Along the arc E,. the equations 
J J™ J 


must be satisfied, where XY, Y, Z are the direction cosines of the normal of 
the surface S in the direction toward the side of S on which Eo; and Eo; lie, 
while \(s) is merely the notation for the function of s defined by the three 
ratios; 


* An arc is said to be of class C(™ if the derivatives of the functions defining it up to and 


including those of order n are continuous, and if the expression Vo + y” +2” is everywhere 
different from zero along it. 

| For the definition of F; and a ‘ regular problem ”’ see a paper by Mason and Bliss, these 
Transactions, vol. 9 (1908), p. 444. This paper will be referred to hereafter as M. 
and B. 
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(III) Along Ey. the inequality \(s) S 0 must hold; 
(IV) The function 


Ee, 533 © 3) 6 oh ger : 
= OE Y,2,)P;9; r) = piste, Y¥,8, vee vs 2’) 
) qh,’ (x, Y,8, as y’, 2’) ar rl a, Y; aR Phe a) 


must be positive or zero for all values (2, y,2, 2’, y’, 2’) on the are Eo3 
and for arbitrary values (p,q,7r) + (0,0, 0); 
(V) At the points 1 and 2, Eo; and Ey3 must be tangent to the are Ey; 
(VI) The are Eo: must not contain a point conjugate to 0 between 0 and 1.* 
From the property IV it follows that the quadratic form 


O25 5 230 8 ese ee 
= Fz'z! p + Ke. gy + Ha r 
+ 2Fy'2 gr + 2F 2'2’ rp + 2F 2'y" pg 


must be positive or zero for the arguments described for E.t The sign of Fy 
must therefore be positive, and it can be shown that Q = 0 for all values 
(x,y, 2,2’, y’, 2’) in the region R and for arbitrary directions (p,q, 17) .t 
Furthermore Q vanishes only when the directions 2’, y’, 2’ and p,q, r are in 
the same line.§ The same properties hold for the H-function, with the further 
restriction that E vanishes only when 2’, y’, 2’ and p, q, r are identical (not 
opposite) directions. || 
The condition II can also be stated in terms of the integrand 


ices B, shes ‘oie a FE n> is E, a! ae E. BS Ne, a! atu 6 oie eta aia Cp a") 
of the integral 
(3) J = Sf a, 8, a’, B’)ds 


* For the conditions (I), (IV), (VI) on the arcs Ho; and £23, see M. and B., loc. cit., pages 
443, 455, 453, respectively. For (II), (IID), (V), see Hadamard, loc. cit., pages 183, 179, 456. 
There is an exceptional case to (VI) mentioned in M. and B., p. 453, which can, however, be 
treated by a consideration of the second variation instead of the geometric proof used by them. 
The proof that the condition (IV) must hold along the arc Hy: can be made in a manner analo- 
gous to that used for the other arcs. It is somewhat more difficult because the variations 
are restricted to lie on one side of the surface S. 

+ M. and B., p. 455. 

t The argument is like that of M. and B., p. 456, for the functions F2’2’, Fy',’, F.'2’. 

§ M. and B., p. 466, formulas (40). 

|| The proof of this statement may be made by means of the formulas in M. and B., but 
more elegantly by the use of the results of Behaghel Mathematische Annalen, 
vol, 73 (1913), p. 596. The functions A, B, C used by him may become infinite for directions 
parallel to the axes and the validity of his proof is questionable in such cases, though his 
result is correct. The justification for these statements will appear in the near future in a 
paper by Bliss. 
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taken along curves on the surface S. Along Ey. the parameters a and 6 are 


functions 
a=a(s), B= B(s) (3838) 


which are of class C’’. After an easy calculation the Euler equations for 
the integral (3) are seen to have the form 


fe — Efe = IO &+J% Na + J Ca = 0, 
(4) 2 
ie wel ine ete ng J o, = 0, 


and these are satisfied along Ej. on account of the condition II. 
Furthermore the function* 


fie ured - fara’ _ Fare’ 
= = — =F 
B” a’ B’ r 








a 
has the values 








Q(z, Y, 4; a y's a; ie Na» cD Q(z, Y¥, 4; Oe Ty z5 &e » 1B» fe) 

fi= 2 aa 2 ’ 
B a 

where 

emcee p vem, 1 7, , 2s = (at oe Be. 
One of these expressions is always well defined and different from zero, since 
the derivatives xv’, y’, 2’ can coincide with at most one of the codrdinate 
directions on the surface. The problem of minimizing the integral (3) on the 
surface is therefore a regular one, and 2 is one of its extremals. 

If a space extremal satisfying the condition I is tangent to a surface ex- 
tremal satisfying IJ, then at the point of contact there is a relation between 
their curvatures which will be of service later. Let the elements of the second 
order on the two extremals at the point of contact be, respectively, 

(oe. Y; big eat OMe Ce a", Tite Zh) 
and 
(x, Ys 2; x’, y’, af! a!’ , y", 2!) } 


From equations (1) and (2) it follows that 
(5) AX = JM — J, A= JIM — J, \ Fie J 
and 
At Aa? — 5”,) + MAE he jy’) + Z(3" a Bt) 
=(2"” — #") (J® — JO) + (y" -— 9”) (JM — JM) 
a (2” A z'’) (J ma J) 


a —/i vy —/} Nae =/I 
— Ey ye ae Y. 


SE Uy sek! ge eye 


* See Bolza, Vorlesungen wiber Variationsrechnung, p. 196. 
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This last expression can vanish, however, only when 


a dD pa Ka’ , y"! = gy” ad Ky’, sgl la UES ee Kz’, 


where x is a value which may be zero. In case it does vanish the equations 
(5) show that \ = 0, as a result of the homogeneity properties of the func- 
tion F.* Hence the following lemma is true: 

Lemma 1: Jf X + 0 at the point of contact of a surface extremal with a space 
extremal, then at that point the inequality 


DGGE + Voy + Tt a Xz" + Yj" + Vide 


holds; or, in other words, the projections of the first curvatures, 1/r and 1/r, of 
the two extremals on the normal to the surface are different. 

From this point in the paper it will be assumed that the are Eo3 satisfies the 
conditions I, II, IV, V and the modified conditions 

(III’) A(s) > 0 along Ep; 

(VI’) the are Eo; does not contain a point conjugate to 0 between 0 and 1 
or at 1.t 

On the basis of these assumptions further conditions, analogous to Jacobi’s 
conditions for the usual form of the problem, will be derived. 


2. THE THREE FAMILIES OF EXTREMALS ASSOCIATED WITH E53 


The totality of solutions of the differential equations (1) passing through 0 
contains two arbitrary parameters. As a result of the hypotheses made upon 
the function F they may be represented in the form 


(6) t= $(8,u,0,w), Yy=VY(s,u,v7,w), 2=x(8,u,9,w), 
w+e+w’? =1, 

the parameters u,v, w being the direction cosines of the positive tangent to 

the extremal at the point 0. The particular extremal Ho; is contained in 


this set for u = uw, v = %, W = Wo, and the functions ¢, YW, x, ds, Ws, Xs 
are of class C’ in neighborhoods of the two sets of parameter values 


si=207 wtertw=1; 
Oat Pe Ue Ug. 0 = %, WwW = Wo 
of which the second set defines the curve Eo:. At.the point 0, where s = 0, 
the following identities in w, v, w hold 
xy = $(0,u,v,w), yo =w(0,u,v,w), Z = x(0,u,r7,w). 


*M. and B., p. 441, formula (5). 
} The condition VI’ is necessary except in one singular case. See M. and B., p. 453. 


bo 
eo) 
“I 
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Let the notation A(s, w,v, w) designate the determinant 
bs du * Py Pw 
Vs Vu Py Vw 
Xs Xu Xv Xw 


A(s,u,v,w)= 








0 U v w 
On account of the condition VI’ it follows* that 
(7) A(s, Uo, %, Wo) + O CO: < sear) 
The equations 
E(a,B)+oX = o(s,u,v,w), ‘ 
WL@, pp) Ole V8, Uu,0, Ww), 
t(a,B)+ 0% = x(s,u,0,w), 


have an initial solution (a, 8B, w3s, u,v, w) = (a1, B1, 03 81, Uo, Vo, Wo) 
corresponding to the point 1, at which the functional determinant for a, 8B, w 
is different from zero. Hence these equations have solutions 


(8) a=a(s,u,v,w), B = B(s,u,v,w), w = w(s,U,v,w) 


of class C’’ near (81, Uo, V9, Wo) and reducing to (a1, 81, 0) at these values. 
The derivatives of w at the point 1 are readily calculated to be 


w, = Xd, + Yes + Zxe, wy = Xdu + Ybu + Zxu, 
@ = Xdr t+ Yr +Zxe., ww = Xdut Vu + Zxu, 
Wes = Xdes + Ves + ZX — La; — 2Max B, — NBit 

= Xx! + Vy" + Ze! —( Xz" + Ya" + Zz"), 


where the notations in the last line are the same as those of the preceding 
section. The set (2’’, y’’,2’’) belongs to Eo, at the point 1, and the set 
eras z'’) to Eis. 

The solutions (s,w,v, w) of the equations 


(10) w(s,u,v,w)=0, ,(s,u,v,w)=0, w+twetw*? = 1 


(9) 


determine points where the extremal (6) is tangent to the surface S. On ac- 
count of the tangency of Eo, and Ey», it is evident that among the solutions 
are the values (81, Wo, 2, Wo). On the other hand the determinants of the 
matrix 

Wss Wsu Wsy Wsw | 


0 U v Ww 


*See M. and B., §3 and p. 453. 
+ For the definitions of L, M, N and their relations to the first curvature, see Scheffers, 
Anwendung der Differential und Integral-Rechnung auf Geom etrie, vol. 2, page 494 (D). 
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cannot all vanish at (s1, Uo, v9, Wo). At these values w, = 0 since Kp is 
tangent to the surface S; but from equations (9) and the property (7) it follows 
readily that the determinants of the last two rows can not all vanish; and 
from III’ and the lemma of the preceding section, ws; is different from zero. 
The equations (10) therefore have solutions for s and two of the variables 
u,v, w in terms of the third, passing through the values (81, wo, %, Wo) and 
of class C’ near them. 

These solutions and the equations (8) determine a one parameter family of 
values 


a= way, B= B(r), s=a(T), 


v(t), We ab 7) 


I 
I 


u= UCT), v 
of class C’ near tr = 0, which in turn determine a curve 
(C) a=a(r), B= 8(r) 
on the surface S and a one parameter family 

«= o[s,u(r),v(7), w(r)] = o(s,7), 
(11) y=¥ls,u(r),0(7), w(7)] = ¥(s,7), 


z x[s, u(r), 0(7), w(r)] = x(s,7), 


of the extremals (6). Through each point of C there passes a unique extremal 
of the set tangent to the surface S. The functions (8,7) and ¢,(s,7) are 
of class C’ near the values s) = s = 381, tT = 0, which define the arc Ey, with 
similar properties for y and x. 

On account of the hypotheses on the function F and the resulting properties 
of f , it is possible to prove the existence of a one parameter family of extremals 
on the surface S satisfying the differential equations II or (4), and such that 
each extremal passes through a point of C, and has the direction determined 
by the corresponding space extremal of the set (11) tangent to S at that 
point. Let the length of are along the surface extremal be denoted by o and 
be measured so that o — o(7) is the length of are from C. 

There exists, then, a one parameter family of surface extremals with equations 
on the surface of the form 


(12) a= A(o,7), B= B(e,7), 
or, in space, of the form . 
w= £[A(o,7), Blo,7)|=&(e,7), 
(13) y=nl[A(o,7), Blo,7)]=n(0,7), 
z={[A(o,7), B(o,7)]=$(¢,7),. 


* The parameter 7 will be wu — wo, v — vo or W — We. 
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where the functions E(o, 7) and £,(0,7) are of class C’ near the values 
$s SoZ, 7=0, 
defining the are Ey2. Along the curve C the relations 
élo(r),t1=Elo(r), 7], dolo(r), 7] = fe lo(r), 7], 


with similar ones for w and x, are identities in tr. They express the fact that 
at a point of C the surface extremal (12) and the space extremal (11) are tangent 
to each other. 

Through each point of an extremal on the surface S determined by the 
equations (12), there passes a space extremal whose direction at the point of 
intersection coincides with that of the extremal on the surface. This extremal 
must satisfy the differential equations I. If its length of are s is measured 
from the initial value o at the point of contact with the surface, the existence 
theorems for differential equations and the properties of the function F justify 
the following theorem: 

THEOREM. There exists a two parameter family of space extremals tangent to 
the extremals (13) on the surface S, and having equations of the form 


(14) Sa Ds 7,7), Uae (8, 0,7),; e =k (a Oe) e 
where & and ®, are of class C’ near the values 

s=d0, a 0 185 r=, 

So astro, og = $8, 7 =) 


defining, respectively, the arcs Ey. and Eo3. Similar properties hold for V and X. 
The identities 


(15) P(o,o,T)=é(o,7), (0,0,7) = 8 (0,7), 
with similar ones for the other functions, express the tangency of (14) with the 
surface extremal (13) at their point of intersection. 

The identities (15) give rise to a number of further relations important in 


the following pages. By differentiating the first one and applying the second, 
it follows that 
®,(¢,0,7)=0, i (03.0 ,7) = faCeg rs 
and by differentiating the second, 
®,(¢,¢0,7)=&,(0,7)— Pn(o,0,7) = 2" — 2” 
with similar relations for WY and X. The determinant 
D; =D aa 
Aeros ry) = 1, - Ue YL, 


Xp kX eake 
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has therefore the derivative 
2; ©,, ®, eee 
(16) A, (8,0, 7) = Wee, Y= Oe ee te 
xX, X., XX, Geeg ste 4G 


for the values (¢, 0,7) along the surface S. But at a point where the 
functional determinant of the functions A and B is different from zero, the 
relations (13) show that this has the value 


A.(o, 0,7) = K{X(a"” — 2") + Y(y" — 9") + Z(2" — 2)] 


where K is a factor of proportionality which does not vanish. According to 
the lemma of § 1, the following result may be stated: 

Lemma 2. The derivative A,;(s,0,7) ws different from zero at any point 
of the curve Ey, on the surface S at which the determinant 


Age tA 
B, De 





is different from zero. 


3. AUXILIARY THEOREMS 


The computations of the following pages can be considerably simplified by 
the use of some auxiliary theorems, the first of which may be stated as follows: 
TuHeoreM. If a family of curves 


(17) t= (8,4), y=¥(s,r), 2=x(s,A) 


satisfies the relation 


IPO FIM P+ IO x = 0, 


then the derivative of the integral 


[OP C8, Ws x0 bu Yas xedds, 
when so, 81, and d are functions so(v) , 81(%) , A(v) , 2s 
[ Fe’ te + Fy ys + Fs’ 2 |). 
Lhe arguments of the derivatives of F are the same as those in the integral, and 
(18) = ps8 + drro,  YoHWsSv tWarv, 2% = Xs80 + Xa No- 


This theorem follows at once by known methods* provided that the func- 
* See M. and B., §2. 
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tions so, 81, are of class C’ for |v| =e, and ¢, ¢, of class CO’ in the region 
(0) Ss=si(v), A = A(d) (je[Se), 


with similar properties for y and x. 
TueoreM. If the curves of a second family 


(19) w= P(t,u), y=W(t,u), 2= X(t, ph) 
adjoin those of the first family for parameter values 
8=8(0), A=A(v); t=h(v), w=»), 


and if corresponding arcs of the two families have the same direction at their 
common point, then the function 


(20) G(v) -{ F(¢,¥V5xX; ds, Ws5 x0) ds+ ff F(6,Y¥, X, &, Y,, Xz) dt, 


in which te is a function of v as well as t; and uw, has the derivative 
(21) Ca a etn Fa! Yo I gt Sy |P, 


The expressions in the bracket must be formed at the point 0 for the first family, 
and at the point 2 for the second, as described in the first theorem. 
The derivative of G(v) has the value 


[ Po’ ty + Fy Yo + Fe’ 20 ]6 + [ Fe to + Fy Yo + Fe 2 |, 


from the first theorem. At the point 1 the two brackets cancel on account 
of the homogeneity properties of F and the relations 


@[s1(v),A(v) ] = ®[ti(v), u(r) J, 
bs [s1(v), A(v) ] = k(v) ® [1 (ev), w(r)] [x(v) > 0], 


with similar ones for the other functions, which express the intersection and 
the tangency of the two families. It is understood that the continuity proper- 
ties of the two families are like those described above for the first. 

A similar theorem evidently holds when the number of families is more 
than two. If the curves of the first family all pass through a fixed point 0 for 
S$ = 8(v), X = A(2), the bracket in (21) vanishes at 0 since the same is 
true of the derivatives of (17). If the curves of the second family similarly 
pass through a fixed point 2 fort = #.(v), uw = w(v), then G(v) isa constant. 

The family (19) may be independent of y, in which case it will be simply 
an enveloping curve of the family (17). If in this case t2(v) is a constant, 
the second of the integrals (20) will be simply the value of J taken along the 
envelope from 1 to a fixed point 2, and the function G(v) will again be a 
constant. 
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4, JAcoBiI’s CONDITIONS FOR UNILATERAL VARIATIONS 


As a result of the assumptions made on the curve Eo3 at the end of §1, it 
is possible to prove the following further necessary conditions for a minimum: 

(VII) The curve Eo; must not have a point of contact between 1 and 2 with 
an enveloping curve d of the family (13) of extremals on the surface S. 

The proof will be made here for the case where the enveloping curve d does 
not have a singular point at its point of contact with Ey. In that case a 
stronger condition holds, namely, 

(VII’) The curve Eos must not have a point of contact with an enveloping curve 
d either between 1 and 2 or at 2. 

If the curve d has a singular point at its contact point with Ko2, the con- 
dition VII still holds and can be proved by other methods; but the case where 
d touches E at the point 2 requires, as usual, a special investigation. 

The equation which defines d on the surface S is 

PAA 

A(o,7) = = 0, 

poe 8; 
where A and B are the functions (12) defining the extremals on the surface. 
If this is satisfied at a point (0, 7) = (06, 0) of the arc Ey, the derivative 
A, will be different from zero at that point, as is known from the theory of 
the plane problem applied to the integral (3). The last equation has therefore 
a solution 


Z(u), T= T(u), 


o 


reducing to (o9,0) for w = 0 and of class C’ near that value. The equa- 
tions of the envelope in space will be 


(@) «= €[Z(u),T(u)], y=n[Z(u),T(u)], 2=¢[2(u), T(a)]. 


The parameter wu is chosen as one of the values + 7, but so as to make the 
positive direction along d the same as that of the surface extremal tangent to it. 

For an arbitrary value of u the corresponding value of 7 defines an extremal 
Eos of the set (11) which is tangent to the corresponding extremal Ky; of the 
set (13) at a point 4 of the curve C as shown in Fig. 2. Further, E4; is tangent 
to d at a point 5, and ds. touches Ho3 at the point 6. The families (11), (13), 
and d are then of the form described in §3 when u = v, and the function 


G(u) = J (Eos) + J (Eas) + J (die) + J ( Eos) 


is a constant, where [3 denotes the arc of Ko3 between 6 and 3. An argument 
precisely like that used for problems in the plane, shows that ds. can not be 
an extremal on the surface, and since 


G(0) = J (£3) 


it follows that Ho; can not minimize J if VII is not satisfied. 
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If the condition VII’ is satisfied together with those postulated at the 
end of §1, a final necessary condition is the following: 

(VIII) The curve Eo; must not have a point of contact between 2 and 3 with 
an enveloping surface D of the family (14) of extremals tangent to S. 





Fre. 2. 


Here again the proof will be made for the case where D does not have a 
singular point at its contact with Ho3, and the stronger condition holding 
under those circumstances is 

(VIIL’) The curve Eos; must not have a point of contact with D either between 
2 and 8 or at 3. 

The points on the enveloping surface are defined by the equation 








is &, 2, 
(22) A(s,o,7T)=|¥, WV, W,|=0. 
& yee 


On account of Lemma 2 of §2, the determinant is different from zero ort the 
arc Ho3 near the point 2, though it vanishes at 2 itself. If the equation is 
satisfied at a point 7 of the arc E23 for which (s,o,7) = (87, 8,0), and 
further defines a non-singular enveloping surface D, then the argument of 
Mason and Bliss* shows that there is a curve on D, 


(d) e=a(u), yruy(u), z=2(u), 


passing through the point 7 for uw = 0, and which is tangent to a one para- 
meter family of the extremals (15) at points defined by equations of the form 


$= 5 (Ane Gas, (tu) ; peas AMET 


* See M. and B., §3. 
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where S, >, T reduce to s7, s2, 0 for w = 0. The parameter wu can be so 
chosen that the positive direction on the curve d coincides with the positive 
direction of the extremal (15) at the point defined by these functions. 

An arbitrarily chosen value wu defines an extremal Eo, of the set (11) tangent 
to an extremal Ey; of the set (12) at a point 4 of the curve C; and £4; is in turn 
tangent at a point 5 to the extremal E;. defined by the equations 


(23) 2=6(s,2,T), Sev (s,5,7T), “= = kis, oe 


Finally this last curve is tangent to ds7 at a point 6. When w is set equal to v, 
the families (11), (13), (23), and ds7 are of the kind described in §3, and the 
function 


G(u) = J (Eos) + J (Eas) + J (Ese) + J (der) + J (Ex) 


is a constant. Since 


G(0) = J (Los) 


and d can not be an extremal, it follows that Ho3 can not minimize J if VIII 
is not satisfied. 


5. Tue EXISTENCE oF A FIELD 


If the arc Eo3 satisfies the stronger set of eight conditions described in 
$$1, 4, it will surely minimize the integral J with respect to variations suf- 
ficiently near to it and lying on one side of the surface S. But before pro- 
ceeding to the proof of this fact it is necessary to show how a field may be 
constructed about the minimizing arc. 

For this purpose consider first the family (14) which contains the ares Ey. 
and E»3, respectively, for the parameter values 

S=0, Mia Ones 85 , T == As 
(II) 

$oics Sass og = 8, T= Q4 
The symbol II, will be used to denote the set of points (s,a¢,7) which 
satisfy either of the following sets of conditions: 


oS So +e Motes oS en! ln) Se; 
(II.) 
octeSsSs3te, l|o—s%|Se, ' |r| Se. 

If the constant € 1s chosen sufficiently small, any two distinct points of II, will 
be transformed by the equations (14) into distinct points (a, y, 2); and in the 
interior of IL, the determinant (22) will be everywhere different from zero. 

To prove this it will first be shown that in a suitably chosen neighborhood 
of a point m0(89, 00, 70) satisfying the second of the conditions (II), no 
two distinct points t(s,o0,7), m’(s’, 0’, 7’) of the region II, can define 
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the same point (x,y,z) by means of the equations (14). By Taylor’s 
formula, * 


(24) (3’, Oa, 7')— B(8,¢, oo. 
=> ey — 8) Ay +(0’ — ag) Ag + (7’ — T) Az 


where, for example, 
1 
(25) Ay -{ ee a 7.) du, 
0 


s’=s+u(s’ —s), oe =o+Uu(o' —a), tT’ =r+u(7r” —7), 
and the other coefficients have similar values. The expression (24) and the 
similar ones for VW and X can vanish simultaneously only when the determinant 
of the coefficients vanishes. But this is impossible near zo since the deter- 
minant (22) is different from zero at 7» and the derivatives of ®, VW, X are 
continuous. 

Near a point zo satisfying the first of the conditions II the expression (25) 
for A» can be put in the form 


As =f (3! = a”) ad tg ats” iz o”),o0”", 7] dvdu, 


since ®, vanishes when its first two arguments are the same. The point 
(s”, o”, 7’) is always in II, when z and 7m’ are in II, and 0 =u =1, and 
hence s’’ — o”’ is never negative. By a double application of the mean value 
theorem for a definite integral 


Ag = (1 WT a1) ®,,, 


where the arguments of ®,, contain properly chosen intermediate values for 
uandv, and (81, 61, 71) is the middle point of the segment rz’. 

Near a point zo satisfying the second of the conditions (II) the difference 
(24) can therefore be put into the form 


(26) (s’ —s)Ay+(0’ —o) (81 — 01) Az +(7’ — 7) As, 


where A;, A:, A3 approach continuously the values of ®,, ®,,, ®, at the 
point 7») when zw and 7’ approach 7). ‘This expression and the similar ones 
for YW and X can vanish simultaneously, for 7 and 7’ sufficiently near to 7, 
only when 
s)—s=7'—7t=(0'—<oc) (8-071) =0, 
since at the point 7» the determinant (22) is different from zero. But if 
s’ = s and 7’ = 7, the values of o’ and o must be distinct since 7 and 7’ are 
distinct. The difference s; — o; can not vanish since s; = s = s’ is greater than 
the larger of o and o’ on account of the conditions (II,). Hence near 7» the 
* See Jordan, Cours d’Analyse, 2d ed., vol. 1, p. 247. 
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difference (24) and the similar ones for YW and X can not all vanish if 7 and 7’ 
are distinct. 

Suppose now that it should not be possible to choose a constant e such as 
is described in the first part of the italicized statement, and consider a sequence 
{e,} of decreasing positive constants having zero as its limit. For any choice 
of k there would exist at least one pair of distinct points, 


(27) ($5to; i) es Uaioe, Te 


in the region II., and defining the same point (x, y,2)x by means of the 
equations (14). The two sequences (27) would have points of condensation 


(28) (80, 0; To); (85, 90, 40) 


necessarily lying in the region II, and these two points must be the same. 
Otherwise they would define distinct points of the arc £13, and on account of 
the continuity of the functions (14) the pairs of values (27) which lie suf- 
ficiently near to the values (28) could not define the same point (2, y,2)x- 
Neither could the pair of sets of values (27) define the same point (a, y, 2), in 
case the two condensation points (28) were identical, as has been seen in the 
paragraphs just preceding. 

A similar argument shows that e.can be chosen so as to satisfy the last part 
of the italicized statement. Otherwise there would be a sequence (8, 0,7). 
of interior points of the respective regions II., at each of which the deter- 
minant (22) vanishes. Such a sequence must have a condensation point 79 
inII. But zp could not satisfy the second of the conditions (II) , since at such 
points A(s,o,7) is different from zero. Neither could it satisfy the first 
condition; for near such a point zo the value of A;(s,o,7) is different from 
zero, on account of Lemma 2 and because for s > ¢ 


A(s,o,T)=(s—a)A,[s+6(s—o),o,7|] +0. 


The points of the sequence (s,o¢,7), which condense on 7 have s > o, 
since they are interior points, and hence the existence of the sequence is 
contradicted. 

If the region II, 1s chosen as described above, its image in the xyz-space, after 
transformation by equations (14), 2s a region F2,a continuum and its boundary, 
whose boundary points are the wmages of the boundary points of II.. The corre- 
spondence between 2 and II, is one-to-one. The single valued functions 


(29) FITS ee peo (ery 4) 2), ge smite (ie 14) i) 


so defined are continuous over Fo, and in the interior of Fz they have continuous 
derwatives. 
The first part of this statement follows at once from some theorems proved 
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by Bliss,* since the images of the interior and boundary of II, are distinct. 
The preceding paragraphs of this paper show that the correspondence between 
¥, and II, is one-to-one. An interior point of 4 corresponds to an interior 
point of II, at which A(s,o,7) +0, and the fundamental theorem of the 
implicit function theory shows at once that the functions (29) are of class C’ 
at such points. Ifasequence of points (a, y, 2) ; of “approaches a boundary 
point (2’, y’,2’) of 4%, the corresponding values (s, 0,7), defined by the 
equations (29) must approach the values (s’, o’, 7’) which define (2’, y’, 2’) 
by means of equations (14), as may readily be seen from the continuity of 
the functions ®, ¥, X. Hence the functions (29) are continuous everywhere 
in Fy : 

There exists a field F, about the arc Eo: through each point of which there 
passes a unique extremal of the set (6) defined by equations of the form 


s=s(z,y,2), w=u(x,y,2), 
(30) 


Y = DCE .e) je 100, Uy Soe 


These functions are continuous everywhere in F, and have continuous derivatives 
except at the point 0.7 

The symbol “;. will be used to denote the set of points (x, y, 2) consisting 
of the interior of 4%, the points of S in #, and the points interior to /. 
Let V be a continuous curve 


(V) w=&(t), y=G9t), 2= 2(t) (tStSts) 


consisting of a finite number of non-singular arcs of class C’, joining the 
points 0 and 3, and lying in the region “1. on the same side of S with the 
are Eo. 

If F, ts taken sufficiently small the only points where V can enter F, are on 
the boundary B of Fz which corresponds to the parameter values 


(31) Ga a se Oe. Cece CL). Fricceer 


A neighborhood of the point 1 can be chosen so small that the only boundary 
points of ¥ in it are points of the surface S and points on the boundary B 
defined by the conditions (31). Further, * can be taken so small that the 
only points common to it and & are in the same neighborhood. Under these 
circumstances the curve V can enter / only at points of B or at points of S 





* The Princeton Colloquium Lectures on Mathematics, p. 38. 

+ For the existence of the field in the neighborhood of the point 0, see Bliss and Mason, 
Fields of extremals in space, these Transactions, vol. 11 (1910), p. 328; also references 
at the beginning of the same paper; also Sziics, Mathematische Annalen, vol. 
71 (1911), p. 380. The existence of the field about the rest of the are follows by the usual 
methods. A proof analogous to that just preceding in the text is more elegant than any o 
these. 

Trans. Amer. Math. Soc. 2L 
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distinct from B. The latter are, however, excluded since V lies entirely on 
one side of S near the point 1. 


6. SUFFICIENT CONDITIONS FOR A MINIMUM 


It is proposed to prove in this section that an arc Eo3 of the kind described 
at the end of §5, will give the integral J a value at least equal to J (Es). 
To each value of ¢ defining a point 6 of Vo3 in #, there will correspond a 
unique curve 


Eos = Eqs + Ess + Ese, 


shown in Fig. 1, where Ko4, H45, E's belong respectively to the families (11), 
(13), and (14); while if ¢ defines a point 6 which does not lie in /, it will deter- 
mine a unique extremal Eo, of the family (6). 

The integral J (Eqs), is a continuous function of t which has the derivative 


d 
(32) apd (Hos) = Fe ot By io! + Pe ie 


In this expression the arguments of the derivatives of F are the values (x, y,2, 
x’, y', 2’) which define the point and direction of Eos at the point 6, while z’, 
y’, 2 are the derivatives at the same point of the functions (V) defining V . 

To prove this consider the one parameter family of curves Eo. determined 
by the points of Vo3 interior to #. It is determined by substituting the 
functions defining V in the expressions (29) for s, 7, 7 in terms of wz, y, 2. 
The functions s(t), o(t), 7(#) so determined are of class C’ near a value 
of ¢ defining an interior point of ¥ unless ¢ is one of the exceptional values at 
which V has a corner point. By substituting o(t), 7(¢) in the equations 
(11), (13), and (14), the three families Ho,, E45, Hss are determined with 
properties similar to those of the auxiliary theorems of §3. It follows readily 
that the derivative of J (Eo) has the value given in the theorem. 

The argument is the same for a point 6 in * but not in #), except that the 
equations whose solutions determine the family Eo. are then 


a(t)=$(s,u,r7,w), ylt)=W(s,u,v,w), 2(t)=x(s,u,2,w), 
w+et+w?=1. 

When the point 6 lies on the surface S at the point 0, or on the boundary 
B, it is more difficult to show the existence of the derivative. But the desired 
result can be obtained by the use of expansions of the functions (14) similar to 
(26), by means of the properties of the functions (6) at the point 0 described 
in the paper referred to in the preceding section, and by special considerations 
at a point of B. 


* At corner points of the curve V this should be thought of as a forward derivative. 
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If the stronger set of eight properties described in the preceding sections is 
satisfied by the arc Eo3, then 
(33) : J (Eos) < J (Vos) 


for any curve V3 distinct from Eo3 in the field Fxz and on the same side of S with 
the are Eo3. It ts understood that V3 consists of a finite number of non-singular 
arcs of class C’. 

For consider the continuous function 


W (t) = J (Eos) + J (Ve), 


where 6 is the point of V determined by the parameter value t. With the 
help of the last theorem but one, the derivative of W(t) exists except at a 
finite number of values of ¢, and has itself the value 


(34) Wii) = iinet ye: Ey yy 2 


On account of IV and the properties of the function EF this is always negative 
except when the positive directions along V3 and Eo. coincide at the point 6. 
Furthermore 

W(t.) =JS(Vos), Wt) = J (Eos). 
The inequality (83) must therefore be satisfied unless the positive directions 
along Eos and V3 coincide at every point 6 of V where the derivative (34) is well 
defined. 

If the positive directions along V coincide with those of Eos at every point 
of V, then Vo3 and Eo3 must be coincident. The proof is somewhat compli- 
cated but may be made with the help of the following lemma: 

Lemma 38. Any arc of V defined by an interval ¢ St St’ and containing 
no points of S or B, is an extremal of one of the families (6), (14) along which 
s increases from s’ to s’’ as t traverses the interval t’ t’’. An are of V lying en- 
tirely on the surface S must be an arc of one of the surface extremals (13) with 
similar properties. 

An are of V with which the lemma is concerned must lie in the interior of 
F, or Fy, or else on the surface S. The proofs in the three cases are quite 
similar, so that it will be sufficient to suppose the arc V to lie entirely on S. 
The values s = o, o, 7 are then continuous functions o(t), r(t) defined 
over the interval ¢’ = ¢ =?” by equations (V) and (29), and they satisfy the 
equations 


a(t)=él[o(t),r(i)], y(lt)=a[o(t),7(2)], 
z(t) = ¢[o(t), r(t)]. 


At least one of the determinants of the matrix 
i UAL ee 
Peete. Cr 


(35) 
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is different from zero at every value of ¢ on account of VII’ and the relations 
(13). Hence the theory of implicit functions applied to a suitably chosen 
pair of the equations (35) shows that o(t) and 7(¢) are of class C’. If the 
direction of V coincides with that of the surface extremal at each point of the 
arc in question, then 


each, yth=Kkn, wet)=Ks, (20, 
and by differentiating equations (35) the relations 
Cl) = K, 7 (ij 


are readily deduced. Hence the lemma is true for an are on S, and for the 
other two cases by similar arguments. 

Lemma 4. If ts 7s a lower bound of values of t such that for ts S t S ts the 
curve Vo3 coincides with Eo3, then no value t’ < ts can define a point of V interior 
to Fz, or a point of V on the surface S and distinct from B. 

There must be a lower bound ¢, of the kind described since near the point 3 
the curve V3 coincides with an extremal of the field passing through the 
point 3, according to Lemma 3, and £3 is the only such extremal. 

If ¢’ defined a point interior to /, then there would be a first value ¢’” > ¢’ 
such that the arc ¢’ t’’ of V would be entirely interior to “2 and distinct from 
Eo3 except at the value v’’. The value ¢’’ would necessarily define a point 
either of B, or S, or Ey3. But the arc ¢’ t’’ of V would in that case be an 
extremal are along which s increases with ¢ from a value s’ toa value s’’. This 
is, however, impossible, since any such are which is distinct from B, S, Epos 
for s = s’ retains this property for all values s > s’. 

With the help of this result and by similar arguments it follows that ¢’ could 
not define a point of S distinct from B. 

The identity of Vo3 and Hos now follows without difficulty. The value 
t = ¢t, must in fact define a point 4 on the arc Eo , since in case this is not 
true there would certainly be values ¢’ < ¢, satisfying the conditions of Lemma 
4. The arc ty t; of V then lies entirely in the field 4, and no point of it can 
be distinct from /,;. Otherwise there would be an extremal arc of the field 
F, distinct from Eg, whose end point, as s increased toward the parameter 
value defining it, would lie on £o:. There is, however, no such are. 


ON A METHOD OF COMPARISON FOR TRIPLE-SYSTEMS* 


BY 


LOUISE D. CUMMINGS 
INTRODUCTION 


1. If m elements 1, 2, 3, --- m can be distributed in triads in such a way 
that every pair of elements appears in one and only one triad, the totality of 
triads forms a triple-system of n elements. Reiss} has shown that it is possible 
to form a triple-system of n elements provided n is of the form 6m + 1 or 
6m + 3. 

Different methods for constructing triple-systems have been given by 
Reiss,t Netto,t Heffter,§ and E. H. Moore;|| but methods for testing the 
non-congruency of these systems when formed are lacking. The group of 
substitutions that transform? a triple-system into itself has hitherto been 
adopted as the abstract mark of the system, and Zulauf§] has shown, by a 
consideration of the groups, that the four systems on 13 elements of Kirkman, 
Reiss, De Vries, and Netto are reducible to two incongruent systems whose 
groups are different. In the present paper it is shown however that for 
n = 15 two incongruent triple-systems, Ai;, may have the same group. 

By a simple process non-congruent triple-systems are constructed. These 
are used to illustrate a new method of comparison, by means of a new sort of 
abstract marks. This method requires no knowledge of the group but inci- 
dentally facilitates its determination. No exhaustive determination of every 
Ais which may be obtained by this process is here undertaken, but the 24 
systems discussed include 12 apparently not hitherto constructed. 


APPLICATION OF THE METHOD TO A REISS TRIPLE-SYSTEM ON 15 ELEMENTS 


2. A triple-system formed by the Reiss method** is shown in the accom- 
panying table, which gives 28 triples of the system; the remaining 7, formed 


* Presented to the Society, April, 1914. 

} Ueber eine Steinersche kombinatorische Aufgabe, Crelle’s Journal, vol. 56 (1859), 
pp. 326-344. 

{Zur Theorie der Tripelsysteme, Mathematische Annalen, vol. 42 (1892), pp 
1438-152. 

§ Ueber Tripelsysteme, Mathematische Annalen, vol. 49 (1897), pp. 101-112. 

|| Concerning Triple Systems, Mathematische Annalen, vol. 43 (1893), pp. 271- 
285. 

{| Ueber Tripelsysteme von 13 Elementen. Dissertation. Marburg, 1897. 

** M. Reiss, I. c. 
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from the elements which head the columns, are abd, acg, aef , bce, bfg, cdf , deg. 


TABLE I 





OuGOMIEC MEG ace | Tm 
87 | 86 | 85 | 84 | 83 | 82} 81 
62171176) 75 | 74.735" 72 
53 |52|31)| 61 | 65/64] 63 
41 |43|42/32 |21/51| 54 











This system may be arranged in the following rectangular array. Each 
element heads one column; below it are placed the 7 pairs of elements that 
occur with it in triads of the system. 


a > bt -c «deena. 12) 8 Ao ee ee 


f2 
oe jg.) df | eg peagmecasassce 98 ~g1 96.2) 05mn04 roo eoc mo 


To examine the relations existing among the elements of the system, consider 
any triple, as a87 and the 21 pairs of elements which are united with the 3 ele- 
ments of this triple. 

Begin with a pair in the column headed a, for example 
62, written thus: call 6 the first element and 2 the second 
element of this pair; proceed from one column to the next 
in cyclical order, selecting in successive columns the pair 
which contains the second element of the preceding pair; 
continue this process until the pair to be selected from 
the first column is the initial pair. For the triple a87 the 
pairs would then appear as follows: 62, 2f, f8, 35, 5c, 
c6, 62, 2f, the pairs repeating after each of the three columns has been 
examined twice. The occurring pairs, the periodicity, and the fact that the 
period consists of two rounds of the three columns can be shown conveniently 
by the notation 62f/35c/6. The bar between two elements indicates the 
completion of one round of the three columns. Such a succession of pairs, 
repeating after 2 rounds of the columns, forms a sequence of period 2. 

Since the elements in the pair 62 can be written either as 62 or 26, examine 
next this same pair with the two elements written in reverse order. Beginning 
with the pair 26 the pairs are selected from the columns as follows: 26, 6b, 61; 
14, 4d, d5; 58, 3e, e4; 41, lg, g2; 26, showing that after 4 rounds of the 
columns, the first column is again reached with the initial pair, or in sequence 
notation 26b/14d/53e/41g/2. 
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Apply this process to the remaining pairs 53, 41, bd, cg, ef, of column a. 
The pair 53 appears in the sequence of period 4 and does not require further 
examination, since 53 as initial pair would furnish the sequence 53¢/419/26b 
/14d/5, which is identical with the above sequence of period 4 except as to 
starting point; hence any pair which has appeared in a sequence can be omitted 
from further examination. The pair 41 appears in the sequence of period 4; 
the pair bd furnishes the sequence bd4/ef2/gc5/db6/cg1/b, of period 5; the 
pair fe leads to the sequence fe3/f of period 1; the pair 87 to the sequence 
87a/8. The pair 78 leads from the body of the first column up to the element 
8 at the head of the second column and the process cannot be continued. 
Therefore in examining the pairs of a column we omit the pair which, with 
the element at the head of the column, completes the triple under examina- 
tion. 

For the triple a87 the sequences are 62f/35c/6, 26b/14d/53e/41g/2, 
bd4/ef2/gc5/db6/cg1/b, fe3/f; and all possible pairs for the column a, namely 
62, 26, 53, 35, 41, 14, bd, db, cg, gc, ef , fe, appear in these sequences. The 
number of rounds of the columns required to close a sequence (the period) is 
recorded for each sequence belonging to the triple under examination, and we 
shall call these numbers the indezx of that triple, and the longest sequence the 
major sequence. . 

The index of the triple a87 consists of the numbers 2,4,5,1. The index 
shows that the sequences for the triple a87 consist of a sequence closed in two 
cycles of three elements, hence containing two triads, a second sequence con- 
taining four triads, a third sequence containing five triads and a fourth sequence 
containing one triad. In any column twelve pairs must be considered and each 
pair occurs in one and only one round of the columns and therefore in one and 
only one triad in the sequences. Hence for a triple-system on 15 elements, 
the sum of the periods for every index is 12. Indices of the types 111117, 
111144, 66 are written in the abbreviated form 1° 7, 1* 4’, 6°. 

The sequences are closed cycles, in which any element may be selected as 
initial element and the sequence may be read in direct or reverse order. The 
sequences for a87, 87a, and 8a7 illustrate the following 

THEOREM. The index of every triple in a given triple-system vs invariant 
under all permutations of its triad. 


ANALYSIS OF THE MAJOR SEQUENCES 


3. An element which appears once, twice, three times in a sequence is 
designated as a single, double, triple point, respectively, for that sequence. 
It is evident that a sequence of period 1 contains no double point and hence 
that no duplicate element occurs in a triad of a sequence. 


314 L. D. CUMMINGS: A METHOD OF [July 


Lemma. A sequence of period greater than one contains no repetition mm any 
quintad of elements. 

Let the sequence for vyz begin in the column x with the 
initial pair ab, and for convenience number the places in 

ab | be | ed the sequence. The elements in places 1, 2, and 3 may be 

de a,b, and ce, but the element in the place 4 is not a, since 
that would close the sequence. No repetition occurs in a triad of a sequence, 
hence the element in place 4 is neither b nor c, and therefore must be a new 
element d. The element to fill place 5 forms with d a pair in column 2 and so 
is neither a nor b; since this required element forms a triad with c, d, it must 
be a new element e. Hence no repetition occurs in a quintad of elements. 
By applying the above Lemma and reading the sequence forward and back- 
ward we obtain the following 

THEOREM. A sequence of period equal to or less than three contains no multiple 
point. 

4, This process applied to the 35 triples of the Reiss Aj; gives indices and 
sequences only of certain types, namely: 


a eee es 














TRIPLE INDEX SEQUENCES 
(1) abd ibe 871/625/786/143/268/417/534/8, 
3852/3, cgf/e, gee/g, efg/e, fec/f; 
(2) a&7 1245 62f/35c/6, 26b/14d/53e/419/2, 
bd4/ef2/gc5/db6/ceg1/b, fe3/f; 
(3) a41 6? 87e/26f/53b/78d/62c/35g/8 , 


bd8/ge2/ef6 /db3/eg5 /fe7 /b . 


The indices have separated the 35 triples of the Reiss system into 3 classes, 
(1), (2), and (8). This separation into classes will be found to simplify the 
problem of determining the group of the system. For every substitution 
which converts the system into itself must permute among themselves the 
triples of a class, since formation of cycles depends on identity or difference of 
elements in the different columns and these are not changed by any sub- 
stitution. 

The 35 triples arranged in classes according to their indices are shown in the 
following table. 


Classification of the Reiss Ais by indices 








eg 1245 6? 








abd bce’ deg a26 «62625 «6c24)60 6 d28-— ss e38—Ss f28)—s gg 27 al4 dl6—= gl18 
acg Obfg a35 6384 cd8 d48 e47 f37 = 4g86 b17~—s-_ e12 
OCfameCU)i ais 068 c67 d57 e5b6 746 G45 (ley falls: 


(1) (2) (3) 
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In the major sequence 871/625/786/143/268/417/534/8 of the triple abd, 
the second 8 enters in the seventh place after the first 8, the third 8 in the 
seventh place after the second 8, and the first 8 in the seventh place after the 
third 8; we denote this by the symbol 8 (7, 7, 7) ; with this notation the ele- 
ments of the sequence are characterized as follows: 8(7,7,7),7(5, 11,5), 
BeurenreOGO, O; hile atostayero (13,8), 466 90) Mess (8 15). 
For a sequence of period 7 containing 21 elements the symbols (5, 11,5), 
(5,5,11), (11,5,5) are identical and (8,13) =(13,8). Hence this 
sequence contains two distinct types of triple points and one type of double 
points. 
The analysis of the major sequences of the triples of class (1) is given in the 
following table: 
ee litt?) 57) (5,11 bint 7) Ce, 5.11) (8, 18) (18,8) (eo. 11) (8, 18) 
abd 1 
bee 
cdf 
deg 
efa 


fgb 
gac 


Orn & G “TH 00 
HOO Orb OOO ST 
Bee eee 

CO NTH 00 Ot bo OD 
DW NTH OO Orb 
bo CO STH OO Or 
COOInnawnar 
“TPO Ort & 


DETERMINATION OF THE GROUP FOR THE REISS Ais 


5. Any operation of the group that leaves a triple-system invariant can only 
transform any triad and its sequences into itself, or into another of the same 
class. Therefore to find the group, we examine first for substitutions that 
transform into itself one of the longest sequences, and secondly for those that 
transform it into the remaining sequences of its class. Substitutions when 
determined must be tested on the whole triple-system. 

An examination of the table of indices for this system shows that the 15 
elements do not enter symmetrically as members of the triads in the classes, 
for example, the 7 triads in class (1) contain only the elements a,b,c,d,e,f,9. 
Since only those elements may be permuted which occur the same number of 
times in a class, the enumeration of the appearances of each element in the 
classes, as in the following table, shows the possible sets of transitive elements. 








Geo tcnaseni. gil 213 4 5obeias 
Oy aoa 6 35 8n a 3 
Vi Ca ousr oe Lace, 6 6 6 6 6 6 6 
eds Ae Eh DO Ey aes Ciaaiy Sa an RE ra Pe 








The systems of transitivity for the group are therefore a, b, c, d, e, f, g3 1; 
230, 4.95 65.0,,.5% 

The substitutions may be determined from any class in the system, but 
most easily from the class containing the longest sequences since these exhibit 
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more repetitions of the elements. In the present case class (1) is therefore 
selected. 

(1) Examine for substitutions to transform the triple abd into itself. The 
major sequence of abd is 871625786143268417534, and a consideration of the 
possible rotations of this sequence into itself will determine the substitutions 
which transform the triple abd into itself. The element 1 forms a transitive 
system; hence a rotation of period 3 given by (1) (647) (235) (8) trans- 
forms this sequence into itself. The triple-system will now enable us to 
-complete the substitution, for if two elements in one triple transform into two 
elements in a second triple, the third element in the first triple transforms 
into the third element in the second triple, for example, 18g transforms into 
18g. An application of both cycles (235) and (647) to the two triples 
26a and 24c gives respectively 26a, 34b, 57d; 24c, 37f, 56e and shows for the 
required substitution additional cycles (abd) and (cfe). Hence the substi- 
tution (abd) (cfe) (g) (1) (235) (476) (8) transforms abd and its se- 
quences into itself. 

Any rotation of period 2 which transforms the sequence of abd into itself 
must keep fixed one of the elements 1 and interchange elements at equal 
distances from this 1, for example, (1) (46) (38) (27)---, but in the se- 
quence 3 is a double point and 8 is a triple point and it is not possible to 
convert the sequence into itself by the interchange of two points of different 
multiplicities; hence no substitution of period 2 exists which will convert this 
sequence into itself. Therefore only a sub-group of order 3 transforms the 
triple abd into itself. 

(2) Examine for substitutions to transform the triple abd into the other 
triples in its class. The table of class (1) exhibits the cycles (8473625) (1). 
If now we apply these two cycles to any triple in the system, as a14, then the 
triples of the system appear in the following succession: 14a, 17b, 13c, 16d, 
12e, 15f, 189, showing the cycle (abcdefg) and this completes the substi- 
tution s. = (abcdefg) (1) (2584736) which transforms abd in succession into 
every other triple in its class. Therefore the group for the Reiss system is of 
order 21 and is generated by 
Si = (abd) (efe) (g) (1) (285) (476) (8), 82 = (abcdefg) (1) (2584736). 
The method of construction employed by Reiss involves a cyclic substitution 
of order 7, hence the appearance of s, was to be expected; but it did not 
show the substitution of order 3. 


CONSTRUCTION OF NEW SYSTEMS 


6. The seven triples containing only the elements which head the columns 
in the seven-by-four array, Table I, §2, form a triple-system on 7 elements, 
which is designated as a head for this array. The seven triples in the head 
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and the twenty-eight triples in the array make up the thirty-five triples in 
the system. New systems may be formed by retaining the twenty-eight 
triples of the seven-by-four array and changing the seven triples of the head 
or by changing the seven-by-four array. An index determined from a seven- 
by-four array is designated as a partial index to distinguish it from a complete 
index determined from a fifteen-by-seven array. 


FORMATION OF NEW SYSTEMS BY CHANGING THE HEAD OF THE SEVEN-BY-FOUR 
ARRAY 


7. From the seven elements a, b, c, d, e, f, g thirty-five triples can be 
formed. We determine for each of these triples its partial index from the 
seven-by-four array J. For example: 


TRIPLE INDEX SEQUENCES 
abe 17,.2,4 786/7, 871/352/417/625/8, 268/534/2, 1438/1; 
abd VAY: 871/625/786/143/268/417/534/8, 352/38. 


Table of partial indices 












2,2,4 | 1,7 


abc ace adf bcd bdg cde _ cfg abd acg bde aef' deg 
abe acf adg bcf bef cdg efg abf bce cdf aeg’ dfg 
abg ade afg bdf beg ceg_ def acd beg cef Odfg 





Select any triple, as abd. Construct all the triple-systems on the seven 
elements a, b,c, d, e, f, g, which contain abd, and retain one of each type. 
Six systems A, can be formed, but the sets of partial indices of four of those 
systems are identical. Hence this triple furnishes only three types of head 
for the seven-by-four array, namely A, B, and C, as in the table. 


A B C 

abd 1,7 aight 0h hase Al 7 

Cie) Why VF hone MMT) ace 17,2,4 
Cea ad. ef led Gig. 123)2)4 
bcewe leas bef 12,2,4 Def eA: 
big male beg 12,2,4 beg 12,2,4 
ie bee Gt dce 17,2,4 cdg lee 2 
deg 7 ahiae Wc, 0 def 12,2,4 


Since triples with different partial indices may give different types of heads, 
we examine in the same way the triple abe; this furnishes 4 heads of type C 
and 2 heads of type B. 

The 35 triples formed of the elements a, b,c,d,e,f,g contain only 2 partial 
indices, 1°24 and 17, and all triple-systems of seven elements have been 
formed for one triple selected from each class of partial indices, and three 
types of heads A, B, and C have appeared. The twenty-eight triples in the 
seven-by-four array completed with any one of these heads form a triple- 
system on 15 elements. 
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The array, Table I, completed by these three heads, is denoted by 14, 


IB, IC; of these L4 is the Reiss system already investigated. 




















a b c d é f g 

87 86 85 84 83 82 81 

I 62 v1 76 75 74 73 12 
53 52 31 61 65 64 63 

41 43 42 32 21 51 54 

IA COdemmOCcimrGe). a 008 bfg cdf deg 
IB COCO meEGeh A DC, beg cde dfg 
LG abd ace afg bef beg cdg’ def 








To show that the 3 systems 14, IB, IC, are non-congruent, it is necessary 
to write each system in the form of the fifteen-by-seven array and to obtain 
the indices for the 35 triples of each system; since it is possible that triples 
with different partial indices may have the same complete index and vice versa. 

No two congruent systems have been admitted, but it does not follow that 
non-congruent systems have not been excluded, and in an exhaustive deter- 
mination of all systems Ai; every head must be applied to the seven-by-four 
array, and the indices for each system determined from its fifteen-by-seven 
array. 


8. CLASSIFICATION OF IB BY INDICES AND TRANSITIVE ELEMENTS 















































1624 | 157 | 18 234 12 23 4 12 46 1245 2° 6 2? 42 6? 
bef | abd d23 625 b17 a87 | b68 | f28 | d16 | 6384 | d48 | al4 
beg | acg [37 c67 c13 a26 e566 | g386 | f15 | c24 | f46 
cde | aef g27 e38 e12 a35 | c58 | d57 | g18 | e47 | g45 

dfg | 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 


The enumeration of the entrances of the elements in the 9 classes shows 
that for the group of the system the sets of transitive elements are a; b, ¢c, e; 
d,f,g;1;2,38,7;5,6,8;4. These sets of transitive elements subdivide the 
classes into sets of triples which are not transformable into one another by 
operations of the group of the system; the subdivisions are shown by lines 
separating the triples in a class, and the system IB contains 13 subdivisions. 
The group is generated by s =(a) (bec) (dfg) (1) (237) (586) (4), and 
is of order 3. 


9. CLASSIFICATION OF IC BY INDICES AND TRANSITIVE ELEMENTS 








16 24 157 | -1° 234 1? 23 4 1? 46 1245 
ace beg | abd c58 a35 | g27 | al4 | cl3 | a78 | c24 
def cdg e38 b25 | g36 | b17 | e12 | 668 | e56 
bef | afg f28 d23 | g45 | d16 | f15 | d48 | f37 

(1) (2) (3) 
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The sets of transitive elements for the system are a,b, d;c,e,f39;1;2,3, 5; 
4,6,7;8. These with the indices separate the system into 13 non-permutable 
subdivisions. The group is generated by s = (adb) (cef) (g) (1) (253) 
(467) (8), and is of order 3. 

10. A comparison of IB and IC shows that the groups of these two non- 
congruent systems are the same. For these groups are generated respec- 
tively by s = (a) (bec) (dfg) (1) (287) (4) (586), ¢ = (adb) (cef) (g) (1) 
(253) (467) (8), and are abstractly the same, since each of these substi- 
tutions permutes 12 elements, in 4 cycles, each of order 3, and leaves the re- 
maining 3 elements fixed. But the system IB contains 4 triples with index 
1° 7, while the system IC contains only 1 triple with index 1°57. Now ina 
given system the index of a triple is invariant under all the substitutions of 
the symmetric group; two systems are, therefore, certainly incongruent if 
their sets of indices are unlike, whether their groups are different or identical.* 
Hence no substitution exists which converts LB into IC, and the two systems are 
non-congruent. That is, as pointed out in §1, the same group belongs to two 
non-congruent systems. 

Up to the present time the group has been considered as the abstract mark 
of a system. It is true that two systems with different groups are distinct, 
but as shown above, the converse is not true, a fact which apparently has not 
been suspected before. 


FORMATION OF NEW SYSTEMS BY CHANGING THE FUNDAMENTAL SEVEN-BY- 
FOUR ARRAY 





11. If a seven-by-four array shows 3 columns of the types 
x,y, and zg containing the 8 sets of pairs 12, 34: 13, 24: 
14, 23 which can be formed from the four elements 1,,2, is a ue 
3, 4, the four elements constitute a quadrangular array es ue eo 
which may be denoted by the symbol [3;]. The remaining , 
four elements 5,6, 7,8 must necessarily form also a quadrangular array; hence 
quadrangular arrays enter into a seven-by-four array always by couples, and 
it is easily shown that a seven-by-four array must contain 0, 2, 6, or 14 
quadrangular arrays; — a fact hitherto not noticed, but of considerable im- 
portance in the following discussion. 

An examination of every combination of two pairs occurring in the 7 columns 
of Table I shows that this seven-by-four array contains no quadrangular array. 

Let us form, then, a new fundamental Table II, which shall contain two 
and only two of these quadrangular arrays. In constructing columns suitable 
for a seven-by-four array, the first pair in the column may’be selected in 7 
ways (since with the first element we may unite any one of the remaining 


x | y z 

















* The truth of the converse is not here asserted, though it seems probable. 
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7 elements), the second pair in 5 ways, the third pair in 3 ways, and the fourth 
pair only in 1 way; hence 105 suitable columns may be formed. 

From the 105 columns we select 3 columns a, b, c, containing the 2 quad- 
rangular arrays [3{] and [?§]. The remaining 4 columns d, e,f, g, must 
be selected so that no more quadrangular arrays are introduced, and the enter- 
ing columns must not contain any pair that appears in the columns already 
in the table. 

TaB_eE II 














The Table II shows one of the several possible ways of constructing a seven- 
by-four array of the desired type. The determination, from the seven-by- 
four array II, of the partial indices for the 35 triples which may be formed 
from the 7 elements a, b,c, d, e, f, g, shows 5 different partial indices. The 
re-heading process is now applied to Table IJ. A triple of each index furnishes 
6 systems A;. By the selection of 1 system of each type from these 30, the 
6 different heads 4, B, C, D, E, F shown in the following table are obtained 
for the seven-by-four array II. 


a b c d e f g 














. af et oF Bs a = se NUMBER OF TRIPLES OF THE 

II 43 49 41 61 64 63 62 HEAD WITH PARTIAL INDICES 
21 31 23 25 15 45 35 18 142? 1224 2 4 
A bde abe Odfg adf cdg aeg cef 1 0 4 2 0 
B bde abf beg acd dfg aeg_ cef 0 0 2 2 3 
GC bde abf beg adg cdf ace efg 0 2 1 1 3 
D bde abg bef acd dfg aef ceg 0 2 1 2 2 
E bde bac  Ofg dag cdf aef  ceg il 4 2 0 0 
F bde abg bcf adf cdg ace efg 0 0 2 3 2 


If a system A;; contains more than one A;, then for every such contained A; 
there is an arrangement of the Ai;, showing this A7 as a head to a suitable 
seven-by-four array. These different arrangements may furnish dissimilar 
partial indices. For example, the system IIA contains three systems A; 
formed of the elements a, b,c, d,e,f,g;a,b,c,1,2, 3, 4; anda, b,c, 
5,6, 7,8. The second of these heads, placed over the seven-by-four array 
formed of the 28 remaining triples of the system IIA, gives for the triples 
abe, a43, a12, b42, b31, c41, c23, respectively, the following partial indices 
18, 1427, 1427, 24, 2*, 42, 4%. Hence IIA shows dissimilar sets of partial 
indices for different heads. Therefore if a system A;; contains more than 
one Az, a determination of the partial indices of the seven triples of one head 
is not a sufficient characterization of the system. 
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To determine if the six systems with fundamental Table II are distinct, 
we compare the indices of the thirty-five triples of each system, since systems 
with different sets of indices are incongruent. The indices for the 6 systems 
with fundamental seven-by-four array II are shown in the following table: 
















































| 12 | 1892 | 1624 | 15223) 1424 | 1426 | 144? | 13225) 13234) 12234) 122?32| 1246 | 1236 
1 12 10 12 
2 2 4 3 4 4 4 8 4 
1 6 5 3 4 4 4 2 4 
1 6 4 2 6 2 2 8 2 
4 8 6 2 4 
2 5 4 2 4 4 10 + 
pce ee 











This table shows 6 distinct systems differing from the 3 systems with funda- 
mental seven-by-four array I.* 

The sets of transitive elements for IITA are a, b,c; d, f, 2, 4, 5, 83 €, 9, 
1, 3, 6, 7; these with the classes separate the 35 triples of the system into 6 
non-permutable subdivisions. The group is generated by s,; =(13) (24) 
(58) (67), Ss. =(ab) (d2f4) (elg3) (58), 83 = (abe) (d48) (eI7) (f25) 
(936), and is of order 24. 

The sets of transitive elements for IIB are a; b, c; d, f; e; g; 1, 3, 6, 7; 
2,4, 5, 8; these with the classes separate the system into 13 non-permutable 
subdivisions. The group is generated by s; = (bce) (1637) (2548) (df), 
and is of order 4. 

The sets of transitive elements for IIC are a; b; c; d; e; f; g; 1, 3; 2, 4; 5, 8; 6, 7; 
these with the classes separate the system into 23 non-permutable subdivi- 
sions. The group is generated by s; =(13) (24) (58) (67), and is of 
order 2. 

The sets of transitive elements for IID are a; b; c; d; e; f; 9; 1, 8; 2, 4; 5, 8; 
6, 7; these with the classes separate the system into 23 non-permutable sub- 
divisions. The group is generated by s = (13) (24) (58) (67), and is of 
order 2. 

The two systems IIC and ILD are distinct, since the number of triples appearing 
under each index is not the same for the two systems; but the group is rdentical 
for the two systems. This is another example of the fact that two distinct 
systems may have the same group. 

The sets of transitive elements for IIE are a; b; ec; d, f, 6, 7; e, g, 5, 8; 
1, 3; 2, 4; these with the classes separate the system into 12 non-permutable 
subdivisions. The group is generated by s,; =(13) (24) (58) (67), 
8. = (d7f6) (e598) (13) (24), and is of order 8. 

* For the sake of brevity the work involved in the determination of the indices for every 
system is suppressed, and a brief outline of the process employed in obtaining the groups is 


given only for the system IA. A fuller elaboration is contained in a manuscript volume 
deposited in the Vassar College Library. 


; 


322 L. D. CUMMINGS: A METHOD OF [July 


The sets of transitive elements for IIF are a; b, c; d; f; e, g; 1, 3, 6, 73 
2,4, 5, 8; these with the classes separate the system into 15 non-permutable 
subdivisions. The group is generated by si =(138) (24) (58) (67), 
So = (be) (eg) (17) (28) (86) (45), and is of order 4. 


SEVEN-BY-FOUR ARRAY WITH 14 QUADRANGULAR ARRAYS 


12. We construct next a seven-by-four array containing 14 quadrangular 
arrays, the greatest possible number, and we apply to this new array the 
re-heading process. The partial indices show 4 types of heads and we obtain 
the following systems: 


a b c d e f g 











12 13 14 15 16 17 18 NUMBER OF TRIPLES WITH 
Ill 34 24 23 26 25 28 27 creme 
56 58 57 38 37 36 35 
78 67 68 47 48 45 46 je Gee BA Bie 
A abe ade afg bdg bef cdf ceg 35 
B abe ade  afg bdf beg cdg ce. i 24 +f 
GC abe adg aef bdf beg cde _ cfg 1 12 16 6 
D abd acg aef bef beg cde adfg 28 G 


The system IIIA contains one set of transitive elements a, b,c, d,e,f,9, 
1,2,3,4,5,6, 7,8, and the thirty-five triples belong to one class. 

The analysis of the Kirkman system by the method of sequences shows the 
index of each triple to be 1”, and the system IIIA is congruent to the Kirkman 
system. ‘The group for the system IIIA is by far the most extensive of the 
24 groups determined in this paper, and belongs to the earliest known Aj;. 

The group for IIIA is generated by s; = (12) (34) (56) (78), s. = (13) 
(24) (58) (67), ss = (15) (26) (38) (47), 54 = (acb). (efg) (243) (678), 
85 = (be) (fg) (84) (78), 85 = (be) (dfeg) (34) (5768), 37 = (adgfeeb ) 
(1347286) , ss = (ad7gfc5368b1e42 ) , and is of order 8!/2.* 

The sets of transitive elements for IIIB are a; b, c,d, ¢,f, 931, 2,3, 4, 
5,6,7,8. The group for the system is generated by s; = (beg) (cdf) (12) 
(358467), so = (df) (eg) (57) (68), ss = (15) (26) (38) (47), s4 = (de) 
(fg) (56) (78), and is of order 96. 

The sets of transitive elements for IIIC are a, b,c; d, ¢, f,9;1,2, 3, 4, 
5, 6, 7, 8. The group for the system IIIC is generated by s; = (abc) 
(dfg) (284) (578), 8. = (16) (25) (87) (48), ss = (12) (34) (56) (78), 
Ss = (dg) (ef) (58) (67), and is of order 96. The groups for the systems 

“IIIB and IIIC are of the same order 96, but the sets of transitive elements for 
the two groups differ, hence the groups are distinct. 





*C. Jordan (Traité des substitutions et des équations algébriques (1870), p. 380) states that 
the group for the Kirkman system is of order 8!/ 2, which agrees with the result obtained by 
the sequence method of analysis. 
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The sets of transitive elements for IIID are a,b,c, d,e,f,9;1,2,3,4, 
5, 6, 7, 8. The group is generated by si = (acg) (bef) (248) (367), 
8S. = (15) (26) (38) (47), s3 = (abedgcf) (3658472), s4 = (13) (24) (58) 
(67), and is of order 168. 


SEVEN-BY-FOUR ARRAY WITH SIX QUADRANGULAR ARRAYS 


13. We construct finally a seven-by-four array containing 6 quadrangular 
arrays, the only remaining number (cf. §11) and we obtain the 4 following 
systems: 

Gee Ga OF da els Ff al g 
87 86 85 84 83 82 81 


Iv| 69 Qi tO ia IAL 72 Iv] 12 18 22/16 24 16 32/ 15223] 14 24/14 26) 14 42/120232 
43 41 42 62 61 64 63 



































21 23 31 16 25 83 54} tala |-8 16 | 10 
bdf abc beg adg cde afe cfg a 1 ah 4 ; e ‘ 2 : : 
abe beg adg cde acf efg Di 7 | 24 4 











bdf abe cef bcg acd deg afg 
bdf abc beg ade cdg afg ecf 








bath 
oa 
& 





The systems IVC and IVD show the same indices as the systems IIE and 
IIIB, respectively, and are congruent to them. 

The sets of transitive elements for IVA are a, b; c; d,e,f, 9,1, 2, 8, 4; 
5, 6, 7, 8; and the system contains 7 non-permutable subdivisions. The 
group for the system is generated by s; = (ab) (dl) (e3) (f2) (94) (67), 
8. = (ab) (d2f1) (e493) (5687), s3 =(138) (24) (57) (68), and is of 
order 32. 

The systems of transitive elements for IVB are a; 6; c; d; e; f; 9; 1, 2, 3, 4; 
5, 6, 7, 8; and the system separates into 17 non-permutable subdivisions. 
The group is generated by s; = (12) (34) (56) (78), so =(14) (23) (58) 
(67), and is of order 4. 


FORMATION OF NEW SYSTEMS BY VARYING THE NUMBER OF PARTIAL QUAD- 
RANGULAR ARRAYS 


14. The three sets of pairs 12, 34; 13, 24; 14, 23 entering the seven-by-four 
array in 3 columns form a quadrangular array which has been denoted by 
the symbol [3;]. Two of these sets of pairs occurring in the seven-by-four 
array in 2 columns form a partial quadrangular array, and may be denoted 
by the symbol {3i}. A partial quadrangular array considered with respect 
to the two elements which head the columns in which the two sets of pairs 
enter, is designated in a recent paper as an “ interlacing ”’* of the two ele- 

*F.N. Cole, The triad systems of thirteen elements. These Transactions, vol. 14 
(1913), pp. 1-5. 

Trans. Am. Math. Soc. 22 135 
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ments which head the columns. Non-congruent triple-systems may be 
formed by keeping constant the number of quadrangular arrays in the seven- 
by-four array, and varying the number of partial quadrangular arrays. 

The seven-by-four array II contains two quadrangular arrays [3], [75] 
and eight partial quadrangular arrays {56}, {7s}, {3s}, {or}, {3s}, {or}, {Bef, 
{33}. The seven-by-four array V, given below, contains the same number 
of quadrangular arrays, [33], [+], but a different number of partial quadran- 
gular arrays, the twelve {46}, {37}, {as}, {50}, (5r}, {ts}, Cas}, {es}, (ish, {er}, 
{33}, {és}. The re-heading process applied to this seven-by-four array shows 
six types of heads. 








J g 
= oH NUMBER OF TRIPLES WITH 
7 35 PARTIAL INDICES 
56 78 18 14 22 94 42 
os cdg cef 1 6 
B cdg def 4 3 
C cdf deg 9 2 3 
4 cde dfg 3 1 3 
F cdf —ceg 1 4 2 
: cde ef 1 6 








A determination of the indices of the 6 systems with fundamental seven-by- 
four array V gives the following result: 























Vidi as se | 1° 3? AS 2a a 1435 1t 4 18 234 be Bao 
A tes. 18 16 

B £ 3 12 4 12 
Cc 2 4 6 3 4 8 
D 3 4 7 12 3 6 
fy; 1 8 16 10 

F 1 12 16 6 






































The triple-systems VE and VF show the same sets of indices as IVA and IIIC, 
respectively, and are congruent to them. The analysis follows for the 4 
systems VA, VB, VC, VD, which are distinct from the preceding 15 triple- 
systems. 

The sets of transitive elements for VA area, b,c;d,e,f,g,1,2,3,4, 5, 
6,7,8. The group is generated by s; = (abc) (efg) (258) (367), s2 = (bc) 
(d1) (e2) (f8) (g5) (67), s3 = (d14) (€23) (f56) (987), ss = (ach) (dfg) 
(182) (876), and is of order 288. 

The sets of transitive elements for VB are a, b, c;d,e,f;9;1,2,3,4, 5, 
6, 7, 8; these with the classes separate the system into 6 non-permutable sub- 
divisions. The group is generated by s, =(ab) (ef) (1327) (4865), 
So. = (ab) (ef) (14) (26) (35) (78), s3 = (acb) (def) (182) (467), and is 
of order 24. 
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The sets of transitive elements for VC are a; b, c; d, e; f; 9; 1, 2, 3, 4, 5, 
6, 7, 8; these with the classes separate the system into 11 non-permutable 
subdivisions. The group for the system is generated by s; = (bc) (de) 
(16) (27) (35) (48), ss = (be) (de) (1457) (2386), and is of order 8. 

The sets of transitive elements for VD are a, b,c; d,f, 9; e; 1, 2, 5, 8; 
3, 4,6, 7; these with the classes separate the system into 7 non-permutable 
subdivisions. The group for the system is generated by s; = (12) (37) (46) 
(58), s. =(18) (25) (34) (67), s3 =(acb) (dfg) (125) (347), and is of 


order 12. 


ANALYSIS OF TRIPLE-SYSTEMS FORMED BY OTHER METHODS 


15. A few of the well-known systems Aj; are now examined, in order to 
determine, if possible, systems incongruent to the 19 already given. 

(i) Analysis of the Carpmael systems. —'The indices for the systems given 
by Carpmael* show two non-congruent systems. One of these yields a set 
of indices identical with that of VA; hence this system is omitted from further 
examination. The other Carpmael system yields a new set of indices; there- 
fore we determine in this system a A7, arrange the system in the form of a 
seven-by-four array, and apply the re-heading process, thus obtaining four 
systems incongruent to the preceding 19, VIA, VIB, VIC, and VID of the 
following table: 








Ca ON Code Co. feed 








Mia 1s Fiz 1G 1h “16. 14213 abe acf adg bdf cde efg beg 
Vib) d4- 23°24 28) 27 25 26 abc adg_ aef bde bfg cdf ceg 
VIC: 1-58 48 38 36 35° 37 45 abd acg aef bce Odfg cdf deg 


VID | 67 86 57 47 46 68-78 abg ace adf bed bef cfg deg 














A comparison of the two seven-by-four arrays I and VI shows that neither 
contains any quadrangular array, but that while I contains no partial quad- 
rangular array, VI contains the following six {53}, {os}, {é7}, {as}, {#}, and 
{g7}. Hence the two sets of systems I and VI may be formed by construct- 
ing seven-by-four arrays, which contain a fixed number (zero) of quadrangular 
arrays and a variable number of partial quadrangular arrays. The analysis 
and the groups for the system VI are given below. 























RSE! HSH al Ca eee iniow [eas 
ese ty tt, Ty Se Cee i scape ee 
6 12 6 4 
lee ee |) Se ee ee eee | ea 
Sit Oath Om eOMEES 1 
3 Sie OMmEO 1 






































* Some solutions of Kirkman’s 15-school-girl problem, Proceedings of the London 
Mathematical Society, vol. 12 (1881), pp. 148-156. 


326 L. D. CUMMINGS: A METHOD OF [July 


The sets of transitive elements for VIA are a, b,c, d, e, f; 9; 1, 2, 4, 
7;3,5,6,8. The group is generated by s1 = (abe) (cfd) (172)(386), 
8. = (ad) (be) (14) (27) (35) (68), 83 = (be) (ef) (12) (36)(47) (58), 
and is of order 12. 

The sets of transitive elements for VIB are a; b, c; d; e, f; g; 1, 2; 8, 6; 
4,7;5,8. These with the classes separate the system into 21 non-permutable 
subdivisions. The group is of order 2 and is generated by s = (be) (ef) (12) 
(36) (47) (58). 

The sets of transitive elements for VIC are a, b, e;c,d,f3g;1, 2, 7; 4; 5; 
3,6,8. These with the classes separate the system into 13 non-permutable 
subdivisions. The group for the system is generated by s = (aeb) (cdf) 
(127) (368), and is of order 3. 

The sets of transitive elements for VID are a,c, e;b,d,f;g;1, 4, 7; 2; 6; 
3,5,8. These with the classes separate the system into 13 non-permutable 
subdivisions. The group for the system is generated by s = (ace) (bfd) 
(147) (358), and is of order 3. 

A comparison of the systems IB, IC, VIC, VID, shows different sets of 
indices but identical groups. Here then are four incongruent systems with the 
same group (cf. §8 and §9). Therefore it is evident that the identity of the groups, 
though a necessary condition for the congruency of two triple-systems, 1s not 
sufficient. 

(ii) Analysis of the Heffter systems. —'The Hefiter* method of constructing 
triple-systems of 6m + 3 elements furnishes two systems for 6m + 3 = 15. 
The first of these contains 15 systems A;, the index of each triple is 1”, and 
the system shows the same set of indices as the system here denoted by IIIA. 
The second system contains no A;, and is therefore distinct from the pre- 
ceding 23 systems, each of which contains at least one A;. This second 
system is now denoted by VII. Its analysis is shown in the following table: 

Classification of VII by indices 
4,8 3,9 
af4  d27 a58 ag7 be7 b24 ce4 df5 eg6~—s ff17 g28 367 


bg5~—s e838 ade ac2 bef cd8 c35 d46 e57 ~=—s {68 145 478 
cl6 ab6 al3 618 cfg dgl e12 £23 g34 256 bd3 

















The system contains 1 set of transitive elements: a, b,c,d,e,f,9,1,2,3, 
4,5,6, 7,8, and separates into 2 non-permutable subdivisions. The group 
is generated by s; = (ad63) (c8f2) (e471), s2 = (abcedefg12345678 ) , and is 
of order 60. 

(iii) Nettot describes two methods for constructing triple-systems of 15 


*L. Heffter, Ueber Tripelsysteme, Mathematische Annalen, vol. 49 (1897), 
pp. 101-112. 
PLbe, oe 
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elements. The analysis of the two systems by the method of sequences 
shows that the index of every triple in each system is 1” and the two systems 
are of the type here designated by IIIA. 

(iv) E. H. Moore* gives different methods for constructing triple-systems. 
A system formed by one of these methods was found to be of the type IIIA. 
Under the re-heading process a system formed by a second method yielded 
4 systems congruent, respectively, to the systems here designated as IIF, 
TUB, Wie, IVA. 

16. We have shown for the two fundamental seven-by-four arrays con- 
taining, respectively, zero and two quadrangular arrays, that non-congruent 
systems may be formed by varying the number of partial quadrangular arrays. 
It seems possible that additional systems A;;, each containing at least one A;, 
might be formed by the same method from these two arrays, and also from 
the two fundamental arrays containing, respectively, six and fourteen quad- 
rangular arrays. The purpose of this investigation is primarily to exhibit a 
new method of comparison for triple-systems, and while several systems Aj; 
not hitherto constructed have been obtained, no exhaustive determination of 
all possible systems Aj; has been undertaken. 

The method of comparison here investigated is applicable to any system 
Asti+1 by merely arranging the system in the form of a 2¢ + 1-by-¢ array 
and determining the indices for this array. In constructing systems Aj; 
which contain no A;, the number of partial quadrangular arrays admitted 
into a fifteen-by-seven array must be considered, but for systems A; which 
contain one or more systems A;, the number of complete and partial quad- 
rangular arrays admitted into a seven-by-four array is to be considered. 
Exactly similar conditions exist in the case of systems Agi. In constructing 
systems Asti; which contain no A;, the consideration of a 2t + 1-by-t array 
is necessary, but for systems A»:;1 which contain one or more systems A,, 
the consideration of a t-by-}(¢ +1) array is sufficient. 

April, 1913 

<a OAS 


AN EXISTENCE THEOREM FOR A CERTAIN DIFFERENTIAL EQUA- 
TION OF THE nTH ORDER* 
WILLIAM RAYMOND LONGLEY 


1. The usual method for investigating the solutions of a differential equa- 
tion of the nth order in the neighborhood of a singular point has been to reduce 
the problem to a system of n equations of the first order. This procedure 
was adopted by Poincaréf and others for the treatment of equations of a 
general form, and the results obtained have been summarized and simplified 
by Dulac.t No explicit statement has been made concerning an equation 
of the form 


d”y N ax+by+-:-- 
(1) So ; 
dx” D. ax+ py+::- 
where NV and D are convergent power series in x and y vanishing for x = 0, 
y = 0, but an application of the general theory yields the following informa- 
tion concerning the integrals in the neighborhood of the values x = 0, y = 0. 
Equation (1) may be reduced to the system 








dy dy dYn—-1 N 
(2) Ae eee pa 2 2 vip «) dz =i 9y 
where c, C2, «++, Cn—1 are arbitrary finite constants and the initial values of 


the variables are all zero. If \ = a + c@ is not zero then the variables can 
be expressed as power series in terms of a single quantity z; that is, 


(3) x= 2(2), y=y(2), an) Ya = Ya-1(2), 
such that if z satisfies an equation 

dz 
(4) di = Az + 2°.P, 


then the functions (3) will satisfy the system (2). The quantity P is a power 


* Presented to the Society, December 30, 1913. 

tJournal de mathématiques, ser. 4, vol. 1 (1885), p. 167, and vol. 2 (1886), 
p. 151. 

tBulletin de la société mathématique de France, vol. 40 (1912), 
p. 324. 
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series in 2 whose coefficients depend upon the system (2). The solution z of 
equation (4) can be expressed as a power series in 0 = ke*’, k being an arbi- 
trary constant. After substitution of this expression in the system (3), 
6 can be found in terms of 2 from the first equation and, when this value is 
put in the second, y is obtained as a function of x which satisfies equation (1). 
This solution involves the n — 1 finite constants ¢, ¢2, «++, Ca-1, Which are 
arbitrary except for the condition a + cB + 0. The exact form of the solu- 
tion is not given and its construction by this general method would involve 
a number of transformations and considerable calculation. 

The object of the present paper is to obtain this result directly in explicit 
form and to derive results in some cases for which a + cB = 0. 

2. By setting y = «(ec +0), where v is to be determined as a function of x 
vanishing with x, and ¢c is a constant, equation (1) becomes 


dy dn athlete) + aN" 
a Paria a B(e+v)+ 2D" 





If a +c + 0 the second member can be expanded as a power series in 2 
and v, and the equation takes the form 


dy d™1 y 


(5) tet m7 = G0 + Mot + anet +s + ayate + +s: 


Suppose a solution is assumed in the form 
(6) v = cox + cya? +--+ + Cpa + cpa tee) bem a™ + oes. 


On substituting this value of v in equation (5) and equating the coefficients of 
corresponding powers of 2, it follows that cz, cz, +++, ¢n,-1 may be chosen 
arbitrarily, while the remaining coefficients of the series (6) are uniquely 
determined by 


n Cn = Qo05 


(7) {m(m—1)+++(m—n+1) 
+ nm(m—1)+-+(m— n+ 2) fen 
— wee (Gey C2; Fae nt) 


where F,,,; is a rational integral function of ¢2, ++, ¢,-1 and the coefficients 
axs(t+j<m—n). 

The convergence of the series (6) can be demonstrated by comparing it 
with the solution of 


d™ y 


, , , , . a 
3 Pied Soh in et Mon tt ag UE rhc 5 
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the coefficients a;; being positive constants equal to the absolute values of 
the a;;. By Cauchy’s fundamental theorem it is known that this equation 
has a solution for wu as a power series in x which is convergent for values of « 
whose moduli are sufficiently small. The solution is 


(9) U = aoe + +: + On—1 0"? + ay e+ ici 7 Out ao a pee: 


where a2, ***, Q@n—1 are arbitrary. The remaining coefficients are determined 
by . 

n—1adn = Qo; 
(10)) Plas eiteg ote tea ; 

m (m lal 1) es (m et oe 2) Omt-1 = Fania hays (Bp SUG ag Qn-1)- 


The function F’,,, in equations (10) is a rational integral function of the same 
form as Fs; in equations (7), the coefficients being all positive and greater 
than the absolute values of the corresponding coefficients in F,,41. It follows 
then that the absolute value of ¢n41 is less than a@m41 for every m provided 
Gg = Cy, ***, An—1 = Cn_1- Hence the series (6) converges for at least the 
same range of values as the series (9). 

The solution of equation (1) is now given in the explicit form 


YC Cy earl Cops + tT) ay tee mat a 


where ¢, C2, *+*, Cn—1 are finite constants, arbitrary except for the condition 
a+c8 +0. The remaining coefficients are uniquely determined in terms 
of the arbitrary constants and the coefficients in the differential equation. 
This statement contains the information which may be derived from the 
general theory as summarized by Dulac. 

3. The preceding method may be applied without alteration to the case 
when in equation (1) the lowest terms in WN are of degree p, and the lowest 
terms in D are of degree gif p 2 q. If the terms of lowest degree in D are 


Doat + Diatty+---+ Dy; 
the assumption concerning the constant c is 
DotDie+t-:-:-+Dace4 +0. 


Geometrically this assumption is expressed by saying that the integral curve 
is not tangent at the origin to a branch of the curve D = 0. 
The existence theorem may now be stated in the following form: 
THEOREM. Given the differential equation 


d"y Ne Not eee tt pe) acters 


(E) dx Dt Dy peep 6 2 a eee 





in which N and D are convergent series in positive integral powers of x and y 
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Ohl Oe. lf 
(C) Dy Did-- = + D, = 0, 


then there exists a solution expressible in the form 


(S) y = cx + Diez a', 
which is convergent for values of x whose moduli are sufficiently small, and the 
coefficients of the first n — 1 powers of x are arbitrary except for the condition 
(C). 

The fundamental theorem of Cauchy applies to an equation of the form 

d”y 

(11) Bee BE; 
in which P is a series in positive integral powers of x and y, and asserts the 
existence of a solution of the form (S) in which the coefficients of the first 
n — 1 powers of x are entirely arbitrary. The difference in the results may 
be stated geometrically by saying that for equation (11) the regular integral 
curves through the origin may go in any direction, while for the equation 
(EZ) they may go in any direction not tangent to a branch of the curve D = 0 
(excluding always the direction of the y-axis). 

4, We now return to equation (1) in which the numerator and denominator 
contain terms of the first degree and inquire for integral curves tangent at 
the origin to the curve D = 0. We ask if the equation can be satisfied by 
expressing y as a series in positive integral powers of x” , where ¢ is a positive 
constant. Since dy/de = — a/8 =c for « = 0, we make the substitution 
y = — ax/B +, and v is to be determined as a series in x” containing 2x* 
as a factor, where & is a positive number greater than unity; and satisfying 
the equation 





d™y Ax + bv + Pe 
(12) = 
In this equation P: and Q, contain no first degree terms, and 8A = a8 — ba. 
Let the term in Q» of lowest degree independent of v be x”. Then r is an in- 
teger greater than unity. Suppose that A is not zero, which means that the 
curves V = 0 and D = 0 are not tangent at the origin. 

Let a solution of equation (12) be assumed in the form 


is) 9 = Ix* + matte + --- (l + 0). 


After multiplying equation (12) by the denominator of the second member 
and substituting the value of v, the index of the lowest power of 2 must be 
the same on each side of the equation. Two cases are to be considered. 
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I. Suppose /& is not an integer less than n. If k is not greater than r, the 
lowest term in the left member is of degree 2k — n, and in the right member 
is of the first degree. Hence k = (n + 1) /2, which is possible only if n is 
even. If k is greater than r, the index equation is k — n +r = 1, which is 
contrary to the assumption that & is not an integer less than n. 

II. Suppose & is an integer less thann. If o is not an integer, the index 
equation is 2k +o0—n=1o0rk+o+r-—n=1, which contradicts the 
assumption that o is not an integer. If o is an integer it may be taken as 
unity without loss of generality. The lowest power of x in d"v/da” will be 
x7, where g is zero or a positive integer, and the index equation becomes 
k + q = 1, which contradicts the assumption that k is greater than unity, or 
r + q = 1, which is impossible. 

The preceding argument shows that equation (1) may admit a solution 
for y expressible as a positive power series in 27 (¢ > 0) such that dy/dz = 
— a/B when x = QO, only if n is even. If such a series exists the first two 
terms will be 


(N) oe Be Aiptek 4 oa: 
5. We shall consider in detail the case when n = 2, and show that equation 


(1) admits a solution for y as a power series in x?. On introducing & as the 
independent variable by the relation « = £, equation (1) becomes 


a Py | eth 
af | *de de J ~ af + byt 


Following the condition (N) it is convenient to set 








(14) 


y= —GE+E( +0), 


where v is to be determined as a power series in £ vanishing with €. Then 
equation (14) takes the form 


dv 


(15) poet oboe +8 +0) = Ages 


Bl + Bv + EQo’ 

in which Py and Qo are series in € and v. The constant / is determined by 
setting € = 0, v = 0 which gives 38? = 4A. The second member of equa- 
tion (15) can be expanded as a power series in £ and v, and the equation 
becomes 


& wy 
(16) poet og t Ov = AEt + Age to (i+j>1). 





Let a solution be assumed in the form 


(17) V=QEtmPt--- ta Mes, 
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The equations for the determination of the coefficients are 
(18) (5+ 6)a =A, ar 2 {n(n —1)+ 5n+ 6}a, = Fy. 


The quantities F,, are rational integral functions of 4;;(i + 7S), and the 
coefficients in equation (17) are uniquely determined. 

The convergence of the series (17) can be demonstrated by comparing it 
with the solution of 


(19) SiGe t Ou = A Eb $A Bt (G+j>1), 


the coefficients A;; being positive constants equal to the absolute values of 
the A;;. If a solution is assumed in the form 


(20) Sys ke ae Be See 
the equations for the determination of the coefficients are 
(21) (5+ 6)a, = A’, ee sh (5n+ 6)a, = F,. 


In equations (21), F,, is a rational integral function of the same form as Fy 
in equations (18), the coefficients being all positive and greater than the 
absolute values of the corresponding coefficients in F,. Evidently the abso- 
lute value of a, is less than a, for every n. Now equation (19) is the well- 
known equation of Briot and Bouquet* which admits a solution of the form 
(20) if the coefficient of wu (in this case 6/5) is not a negative integer. The 
series (20) is therefore known to be convergent for values of « whose moduli 
are sufficiently small. Consequently the series (17) is convergent for at least 
the same range of values. 

The conclusion is that if a@ — ba + 0, then equation (1), in which n = 2, 
admits a solution of the form 

= od #P 
y oe mates Re 
where P is a power series in 2?. 

When this result is combined with that of the theorem above, we can make 
the following geometric statement concerning a differential equation of the 
form (1) and of the second order. If the origin is an ordinary point on each 
of the curves VN = 0 and D = 0, and if these curves have distinct tangents 
at the origin, then, in every direction through the origin (except, perhaps, 
tangent to the y-axis) there passes one integral curve. These integral curves 
are all regular except the one tangent to the curve D = 0. This one has a 
branch point at the origin. 

It has been said above that for n even the equation (1) may possibly admit a 


*Journal de l’école polytechnique, vol. 21 (1856), p. 161. 
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solution of the form (NV). For n greater than 2 the search for such solutions 
involves the terms in D of order higher than the first and the investigation 


will not be undertaken in this paper. 
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THE CONIC AS A SPACE ELEMENT* 


BY 
ROGER A. JOHNSON 
INTRODUCTION 


In this article it is proposed to determine a system of codrdinates for the 
conic in space of three dimensions, analogous to the line codrdinates of Pliicker, 
and the similar systems for the circle in two and in three dimensions; and to 
study systems of conics by means of these coérdinates. 

The conic in space has been considerably studied in the last sixty years, but 
no systematic theory has been developed. In 1908, the Belgian Royal Acad- 
emy announced the offer of a prize for a discussion of the subject, but so far 
as the writer knows, no award was made. 

It will be of interest to summarize briefly the work that has been done in 
this field. 

In 1861 Grunert{ treated the general theory of the conic as a space curve, 
in connection with the study of planetary orbits. Defining a conic by choosing 
arbitrarily a line as directrix, a point as focus, and the eccentricity, he deduces 
a number of analytic relations. He also treats a number of other problems, 
chiefly of interest to the astronomer. 

About the same time Chaslest laid the foundations of a theory of character- 
astics of conics in space, analogous to the well-known theory for conics in the 
plane. Hierholzer§ and Liiroth|| discuss similar problems. 

The earliest attempt to determine a set of codrdinates for a conic is doubt- 
less that of Spottiswoode.§{ His coérdinates are not the simplest nor the 
most natural ones, however. We shall touch on them later (§ 3, 6, footnote). 

A treatment somewhat analogous to parts of ours is given by P. van Geer.** 
His methods, however, are clumsy, and such of his results as are of value we 
can obtain by more direct methods. 

* Presented to the Society, September 8, 1914. 

TGrunert’s Archiv, 1861, pp. 1-104. 

tComptes Rendus, 1865, pp. 389-397. 

§Mathematische Annalen, vol. 2 (1870), pp. 563-580. 

|Mathematische Annalen, vol. 3 (1871), pp. 124-133. 

{Proceedings of the London Mathematical Society, 1878, 
pp. 185-196. 


** Archives Néerlandaises, 1888, pp. 58-90. 
Trans. Am. Math. Soc. 23 335 
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Some parts of this paper are based on an article by Reye* on linear systems 
of quadrics. It will turn out most desirable for us to regard a conic as a special 
quadric envelope, and hence the methods of studying systems of quadrics are 
applicable to the study of conics. In the article in question, Reye does not 
give much special attention to systems of conics; but from his results we can 
derive at once considerable information concerning linear systems of conics. 

For the most part, however, systems of conics have been treated by pure 
geometrical methods. Several writers have studied particular systems, each 
defined in a special way. For example, Humbert? discusses the following 
system: through five fixed points there are «©? cubic curves; of the «1 that 
touch a fixed plane, the points of contact in general lie on a conic. Thus, 
a conic is determined in every plane of space; and the paper is a very inter- 
esting study of this system. ‘The methods, however, are applicable only to 
this particular system, and the results no more general than this system. 
The same remarks apply to the papers of Pieri,t de Vries,§ and the first article 
of Montesano. || 

Since 1890, however, there has been developed a general theory of two and 
three parameter systems of certain types, the authors being Prof. Domenico 
Montesano of Pisa and M. Lucien Godeaux of Liége. The former{ has given 
a complete treatment of linear congruences,—that is, of two-parameter families 
with one member through an arbitrary point. In a paper read before the 
Rome Congress,** he sketched the theory of “‘ bilinear” complexes or three 
parameter families. 

Godeaux, in a number of short notes,j{ has considered the same problems. 
In a later note,tt he called attention to some alleged errors in Montesano’s 
work, and offered corrections. This elicited from Prof. Montesano a rather 
spirited reply §§ showing deficiencies in the reasoning of M. Godeaux. Appar- 
ently they are in agreement as to the facts of the case. 

We shall not consider these matters further, for in the present paper we 
shall adopt a different point of view. Namely, these writers regard a conic 
as a curve of order 2, while we shall mean by a conic a degenerate envelope of 
class 2. Hence our totality of conics is a different entity from theirs, and in 





*Crelle, Journal fir Mathematik, vol. 82 (1876), pp. 54-838. 

TJournal de 1’ école polytechnique, vol. 62 (1894), pp. 123-149. 

tTorino Atti, vol. 28, pp. 289-303. 

§Amsterdam Akademie, Verslagen, 1904, pp. 281-284. 

|Rendiconti del Reale Istituto Lombardo, 1893, pp. 589-604. 

(Napoli Rendiconti, 1895-6, pp. 155-181. 

**Atti del IV Congresso Internazionale, Roma, 1908, II, pp. 231- 
233. 

tt Bulletin de l’Académie de Belgique, 1908-1910. 

ttParis Comptes Rendus, vol. 152 (1911), pp. 1149-1151. 

§§Paris Comptes Rendus, vol. 153 (1911), pp. 45-48. 
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dealing with systems of conics, which in general include degenerate members, 
the results will be different. 

In addition to his work on congruences and complexes Godeaux* has at- 
tempted to devise codrdinates for the conic in space. His most, successful 
method is that of defining a conic as the intersection of a plane with a quadric 
linearly dependent on six fixed quadrics. The coérdinates of the conic are 
then the four coédrdinates of the plane and the six multipliers of the system 
of quadrics. He makes some use of these coérdinates in studying linear 
systems, but to us they seem to have little value. He suggests several other 
schemes, but they appear to be of even less use than the one we have discussed. 


1. DETERMINATION OF COORDINATES 


In studying conics in space, it is desirable to determine a system of coordi- 
nates, such that to a conic there always corresponds a unique set of codrdinates, 
and conversely. 

Two simple methods of defining a conic suggest themselves. 

(a) If (21, uo, U3, %4) be homogeneous coordinates of a plane, the equation 


4 
(1) Do dij Uz Uz = 0 (aij = aj) 
4,j=1 
represents an envelope of class two, which, when the matrix 
M11 Gig G13 14 


21 -Ae2 23 ea 


| 


(2) 


31 32 33 34 














41 G42 G43 M44 


is of rank three, is a conic. Conversely, any non-degenerate conic of space 

may be represented by an equation of the type (1) with vanishing discriminant. 
This suggests the possibility of taking as codrdinates of a conic a set of ten 

homogeneous numbers 

(3) (@11, Giz, +++, Gas) (aij = ais), 


which satisfy the quartic identity 
M11 G2 Gig G14 
do1 Ge2 Ge3 Me4 


(4) =", 


31 32 433 34 








G41 G42 G43 44 


*Bulletin de l’Académie Belgique, 1908, pp, 896-902. 
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For we have established a one-to-one correspondence between non-degener- 
ate conics and those sets (a) whose matrix is of rank three. 
(b) The second method of representing a conic is the parametric form 


(5) w= as + 2st +eP (j=1, eee 


where the a’s, b’s, and ¢’s are constants, and (s,¢) are homogeneous pa- 
rameters. Any set of twelve numbers (a,b,c) define a conic uniquely, in 
general; but the converse is not true, since these coefficients may be changed 
by a linear transformation of the parameters which does not change the conic. 

The last remark suggests that we may get a desirable set of codrdinates by 
choosing functions of these coefficients that are invariant under all proper 
linear transformations of the parameters. The simplest invariants of the 


forms 

(6) a;s? + 2b; st +6? (fl eae 
are the expressions 

(7) wis = 2 (as 0; + ¢; a; — 2b; b;) 


whereof there are sixteen, reducing to ten by virtue of the obvious relation 
Wij = wWji. We have then, for any conic given by (5), a homogeneous set of 
numbers (7). Clearly they cannot be independent codrdinates of a conic; 
for since the conics of space form an eight-parameter family, we have one 
superfluous codrdinate. 

Let us see how the numbers (w) are related to the codrdinates indicated 
under (a). We will find the condition that the conic (5) touches an arbitrary 
plane 

(vx) = 01% + Vo Xo + 03.43 + 0404 = 0. 


The two points in which the conic cuts the plane are given by the equation 





(8) (va) s? + 2(ob) st + (vc) P = 0. 
These points coincide, and the plane touches the conic, if and only if 
(va) (vb)| _ 
) (vb) (0e)| = °° 
Expanding this equation, we have by means of (7) 
4 
(10) SS Wi 0;0; = 0, 
4,j=1 


and we see that the ten numbers w;; are precisely the same coérdinates to which 
the first treatment led us. Thus it appears that they are very desirable 
coordinates for a conic in space. 

We next wish to extend our notion of conic in such a way that the corre- 
spondence between conics and sets of codrdinates shall be without exception. 
Accordingly, we formulate the following 
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DEFINITION. Let 
Wii Wi2 Wig W114 


Ww W W We 
21 We. Wea Wea (wii = Wi3) 


(11) 


W31 W32 W33 Wea 
W41 W42 Wag Was 


be a set of numbers not all zero, satisfying the relation 


W111 Wig Wig Wi14 
Wo1 Woo Weg Wea 0 


W31 W322 W33 W3a4 
W41 W42 Wa3 Wa 


Then the envelope of class 2, defined by the equation Dwi; u;u; = 0 shall be 
called a CONIC. 

Obviously conics are to be classified according to the rank of the matrix (w). 

Case 1. (w) is of rank 3. Then the envelope is a non-degenerate plane 
conic, or, as we shall say, a proper conic. 

Case 2. (w) is of rank 2. In this case the left-hand side of equation (12) 
is reducible into two linear factors, and the planes satisfying (12) are the 
totality of planes passing through either of two fixed points. Hence the en- 
velope consists of these two points, and we shall call such a conic a point-pair. 

Case 3. (w) is of rank 1. Then the left-hand side of (12) is the square 
of a linear form, and the envelope is a single point counted twice. Such a 
conic we shall call a point-double. 

From this definition it follows that there is a complete one-to-one corre- 
spondence between conics of space and sets of coérdinates w with vanishing 
determinant. But sets of n + 1 homogeneous codrdinates can always be put 
in one-to-one correspondence with points of a projective linear space of n 
dimensions. Hence we have the following representation of conics: 

Since a quadric envelope rs determined by ten homogeneous codrdinates wi; , 
the totality of such quadrics correspond in a one-to-one manner with points of a 
linear space of nine dimensions Sy. In this domain the conics of space are 
represented by points of an eight-dimensional hyperspace of order four, whose 
equation is given by (12). We shall denote this spread 8} by >. 


2. ELEMENTARY PROPERTIES 
1. Consider a conic (w) of rank 3. Write 


Wir Wig Wig W114 
Ww W Ww W 
(1) A (w) ae 21 22 23 24 fas 0. 


W31 W32 W33 W34 
W41 W42 Wag Wa4 
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We shall denote the co-factor of any element w;; of this determinant by W,;. 
Then by hypothesis the W’s do not all vanish, and 


4 4 
(2) A= a Wij W:; = 2 Wij Wi; . 
i= j= 
THEOREM. The adjoint matrix 
Wi Wa Wis Wu 
Wor Wo. Woe Woe 


Ws1 Ws. Wes Was 
Ws 1 W 42 Ws 3 W a4 


(3) 














is of rank unity. 

For at least one member is not zero, by hypothesis; but every two-rowed 
determinant of (3) has A as a factor, and hence vanishes. 

It follows that the W’s are dependent on four parameters; and in fact, if 
we set 
(4) Wu=Di, Wy = Di D2, Wi3 = Di Ds, Wis = Di Ds 
we obtain 
(5) W; = D; D; (43 9 = eee 


We can show at once that the D’s so defined are the codrdinates of the 
plane of the conic. For in general the quadric 


4 
(6) »y Wij Uji Uj; = O 
t, j=l 
has one and only one singular plane, if the system 
Wi U1 + Wiz Uz + Wiz Ug + Wig U4 = O, 


(7) Wai Uy + Wee Uz + Weg Uz + Wo4 U4 = O, 


W31 U1 + We Uz + W33 Us + W34 Us = O, 
Wa Uy + Wan Uz + Wz Us + Was U4 = O, 


has one and essentially only one solution not consisting of zeros; 1. e., if the 
matrix (w) is of rank 3. When this occurs, there are three of the equations 
(7) that are linearly independent; and by solving them we get the codrdinates 
of the plane. For example, if Wi; + 0, so that the last three equations are 
independent, we have from these three 


(8) Uy 2 et Ug es = Wee is Vig) Wa = D2 De ee 


as was to be shown. 
2. Consider next a conic (w) of rank 2. In this case, the equations (7) 
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are equivalent to two equations; and therefore the system has ! solutions, 
linearly dependent on two. That is to say, a conic of rank two has a pencil 
of singular planes. 

We have noted that in this case the envelope consists of two points; and 
it is obvious that the singular planes are the planes through both of these 
points. Hence the axis of the pencil is the line joining the two points. We 
shall call this line the axzs of the conic. Its codrdinates may be found as follows. 

Each of the equations (7), in which not all the coefficients vanish, is the 
equation of a point, whose coérdinates are the coefficients of the w’s. Further, 
since every singular plane satisfies (7), these points lie on the axis of the conic. 
For definiteness assume that 
Wi1 Wie 








Wo1 We 


Then (wiz, Wie, Wiz, Wig) and (Wei, Wee, W23, We4) are codrdinates of two 
distinct points on the axis, and the pliicker coérdinates of the latter are 
accordingly given by 








Wii Wij 

(9) P12 Pig = (i=1, o+, 4), 
Wei We; 

where py. is a constant factor not zero. 

Similarly, for any two distinct equations of (7), 

Wmi Wmj 

(10) Pmn Pi = (1, J 1, ? 4) 
Wri Wnj 








To determine pm, set? = 1,7 =2. Then 


Wm1 Wm2 Wim Win 


= P12 Dmns 











(11) Pmn P12 = 


| Wrl Wn2 Wam Wen 


whence if we take piz = pi2, we have pmn = Dmn- 
Obviously also when Pm = 0, then pm, = 0 also; and we have the 
THEOREM. Let (w) be a conic of rank two, and let (p) be the pliicker 
codrdinates of its axis. Then 
Wim Win 
(12) Dij Pmn = 





Wjm Win | 


3. Consider a conic (w) of rank 1. We have 


4 
(13) > Wij Ui UZ = (21 U1 + v2 Ug oe v3 U3 + v4 U4 ye 
i, j=1 


and hence 
(14) Wij = UX. 
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Hence when a conic is a point-double, we can at once write the coérdinates of 
its point; and conversely, we have at once the w-coérdinates of the point- 
double at any point. 


3. RELATIONS TO Point, LINE, AND PLANE 


It is now proposed to determine the representation in Sg of simple systems 
of conics in space. 

1. First let us recall that a set of codrdinates (w) define on the one hand a 
quadric envelope, and on the other hand a point of a nine dimensional space S95. 

If, in particular, 
(1) Ata y= 0; 


the envelope is a conic, and the corresponding point lies on a quartic hyper- 
surface which we shall call 2. 
2. The condition that a conic be tangent to a plane (w) is obviously 


4 
(2) Ds Wij Ui Uj; = Hie. 
i, j=1 

When (wz) is given, this is linear in (w). Hence we have the result: 

The totality of conics that touch a fixed plane (u) are represented in Sg by the 
intersection of > with a hyperplane whose equation is (2). 

Evidently there are ©* such hyperplanes. We will now show that they are 
precisely the tangent hyperplanes to >. For the equation of 2 is A(w) = 0, 
and the polar hyperplane, with regard to 2, of any point (@#) is 


+. JA (w) 0 
ae Se ae WW; = ; 
i,j=1 OW; 4 
and this may be written 
4 
(3) ye Wi; Wy = 0. 
Cty at 


In particular, this hyperplane contains (w) itself if and only if A(w) = 0, 
and hence (w#) is a point on 2. In this case (w#) corresponds to a conic, 
and the plane of the latter is given by W,; = 2; 2;. Hence at any point (@) 
of 2, the tangent hyperplane is given by 


4 
(4) JE, 0; 05 Wi = O, 
1,j= 
where (v) is the plane of the conic (w). It follows that the hypersurface 2 
has the same tangent hyperplane at all points which correspond to conics in any 
given plane; and hence it has only «©* tangent hyperplanes, each touching it at ©°® 
points. The S* (spread of 7 dimensions and order 4) in which a tangent 
hyperplane cuts 2 corresponds to the totality of conics that touch the plane. 
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It is clear that these remarks apply only to points of Y that correspond to 
proper conics; for at other points the tangent hyperplane is indeterminate. 
That is, the points that correspond to point-pairs and point-doubles generate 
a singular locus on 2; but at ordinary points = is of a nature analogous to 
that of a developable surface. To complete the analogy, we observe that 
the ~° points of tangency of a tangent hyperplane form a linear spread. For 
the conditions that the plane (v) be a singular plane of the envelope 


4 


DS wi UU; = 0 


v, j=1 


are clearly the four equations 
(5) Wi V1 + Wiz V2 + Wis V3 + Wis V4 = 0 (resins) 


If (v) be given, and the w’s be regarded as independent variables except 
for the conditions w,;; = w;;, then these equations are independent. From 
them, however, A(w) = 0 is a consequence, so that any quadric (w) which 
satisfies (5) is a conic in the plane (v). Hence the conics in a given plane 
are the totality of solutions of four linear equations, and so they compose a 
linear five-parameter family S;. Summarizing, we have the 

THEOREM. The points of Ss corresponding to the conics in a given plane form 
a linear Ss. Through each ordinary point of > there passes one and only one 
such S;, which is the totality of points of contact of the tangent hyperplane to X 
at that point. 

3. In an article on linear systems of quadrics,* Reye deduces a number of 
results which give us at once several important theorems. He determines 
the dimension (Stufe) and order (Grad) of the family of conics which satisfy a 
given condition; from which we have at once the nature of the spread in Sy 
that represents the family. We shall not reproduce his work, which is rather 
long; but presently we shall summarize his results. 

4, We next determine the equation, in point coérdinates, of the cone from a 
point (y) toa conic (w). 

First let us find the cone from a fixed point (y) that envelopes a proper 
quadric (a) 

4 
(6) Sy ay Ui Uj = 0 ; 
£G=1 
Let (2) be any point, then the condition that a point \(a2)-+ u(y) on the 
line (ya) also lie on the quadric (6) is found by means of the point-equation 
of the latter, 


* Loc. cit., Introduction. 
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0 Ati + wy Ate + ye Ats + wYs Ata + MYs 
At + wy a1 a12 a3 a14 
(7) AXe + MY? 21 29 123 doa =(). 
Avs + MYs 31 32 33 Asa 
Ata + py 41 49 dss As4 


This is quadratic in}: yu. Its roots will be equal and the line will touch the 
quadric, if and only if 





O- Yi Yo Ys Yai 10) er ee es a | Op eevee, 
Sri Ohhh =" *  A14 da Ait 2 se O14) ee ee - a14 
(8) nr . * -|—lae - : 4 ‘ Yo ° 3 4 -|=0. 
T * : : ‘ qe ‘ ‘ - || ys 
v4 G41 ° > G44 v4 Qsi ° * Q44|}|Y4 G41 ° > 44 











Since A(a) + 0, this equation is equivalent to the following (cf. Bécher’s 
Higher Algebra, p. 31). 
0 


C1 V2 v3 v4 
ORO Yi 2 U3 


Y1 Yi @i1 Ayo Aig Ar 
(9) = 0, 


Y2 Yo Qe1 Ge2 e3 Aes 








3 Y3 31 G32 33 34 
U4 Ys G41 Gan 4g 44 


and this is accordingly the equation of the cone. 
If we start with a proper conic instead of a quadric, this method fails. Let 
the conic be 
4 
(10) » wyuu; =0, A(w)=0. 


t,j=1 


We form the equation 
4 
(11) Da (wis + pyc ys) usu; = 0, p +0, 
i,j= 


which is a quadric through (w) and having the point (y) as vertex of the 
tangent cone along (w). Setting ai; = wi; + py: y;, we have 


4 
p did; yi y; = p(dy)?. 


4,j=1 


I 


(12) A(a)=A(w)+p DL yiy; Wis 
t,4=1 
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If (y) is not in the plane (d) of (w), and we take p + 0, then A(a) + 0, 
and (a) isa proper quadric. Applying the previous result, we get the desired 
equation in the form 


0 0 vy V2 V3 v4 
CaO Yi Y2 Ys Ves. 
m1 YY Wnt pyi Wet pyrye Wis + py ys Wis + py Ys 


(13) mk) 
Hi) Y2 W21 - Pye Y1 . . . . . . . . . . ° . 





%3 Ys W3i + py3 Y1 





Xe Ys War + pys 1 


This may be simplified by subtracting multiples of the second row from later 
rows in an obvious manner. ‘This leads to the 

THEoREM. The equation of the cone drawn to any proper conic from a point 
(y) not in its plane is 
Uae ts Te Td 
Uas0 Yim G25 -U30 U4 
iY Leal: © °  Wi4 
(14) == (): 


|\%2 Ye 


v3 Y3 








v4 Ys War ° ee 44 


Remark. It is easily shown that if (y) be a point in the plane of (w), 
then (14) becomes (yx)? = 0, where (ya) = 0 is the equation of the plane. 
5. We shall next determine the order of the S, that represents conics through 
a fixed point. 
In the first place, if (w) be a conic whose plane does not pass through 
(0,0,0,1), then the cone from this point to (w) is given by © 
0 V1 v2 v3 
%% Wi Wi2 Wi13 


(15) = 0 


Y2 Wei We. Wo3 





% W31 W32 W33 


Conversely, if P:(21,%,23,24) be a fixed point, the conics (w) that 
satisfy (15) are those that meet the line from Pp :(0,0,0,1) to P. For 

(a) if W4, + O, the plane of the conic does not pass through Po : and since 
P lies on the cone, the element Py P of the cone meets the conic; 


346 R. A. JOHNSON: [October 


(b) if Wa, = 0, (15) is the equation of the plane of (w); and since both 
P and P) lie in this plane, their line meets (w) twice. 

Now a conic passes through P if and only if 

(1) its plane passes through P, and (2) it intersects one line through P, 
not lying in its plane. 

We shall consider the line Py) P. The conics that meet it satisfy (15); 
and this defines in Sy a hypersurface S;. The conics whose planes pass 
through a fixed point P form, as Reye (loc. cit.) shows, a S87. The points 
common to a Ss and a S? form a Sj”. We have just seen that these include 
two sets of conics: first, the conics through P, and second, those whose planes 
pass through Py P. The latter, as Reye (loc. cit.) shows, correspond to a S$. 
Hence the conics through P are represented by a Sj, and we have the 

THEeorEeM. The conics which pass through a given point P are represented 
in Sy by a 83. 

6. By methods similar to those of part 4, we can prove the 

THEOREM. Let ' 

Das ay Uj Uj; = 0 


i, fat 
be any quadric envelope. Let the pliicker codrdinates of a line be given by 
POis= mes, Po = Tai; Po = 7125 etc. 


Then the equation 
aij ail 





: 


Wik TW]l = 0 





Akj Akl 


has the following interpretations : 

(a) If (a) ts a proper quadric, (a) touches it. 

(b) If (a) is a proper conic, (7) meets it. 

(c) If (a) is a point-pair, (2) meets its axis. 

(d) If (a) ts a point-double, the equation is satisfied identically. 

For convenience we make the following 

DEFINITION. A line (7) shall be said to intersect a comic that is a point-pair, 
when rt intersects the axis of the latter. 

We have then the 

THEOREM. The totality of conics that intersect a given line (a) are repre- 
sented in Sy by the total intersection of = with the S3 whose equation is 
Wij Wil 
iz ti1 = 0." 


(16) » 


Wj Wk 











*TIn equation (16), if (w) be regarded as fixed, the equation is that of the complex of lines 
that meet the conic (w). The coefficients may thus be regarded as codrdinates of the conic. 
This is essentially the system of codrdinates used by Spottiswoode. (See Introduction.) 
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There are «* such S{’s, corresponding to the lines of space; and they 
have in common the singular locus (see below) that represents point-doubles. 

7. We will close the section with a tabular summary of the correspondence 
we have developed, including the results obtained by Reye. The latter are 
indicated by the symbol ?. 


In S83 In Sy 
Quadric envelope Point 
Conic Point of S4 = = 
Conics in fixed plane Ss lying in 2 
Quadrics touching a fixed plane Ss. Touching © at all points of a S; 
Conics whose planes pass through fixed point S§ # 
Conics whose planes pass through fixed line Sé # 
Conics which pass through fixed point S8 (5) 
Conics that meet a fixed line S$ (6) 
Point-pairs S3° # 
Point-pairs whose lines meet a fixed line ea 
Point-pairs with one member on given line Si #2 
Point-pairs with both members on given line Si # 
Point-pairs with both members in given plane S23 # 
Point-doubles S34 
Point-doubles in given plane Si # 
Point-doubles on given line : S2# 


4, RELATIONS BETWEEN CONIC AND QUADRIC 


Let us determine the conic in which a given plane cuts a given quadric. 
We observe that this is exactly dual to a problem already treated (§ 3, 4); 
hence we need not repeat the work. The result is as follows: 

THEeoreM. The condition that a plane (uw) touch the conic (w) in which a 
given quadric 

4 
(1) Dy ay ti 2; = 0 
4,j=1 
is cut by a given plane (A1, Ao, As, Ag) 28 
GO  O UW Ue Us Us 


| 0 0 A, Ag A3 A, 


Ur Ay Ay Giz G13 A14 
(2) = (). 


Ug Ay do1 Mo2 o3 Ae 


Uz Az 31 G32 G33 Asa 








Us Ag G41 G4n G43 C44 


Hence the coérdinates of the conic are immediately written down. If, in 
particular, the plane (A) touches the quadric, equation (2) reduces to the 
equation of the point of contact, counted twice. 
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We next determine conditions that a conic lie on a given quadric. These 
conditions do not seem capable of very simple expression. We will treat the 
problem in two ways. Of these, the former gives a redundant set of con- 
ditions; but as usual in such cases, it is impossible to choose a set which will 
in all cases be sufficient and independent. ‘The second method, on the other 
hand, gives exactly the right number of equations; but they are complicated 
in form. 

First MetHop. If ; 

(3) om A,; Uji Uj; = 0 
be a proper quadric, and - 


4 
>y Wij Uz u; = 0 
4, j=1 


a conic lying on it, then one member of the pencil linearly dependent on them 
will be the pole of the plane of (w), counted twice. (This is well known in 
the theory of quadrics.) Hence (w) lies on (A) if and only if there is a 
number & such that the matrix 

Antkwy Aw + hwy Ais + kwis Arg + hwy 
Ag + kwei 

Az; + kway 

Agi + kway 


(4) 














is of rank 1. This gives a number of quadratic equations in k, of the type 


Aun Ai, 
+k + 


Ao Ags 
The required conditions are that these equations all have a common root, 
and we may obtain them by equating to zero the resultant of each pair of 
them. These equations are necessary and sufficient, but are not independent. 
SECOND METHOD. ‘This consists in making a non-singular linear transfor- 
mation that carries the plane of the conic into the plane (0,0,0,1). Leta 
proper quadric be given by the point equation 


Wii Wi12 











(5) F 


Aj. We 


Wi1 Aj, | Ay Wie 
We1 We2 











Wo, Ago | 


4 


(6) 27 Gy By 305 A(a) +0, 
£.5=1 
and hence by the tangential equation 


4 
(7) DS A;; UjiU; = 0; 


a, j=1 
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where, as usual, A;; is the cofactor of a;;in A(a). Let (w) bea conic, 


4 


(8) » wy usu; = 0, A(w)=0, 


+, j=) 
and denote the coérdinates of its plane by (d). Then 
4 
(9) Wi=d;d;, Di wid; =0 (j=1, +++, 4). 
t=1 
Case 1. dy =0. Then without making the transformation indicated 


under case 2, we can carry on the later work directly, as will be obvious. 
Case 2. dy +0. The linear transformation 


Ui = d4 U1 aa dy U4 

Us = da Us a dy U4 
(10) : 

U3 = ds uz — dz U4 

Us = = d4 Us 


is non-singular and involutory. We will apply it to the quadratic equations 


. 4 
(11) yD) Wij Ui Uj; = 0 
t= 
4 
(12) De A;; Uzi Uj; = 0. 
4, j=1 


We find that the former goes into 











3 
(13) Dd, wiz u, = 0, 
4, j=1 
while the latter goes into an equation whose matrix is 
4 
di Au di Ars di Aig — di did; An 
t=1 
4 
di An di Ags di Ags — ds did; Ax 
t=1 
(14) j , 
di Asi di Ase d; Ass — di did; Ais 
i=1 
4 4 4 4 
= ds 2d; An = di 2d; An = ds Dod; Ais + >) did; Ay 
US i= i= 4, j=1 





so that this equation may be written 


Oaly 1=4, 7=3 a 
(15) di De. Aj; U; U; =m 2d, o> d; A;; U; Uj + o> d; d; Ay) ui — iW 


t, j=1 i=1 t, j=1 
j=l 
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We shall for brevity represent this equation by 
4 

Domes a np 0, 

$5 JL 


and denoting the cofactors of the elements kj; of (14) by K;;, we get the result: 
The effect of the transformation (10) on the quadric 


4 
(7) = Ay tity = 0 
t4,I= 
is to carry it into the quadric 
4 
(16) >» Kiyx:2 = 0. 
i, j=l 


We next find the conic in which this quadric cuts the plane (0, 0 79,1). 
In formula (2) set (A) =(0,0,0,1), and a, = Ki;. We get 
OR, tus. tis 
uw Ku Ky K43 
(17) = 4) 


Ws Koy Koo Kos 


U3 Ks Kz. Ks 





as the equation of the conic. But | 
Ki; aK | 


(18) = MA(k), 








where M is the algebraic complement of ki; km, in A(k). Hence (17) reduces 
to 


3 


kay kis 
kya kag | 





/ 


(19) uu, =0, 


4,j=1 





and this is the conic in which the quadric cuts the plane of the given conic, 
after the transformation (10). 
This coincides with the given conic if and only if 


| k Pf k i4 


(20) a lia 
4 Kaa 


(7,7 =1, 2, 3), 





or, when we replace the k’s by their values from (14), and set d; d; = W;;, 


4 
Wu Ag _ 2 Wu Ay 
(21) pw; = 2 (4,9 = 1eoeane 


4 4 
Nite noes Wet ye 
(a 1 


io! 
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These equations are six in number, but they involve an inessential factor p. 
By eliminating it, we get exactly the correct number of equations, namely five. 


5. ReLations BETWEEN Two Conics 


Let (a) and (b) be any two conics. The quadrics linearly dependent on 
them, 


4 
(1) > (Nai + wbiz) ui uj; = 0 
j= 


form a one-parameter family called a series. Among them there are in general 
four conics, given by values of \ : w that satisfy the equation 


(2) Monee. = 0. 


It is known that this equation is invariant under all proper collineations; 
hence the vanishing of any one of its coefficients is the condition for some 
special projective re!ation between the two given conics. 

We shall represent (2) by the equation 


(3) MA(a)+ NyO(a,b) + we O(a, b)+ dw O(b, a) + wA(b) =0 


and shall refer to the functions 0(a,b),O(b,a), ®(a,b) as the znvariants 
of the two conics. We observe that the coefficients of \* and wy‘ are the dis- 
criminants of the conics (a) and (b) respectively, and hence are vanishing 
invariants. We propose to investigate the meaning of the vanishing of the 
invariants 9 and ®. 

These expressions are 


4 4 
O(a,b)= D> bi; Ai, 0(b,a)= > ai; Biz, 
i, j=1 7 


t,j=1 


biz bis 


2 M13 Q14 


boi bez de3 Ae4 
(4) @(a,b)=@(b,a) = >> ; ; 


31 bso a33 34 








bai bao M43 44 


the summation being effected by replacing in turn every pair of columns of 
a’s by the corresponding b’s, and adding all these determinants. 

1. Suppose 9 (a,b) = 0. 

Case a. Let (a) be a proper conic. Denoting the codrdinates of its 
plane by (a1, a2, a3, as), we have A;; = a;a;. Hence 


4 4 
O(a,b)= >) by Ay = DS by aa;, 
iy—1 t,j=1 
Trans. Am. Math. Soc. 24 
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and so when 0 (a, b) vanishes, we have 


(5) Dd by a: a; = 0, 
4,j=1 
and (a) is one of the planes that touch the envelope (b). 
Case b. Let (a) beadegenerate conic. Then 4;; = 0 (7,7 =1,---,4), 
and for every conic (b) we have O(a,b) = 0. 
Remark. It is obvious that the equation 


4 
2 bi; aya; = 0 
i, j=1 
is satisfied whenever the conics (a), (b) are coplanar. 
We have then the result: 
THEOREM. The equation O(a, b) = 0 is satisfied of and only if one of the 
following occurs: 
(1) The conics (a) and (b) are coplanar; (2) (a) is a proper conic 
whose plane touches (b); (8) (a) is a degenerate conic. 
2. If now we interchange (a) and (b), we have the interpretation of 
Ob; a): 


3. We next consider the equation 
Diab) = 0. 


Case a. ‘The conics are coplanar. We have already mentioned that the 
functions 8, ® are invariant under any non-singular linear transformation. 
If we make such a‘ transformation, carrying the common plane of the conics 
into the plane (0,0, 0, 1), their matrices assume the forms 


Git Os Oye 0 bie bi bs 0 
Gy, Ay, Ay, O b, doy dy, 0 
Os, Oxy Os UR PEO ae NR 8 
AB ORY CUA) 0 O O 


and we see by inspection that @(a’, 6’) = 0. Hence the invariant ® of two 
coplanar conics vanishes. 

Case b. If either’ conic is a point pair, then as we saw in 2, the two-rowed 
determinants of its matrix are expressible as products of the pliicker codrdinates 
of its axis. If (b) is a”point-pair, then (a, b) = 0 reduces to 

4 (Qik Gil 
YE, Ti Th =.0, 
1 | AjK aj 
where the 7 ’s are pliicker codrdinates of the axis of (b). But this ($3) is 
the condition that the line (a7) meet the conic (a) when the latter is a 
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proper conic; and if it is a point-pair, the equation means that the axes of 
the two point-pairs intersect. 

If either conic is a point-double, © vanishes identically. 

Case c. 'The remaining case is that neither of the conics is degenerate, and 
they lie in distinct planes. 

To simplify the work, we may without loss of generality take as the planes 
of the conics the planes (0,0,0,1) and (1,0,0,0) respectively. Then 
their matrices are 


di. Ay 13 O 0 0 0 0 
21 22 Ao3 ~O O der bes dog 
31 32 33 O |’ O bs. bss dea 
O5 Ons amet O dae baz Dag 
and & = 0, reduces to the expression 
Qi1 Giz} |b33 baa a1 a3 | bos bog a1 13 bo bos 
(10) - . | | = 
M21 22 bss bag 31 ase | bas bag [231 33| |bee bas 


























We will determine the pair of points in which the line common to the planes 
of the conics cuts the conic (a). 
The cone from the point (0,0,0,1) to the conic (a) is (§ 3) 


0 V1 2 v3 


%1 (ait Qiq 233) 


(11) ; '=0. 


%2 Qo1 Gog 93 


4 








v3 31 G32 33 


This is cut by the line x; = 0, a, = 0 in the two points found by setting 
2, = 0 in this equation. We have 


Qi. 413 Qi1 12 | aii ai 


(12) x; 


I 


+ 23 


a 229 v3 




















a31 33 M31 32 Qe1 Age 
Similarly, the points in which (b) cuts this line are given by the equation 
b3s bsa bes bos boo boa 


bas Daa bse bas 





(12’) a — 24 23 x3 = (0. 

















bag Daa 


Then the well-known condition that the roots of two quadratic equations 
separate each other harmonically gives us 


G(a,b)= 0 
by means of equation (10). 
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Summarizing, we have the 

THEOREM. T'wo conics (a) and (b) satisfy the relation ®(a,b) = 0 
if and only af one of the following occurs: 

(1) They are coplanar. (2) They are proper conics in different planes, and 
separate each other harmonically on the line of intersection of their planes. (3) One 
of them is a point-pair, and its axis meets the other. (4) They are both point- 
pairs, with intersecting axes (special case of (1)). (5) One conic is a point- 
double. 

4. The condition that two conics intersect at a point is simply expressed 
in terms of these invariants. Salmon* shows that if two cones have a common 
tangent plane, the two remaining cones of their pencil fall together. 

Dually, if two conics have a common point, the other two conics linearly 
dependent on them will fall together, and conversely. 

Let (a) and (6b) be two conics, and let 


Ci; = ai + pdi;. 
The four conics of the series (c) are given by 
ae Ee 
or, since we know that (a) and (6) are two of them, the others are given by 
NWO(a,b)+rAub(a,b)4+ wWO(b,a)=0. 


As we have remarked, (a) and (6) intersect if and only if this equation has 
equal roots, so that we have the result: 
THEOREM. Two proper conics, (a) and (b), intersect of and only of 


20(a,b) (a, b)| 
b(n, b))e20 (bya) | ae 


It is seen that this equation 1s quartic in the codrdinates of either conic; hence the 
conics that meet a fixed conic are represented in S, by a S}°, the total intersection 
of = with a S83. 


6. COMPLETE AND INCOMPLETE SYSTEMS—THE INCOMPLETE LINEAR 
SYSTEMS 


We have seen that every set of numbers (wi1, Wi2, +++, Was), (Wij = Wi), 
are the tangential codrdinates of a quadric; and in particular, any set that 
satisfy the relation 
(1) A(w)=0 


* Geometry of Three Dimensions, 3d ed., § 202. 
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are codrdinates of a conic. Any set of equations on the w’s, of which 9 — r 
are independent, determine an r-parameter system of quadrics, and of these, 
the ones that satisfy (1) are conics. Hence in studying systems of conics 
defined by equations, we recognize two distinct cases. 

Case 1. The equation (1) is not a necessary consequence of the given 
equations. Then the latter are satisfied by ©” quadrics, which include ©”? 
conics given by the further equation (1). Such a system of conics we shall 
call an incomplete system. 

Case 2. The equation (1) is satisfied by every solution of the given equa- 
tions. Then every one of the solutions of the latter is a conic, and the 
system consists of ©” conics. A system of this sort we shall call a complete 
system. 

In the nine-dimensional representation of conics and quadrics, a set of 
9 — r independent equations define a spread of dimension r. In case this 
does not lie entirely on 2, we have an incomplete system, represented by its 
intersection with 2. In case we have a complete system, the S, lies entirely 
on 2. 

Linear systems constitute an important case. The quadrics that satisfy 
9 — r linearly independent linear equations may be given as linearly dependent 
on r + 1 quadrics and are represented in Sy by a linear S,. In general, this 
will cut © in a S*_,, and we have an incomplete linear system; but it may 
happen that the S, lies on 2, so that every solution 


(2) Wij = AAS) + ee) +A ar” 


satisfies (1), and then we have a complete linear system. 

We have already seen the existence of a complete linear system, namely 
the «* conics in a plane. In the following section we shall determine all 
possible complete linear systems. We take up first incomplete systems. 

Evidently it is desirable to study these by means of linear systems of quad- 
rics. The latter have been somewhat studied, and in the simplest cases they 
are well known. ‘The general one, two and three parameter systems of quadric 
envelopes are treated in the Encyklopidie, III C2, § VIII, § XII, § XIII. 
The remaining cases are briefly treated in the same place, § XIV. The most 
important work on the subject is that of Reye, in the paper to which we have 
already referred (Introduction). In this paper he considers linear systems of 
point-quadrics and of envelope quadrics of all dimensions from one up to eight. 
From his results, obviously, we can get at once important facts concerning 
the systems of conics included in his systems of he though he says little 
specifically about these conics. 

Before considering linear systems, we need to discuss the relation of apolarity, 
which is closely related. 
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DEFINITION. Let 


3 
(3) os Ay titi = 0, 
6,91 
3 
(4) De bi; Uji U; = 0 
4, 7=1 


be two conics in a plane. If the relation 


3 
(5) 23 aij bi; = 0 
t,j=1 
is satisfied, the conics are said to be APOLAR.* 

The geometrical meaning of the relation is that there exists a triangle self- 
conjugate with regard to (a) and circumscribed to (0) ; and dually, a triangle 
self-conjugate with regard to (b), and inscribed in (a). In either case, 
when there is one such triangle there are infinitely many. 

A line pair or a point pair is apolar to another conic if its members are con- 
jugate with regard to the latter. A line-double is apolar to a conic if the 
line touches the conic, and a point-double is apolar to a conic if the point lies 
on the conic. | 

We next define apolarity of quadrics. 

DEFINITION. Two quadrics 


4 
(6) De bj x; 2; = 0, 
t7—1 
4 
CL) » a; usu; = 0 
7 


that satisfy the relation 


4 
(8) Di aij big = 0 
ag 
are said to be apolar to each other. 

THEOREM. Two apolar quadrics, neither of which is degenerate, have the 
property that there exist tetrahedra self-conjugate with regard to the one and 
inscribed in the other; and dually there exist tetrahedra self-conjugate with regard 
to the second, and circumscribed about the first.t 

This proof fails when either quadric is degenerate. We shall next determine 

* Various other names are used for this relation, The word “apolar” is due to Réye, 
who also uses the expressions that (a) supports (stiitzt) (6), and that (06) rests on (ruht 
auf) (a). English writers call (a) harmonically inscribed in (6b). Rosanes calls the two 


conics conjugate. 
+ For proof see Hesse’s Vorlesungen, Kap. 16, p. 190. 
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the meaning of apolarity between a proper conic 


4 
(9) Dy Wi Uz uy = 0, A(w)=0, 
t,j=1 
and an unrestricted{point quadric 
4 
(10) > AUX = 0. 
t,j=1 
The relation is 
4 
(11) ds az wiz = 0, 
4, ji 


and this is evidently an invariant for non-singular collineations of space. 
Hence there is no loss of generality if we take a, = 0 as the plane of the conic 
(w). Its equation then becomes 


3 
ye Wij Uji Uj; = 0 
4,j=1 
and the relation of apolarity is 
3 
(12) pad aij Wiz = 0, 
71 


whence the 

THEOREM. The conic (9) 1s apolar to the quadric (10) of and only of it rs 
apolar to the conic in which rts plane cuts the quadrie. 

Similarly it can be shown that if a point-pair is apolar to a quadric, its mem- 
bers are conjugate with regard to the quadric. For a point-double, the 
condition is that the point lie on the quadric. 

Now it is clear that every quadric (w) whose coérdinates satisfy the linear 
equations 


4 
(13) > a% wiz = 0 (k= 1, +++, 1) 
t,j=1 
s apolar to each of the quadrics 
4 . 
(14) De (Arai) + +++ +A ay) ara; = 0. 
4, j=1 


This system we shall call the basal system of the linear system of quadrics (w) 
defined by (18). 

‘ We shall denote the system of »” conics (embedded in 7" quadrics) 
defined by a set of linear equations (13) of which 8 — r are linearly inde- 
pendent, by L,, and we now proceed to study the systems L, from r = 7 to 
r=(Q. 
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1. The LZ, or seven-parameter family is defined by one equation 


4 
(15) Ds ay Wiz = 0. 


i, j=1 


Then the basal system consists of a single quadric 


4 
(16) De Azxj,27; = 0, 
‘j= 
and every conic of the family is apolar to this quadric. 

We have then the result: Jn the general L7, the conics that lie in any plane 
are those which are apolar to a fixed conic in the plane, this fixed conic being the 
intersection of the plane with the base quadric (16). The system contains de- 
generate conics; in fact, the pornt-pairs of the general L; are ~° in number. An 
arbitrary point of space may be associated with any one of the ~* points of its 
polar plane in the base quadric to form a point-pair of the I,. The point-doubles 
of the system consist of the points of the base quadric itself. 

The only planes, in general, in which the configuration is projectively 
different from that of the general plane are those tangent to the base quadric:- 
In such a plane the base quadric cuts a pair of lines; and these are conjugate 
with regard to every conic of the J; in this p‘ane. 

Special types of Ly. 

(A) The base quadric is a cone. 

The system has then the following distinctive features: 

(a) the ? special planes pass through the vertex; (b) there are «! of 
them, the tangents to the cone, in which all the ~«* conics of the LZ; touch a 
fixed line; (c) the vertex of the cone is singular, in that it can be associated 
with any point of space to form a point-pair of the L7. 

(B) The base quadric is a plane-pair. 

In this case we have singular planes; namely the ZL, includes every conic 
in either of the planes of the basal plane-pair. 

Conversely, if an J, includes all the conics of any plane, its basal quadric 
must be a plane-pair of which this plane is one member. 

(C) The base quadric is a plane-double. Then (15) is of the form 


4 
a d; d; Wi = 0) C 
4, j=1 
We have studied this system ($3, 2) and have seen that it defines the 
quadrics that touch the plane (d); in particular, then, the conics of the 
system are those that touch (d), including those that lie in this plane. In Sg 
this equation represents a hypersurface tangent to 2 at all points of a S;. 
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2. The L¢, or 6-parameter family, is defined by two distinct equations 


4 4 
(17) > ay Wi = 0, sD bi; Wij = GO: 


to) t, j=l 


The basal system consists of the pencil of quadrics 
4 
22, (Xai; + mobi; ) @; tj = 0. 
t,j= 


These have, in general, a common quartic curve Cy. Conversely, any conic 
apolar to two quadrics of the system (21) is apolar to all, and hence belongs 
to Le . 

The conics of the LZ in an arbitrary plane are ©? in number, and are apolar 
to all the conics of the pencil in which the basal system cuts the plane. The 
latter conics pass through the four points P;, P2, P3, Ps, in which C, inter- 
sects the plane; and among them are in general three line-pairs. Each of 
these is a conjugate pair with regard to any conic of the Lg. Conversely, if a 
conic has two of these as conjugate line-pairs, then it is apolar to two distinct 
quadries of the basal system, and hence belongs to the Leg. 

This gives us the following 

THEOREM. Leta plane (2) cut C in the four points P,, Po, P3, Ps. Then 
the conics of Lg that lie in (2) are those that have these points as a “ polar quad- 
rangle.” (Cf. Reye, Geometrie der Lage, 4th ed., vol. 1, p. 261 ff.) 

Degenerate conics of the Lg. The point-doubles are necessarily common to 
all the basal quadrics, and hence are the points of the C;. The members of a 
point-pair must be conjugate with regard to each of the basal quadrics. It is 
known that the polar planes of a point P with regard to a pencil of quadrics 
meet in a line /,. Hence P and any point of this line form a point-pair of 
the hse ° 

There are, however, four points which are exceptional to the above state- 
ment, namely the vertices of the cones of the basal pencil. We have then the 
result: 

TueorEeM. The point-doubles of Le are the ©1 points of the curve Cs common 
to the basal quadrics. There are four of them in an arbitrary plane (cf. §3 
at end). An arbitrary point determines a line, any point of which may be asso- 
ciated with it to form a point-pair of the L,. But there are four singular points, 
the vertices of the cones of the basal system, each of which can be so associated 
with any point of the plane of the other three. 

We have seen (§ 3) that the point-pairs whose members lie on a given 
line are represented in Sg by a 83; hence any S; contains one of them. Hence 
the 

TueoreM. The Les includes one point-pair whose members lie on an arbitrary 
line. 
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Special types of Lg. In the foregoing, we have tacitly assumed that the 
pencil of basal quadrics is of the most general type. It is clear that the 
classification of L.’s is the same as that of pencils of quadrics. The latter 
is well known, and we shall not give it here. 

We observe, however, that the first important specialization occurs when 
the pencil includes a plane-pair. In this case we may define the basal system 
by means of the plane-pair and any other member. Then the Lg is the 
totality of members of an J, with regard to which two fixed planes are conju- 
gate. 

Similarly we get other special types. In particular, the totality of conics 
that touch two fixed planes form a special L.. 

THEOREM. An Lg can be such as to include all the conics of one plane, but 
not of more than one plane. ; 

For consider the L, whose basal system is defined by two plane-pairs having 
a common plane; every conic in this plane belongs to the L,. To prove the 
second part of the theorem, we note that an Le can be defined as the totality 
of conics common to two L,’s. But there is one and only one J, that contains 
all the conics of two planes, namely the one whose basal quadric is this plane- 
pair. Hence there is no L¢ that includes all these conics. 

3. The L; is defined by three independent equations 


4 


4 4 
(18) >; ay Wi = 0; Ds bj; Wi = 0, SS Cy Wij = 0. 


i, j=1 t, j=1 4, j=1 


The basal system is a net or linear two-parameter system represented by 


4 
Ze, (Xai; a abi; + VCiz ) 2; tj = Wie 
and the L; consists of all the conics apolar to every member of this system. 

The basal system cuts an arbitrary plane in a so-called “‘bundle” or linear 
two-parameter family of conics. The ? conics of the LZ; in this plane are 
all apolar to the conics of the bundle, and they comprise a linear family in 
tangential codrdinates. Reye (loc. cit.) calls such a family a “Schaarschaar.”’ 
The nature of these two systems is well known. The conics of a bundle have 
in general no common point, those of a ““Schaarschaar”’ no common tangent. 
A special case consists of the conics that have three common points in the 
one case, or in the other have three common tangents. * 

Degenerate conics of the L;. Clearly the point-doubles are eight in number, 
being the points common to all the base-quadrics. Thus we have (cf. § 3) 
the 

THEOREM. The point-doubles of space correspond to points of a 83 lying ond. 





* For further treatment see Encyklopddie, III C 1, § 81. 
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There are also ©! singular points, each of which may be associated with 
any point of a line to form a point-pair of the system. These singular points 
are the vertices of the cones of the basal system, and Reye (loc. cit.) shows 
that they lie on a sextic curve called the ‘ Kerncurve” of the bundle. This 
curve has been considerably studied by Reye, and also, as an adjunct to a 
net of quadrics, by Sturm.* 

Special types of L;. There are a large number of special cases, and as 
before we shall not classify them. In general the basal net contains no 
plane-pair nor plane-double. If it contains one or more of either, the Ls; is 
correspondingly specialized. In particular, the conics that touch three fixed 
planes form a special L;. 

THEOREM. An Ls can contain all the conics of a plane. In this case it 
contains no other conics, and the conics of the Ls in an arbitrary plane are the 
point-pairs on the line in which it intersects the plane of the Ls. 

4. The LI, is a system of conics determined by four independent linear 
equations 


ai Wij = 0, Os Wi = oe 0, 


AGF. 


(19) 


it r 
iM as 


bi Wij — 0, 
a,j YJ 


dis wi; = 0. 


The basal system of quadrics is given es 


4 
zu (Ar Giz + Ae biz + Ag Cs; + Ag diz) a5 2; = 0. 
‘j= 
This system is called in German a Gebiisch. Its ©? members have in general 
no common point. They include »? cones, and in general ten plane-pairs. ft 

The Gebiisch being completely defined by any four of its members that 
are linearly independent, we may define it by means of four of its ten plane- 
pairs. If four plane-pairs be chosen arbitrarily, there is a Gebiisch linearly 
dependent on them. Hence we may define the Ly, as follows: 

THEoREM. The general L, has the property that there are ten pairs of planes, 
each a conjugate pair with regard to every conic of the Ly. Given four arbitrary 
pairs of planes, the totality of conics with regard to which each pair are conjugate 
constitute an L4 of general type; and there are six additional pairs of planes, each 
pair conjugate with regard to all the conics of the system. 

Degenerate conics. In general the ZL, has no point-doubles. It has ? 
point-pairs. To determine the order of the surface on which they lie, we 
recall ($ 3) that the point-pairs with one member on a given line are repre- 


* See Encyklopddie, III C 2, p. 248, note 543. 
{ For proof see Reye, loc. cit., § 6. 
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sented in Sy by a S{. Hence in an arbitrary S; there are four points of this 
locus, and so in the general LZ, there are fowr point-pairs of which one member 
lies on an arbitrary line. Hence the points of the point-pairs lie on a quartic 
surface ®,. 

THEOREM. The surface ®, whose existence has just been established is the 
locus of vertices of the ~* cones of the basal system. 

We observe that the L, has singular planes, in each of which there are ? 
conics instead of «1. Namely, in any plane of the basal plane-pairs the 
conics of the L, form a Schaarschaar of the type considered in 8. 

Of course there are numerous special types of Z4. In particular, the conics 
that touch four fixed planes form a special L,. Thus we have the following 
corollary to an earlier theorem: 

The conics that touch four fixed planes form a system Ly, and there exist six 
other pairs of planes each conjugate with regard to every conic of the Lg. 

5. The L3, or three parameter system, is defined by five independent 


equations: 
4 


(20) » a® wi; = 0 (ha Lote oe 


4,j=1 


These equations define «* envelope- sere ees each apolar to the «+ point- 


quadrics of the basal system 


4 5 
(21) DY (2 a) x2; = 0. 
i,j=1 \ k=1 

There is complete duality between these two linear systems.* The former 
includes «* conics, which comprise the £3, and the latter includes a dual 
system of «* cones. 

We know that the conditions that a quadric be a conic lying in a given plane 
(p) are the four linear equations 


4 4 
pS Wii Di = 0, 2s W3i Pi = 0, 
i=! 4=1 
9 
(22) ; : 
yas Wei Pi = O, 2 Wai pi = O~ 
4=1 4=1 


These, together with the five equations (20), form a system that has in general 
one and essentially only one solution; hence the L3 has one conic in an arbitrary 
plane. 

THEOREM. The conics of the Ls that he in planes through a fixed line generate 
a surface of order 8, having the fixed line as a sextuple line. 

Degenerate conics of the L3. We may state the 


* Cf. Reye, loc. cit., § 7. 
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THeorEM. The point-pairs of the L3; are «©! in number, and lie on a curve 
Cio of order ten. Their axes generate a ruled surface Kyo of order ten. Dually, 
the basal system includes «1 plane-pairs, which envelope a developable 119 of 
class ten; their lines of intersection lie on a ruled surface ®o of order ten. 

Reye (loc. cit., § 7) gives a number of very interesting relations among these 
four figures. 

6. The L., or two-parameter linear system, is defined by a set of six inde- 
pendent equations. The totality of sets of solutions of such a system are 
linearly dependent on four, and define ~* envelope-quadrics, which include 
the conics of the Le. 

Hence we have as alternative definition of the LZ. the equations 


(28) Wig = Ar Gay + AL Oy + Ase +rAady (4,7 =1, -+°, 4), 
(24) Aw) =0. 


The system of quadriecs (23) is dual to the Gebiisch discussed in 4; and the 
basal system is dual to the system of envelope-quadrics there discussed. We 
have then at once the following facts: 

The conics of Lz le in ~? planes, one in each plane in general, and these 
planes envelope a surface ®, of class four. 

The Ly includes in general ten point-pairs; their axes all lie on ®y. The 
basal system contains »? plane-pairs, whose planes envelope the surface ®4. 
In other words, the planes of these plane-pairs are the planes that contain conics 
of the I2. Since they can be associated into pairs that belong to the basal system, 
we have the ; 

TuHrorEM. The planes of the conics of the Lz can be associated in pairs in 
such a way that the members of each pair are mutually conjugate with regard to 
every conic of the Lz. 

The general S3 in Sy meets in eight points the S} which represents the conics 
through an arbitrary point; hence the 

THEeorEM. The IL includes 8 conics through an arbitrary point of space. 

Special types of Ly. As in the earlier cases, when the basal system con- 
tains any plane-doubles, the conics of LZ, all touch every such plane; and in 
particular, the conics that touch six fixed planes form an Le of very special 
type. The dual system (viz., the Gebiisch of quadrics through six fixed 
points) has been somewhat studied.* 

In general, the LZ, will have no singular plane containing more than one 
conic. There may, however, be such planes. There are four types, of which 
one reduces to a complete S83, and the others are incomplete L’s with singular 
planes. Namely: 


* Cf. Encyklopddie, III C 2, § 141. 
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(1) One singular plane containing «1 conics. 

(2) Two singular planes, each contaming «! conics. 

(3) One singular plane containing ©? conics. 

(4) If all four conics are coplanar, every linear combination of them is a 
conic, and we have a complete three-parameter linear system of conics in the 
plane in question. 

7. The Z,, or one-parameter linear system, is most conveniently defined 
as a system linearly dependent on three sets of numbers: 


(25) Wiz = 1 Giz + De bi; + As Ci; 
(26) Aw) =s0 


THeorEM. The planes of the conics of a general L; form a developable of 
class 6. 

For the conics whose planes pass through a given point are represented in 
Sy by a S? ($3) and hence an arbitrary S, contains 6 of them. We find easily 
also the following results. 

THEOREM. The conics of the general L, lie on a surface of order eight. 

THrorEM. There are four conics of the L, that touch an arbitrary plane. 

Corotuary. The conics of the Ly cut a given plane in points of a curve of 
order 8. They determine on this curve an involution of points, in which four 
pairs of points are self-corresponding. 

The basal system of the Z; consists of a linear «® of point-quadrics. We 
know (2) that such a system includes eight plane-doubles. But every en- 
velope-quadric touches every plane that is a plane-double apolar to it; so that 
every conic of the LZ; touches these eight fixed planes. This leads to another 
definition of the J. 

THEOREM. The general I; consists of the totality of conics that touch erght 
fixed planes, whereof seven may be chosen arbitrarily. 

In other words: Let seven planes be chosen arbitrarily in space. There 
are «1 planes, generating a sextic developable, in each of which the seven lines 
cut by the fixed planes are all tangent to a conic. The conics thus determined 
le on a surface of order eight, and all touch an eighth fixed plane. 

8. The Lo, or system of conics whose coérdinates satisfy eight linear equa- 
tions, may be defined by 


(27) Wiz =a ay3 +b; A(w)=O0. 


We may state the result: 

The general Lo consists of four conics having common tangent planes that 
generate a quartic developable. A system of this kind ws uniquely determined 
by any two quadrics; the planes of the four conics form the only tetrahedron that 
is self-conjugate with regard to all the quadrics of the series containing the Lo. 
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7. CoMPLETE LINEAR SYSTEMS 


We now propose to determine all possible types of complete linear systems. 
First we will note that such a system may be given parametrically in the form 


Wig = dr at} + +++ +z af} (rag = ly tas 4); 
where A (w) = 0 for all values of (Ai, «++, Az). 
Consider, in particular, two conics (a) and (6) of a complete linear system. 
Then every quadric 
y= NQi; + ub; 
must be a conic of the system. We have then 
MA(a)+ MuO(a,b)+ rN? wP(a,b)+rw®O(b,a)+ wt A(b) =0. 
We have already, since (a) and (b) are conics, 
Ata) =A(b)= 0, 
and the following further relations are necessary: 
O(a,6)=0,; 6(b,¢a)=0, @(a,b) = 0. 


From the results of § 5, it follows that we must have one of the following 
situations: 

(A) If neither (a) nor (6) is degenerate, then (1) they are coplanar; 
(2) each touches the plane of the other, and they cut the line of intersection of 
their planes in a harmonic set of poiits. 

(B) When (a) is a proper conic, and (0b) is degenerate, then (1) if (6) 
is a point-pair, its axis meets (a), and the plane of (a) touches (b); (2) if 
(b) is a point-double, the plane of (a) touches it. 

(C) When both conics are degenerate, then (1) if both are point-pairs, their 
axes intersect; (2) if either is a point-double, the equation is satisfied. 

Considering these cases, we see that except in A2 and B1, the conics are 
coplanar. In case A2 they are necessarily tangent; and in case B1, either 
they are coplanar, or the point-pair (b) has one member lying on (a). 

We introduce now the following 

DEFINITION. A point-pair shall be said to be tangent to a proper conic, when 
one of its points lies on the conic. 

And we have the result: Every two conics of a complete linear system are 
either coplanar or tangent. Conversely, we see without difficulty that if two 
conics are coplanar or tangent, every quadric linearly dependent on them is a conic. 

Concerning the locus of these conics, we present without detailed proof 
the following statement: 

THEeorEM. Jf (w)=2A(a)+u(b) be a one-parameter complete linear 
system, wt 1s of one of the two types: 
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(1) the Serres (Schaar) consisting of the conics in a plane that touch four 
fixed lines in the plane; 

(2) the one-parameter SHEAF, consisting of the conics cut from a quadrie 
cone by the planes of a pencil whose axis is a tangent line to the cone. The axis 
of the pencil, which rs evidently tangent to all the conics of the sheaf, we shall call 
the axis of the sheaf; and the point of contact we shall call the vertex of the sheaf. 

We may divide complete linear systems in general into two classes, according 
as all their members lie in the same plane or not. The planar systems we 
shall not discuss further than to remark that they are the systems studied 
in plane geometry as linear systems in tangential codrdinates. 

Let us consider a system in which not all the conics are coplanar. By brief 
reasoning, which we here suppress, one arrives at this result: 

THeorEM. In any non-planar complete linear system, the members all 
touch a fixed line at a fixed point; and conversely, any number of conics tangent 
to a fixed line at a fixed point will determine a complete linear system. 

We have not considered degenerate conics. Evidently a point-pair can 
belong to a system of this type if and only if it has either (1) one member at 
the vertex, or (2) both members on the axis; and a point-double can belong 
to the system, if and only if it lies on the axis. 

DEFINITION. A non-planar linear complete system, of which the codrdinates 
of the members are linearly dependent on those of r +1 linearly independent 
conics, shall be called an r-parameter sheaf. 

We now examine the most general sheaf and find readily the 

THEOREM. The most general sheaf of conics consists of the totality of conics 
that touch a fixed axis at a fixed point. It rs projectively equivalent to the system 
whose codrdinates are given by the matrix 


WE AUD Uren 
Opel seas 
0 0 ao ag 


Qi G2 a3 


for all sets of values (ao, a1, d2, 43, a4) not all zero. It follows that such a 
sheaf is a four-parameter system. 

DEFINITION. A four-parameter sheaf shall be called an entire sheaf. 

We note the following properties of the entire sheaf: 

An entire sheaf is determined by a point and a line through it, hence there 
are in all «° of them. 

Any proper conic is a member of «! entire sheaves, one with its vertex at 
each point of the conic. 
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If two entire sheaves have in common a proper conic, their axes are coplanar, 
and they have in common a pencil of conics having double contact. 

A point-pair belongs to »? entire sheaves, viz., to any one whose vertex is 
at either point of the pair, or whose axis is the axis of the pair. 

Every two entire sheaves have in common one point-pair, made up of the 
vertices of the sheaves. ‘T'wo entire’sheaves have more than one common 
point-pair, if they have the same vertex, or if the vertex of one passes through 
the axis of the other. 

A point-double belongs to every entire sheaf whose axis passes through the 
point. 

Translating these results in S,, we will denote by A the singular domain 

s’ that represents point-pairs, and by ® the linear S, on D that represents an 
entire sheaf. 

Then > contains ©° @’s. Through an ordinary point of = there are «!, 
of which any two intersect in a line. In general, two ®’s do not intersect 
at any ordinary point of 2, but at a single point of A. If they intersect at 
any ordinary point, they have a common line. 

Through an arbitrary point of A, there are in general ©? @’s. Through 
any point of the S} that represents point-doubles there are ~? ®’s, 

The point-pairs of the above entire sheaf are determined by either ap = 0, 
or a; = ad, = 0), corresponding respectively to point-pairs having one member 
at the vertex, and to those having both members on the axis. The former 
are represented in ® by a linear three-space Q, the latter by a plane Rh. 

The point-doubles are determined by a, = a = 0, ao a4 = a3, and are 
represented in @ by a Sj, 1. e., a conic. : 

The entire sheaf contains sheaves of one, two, and three parameters, which 
we denote by 7,1, 72, 73 respectively, with reference to which we give here 
only summary statements. 

1. The one parameter sheaf 7 we have already considered. If (a) and (b) 
be any two conics of 7,, then a 7) is given by 


w; = ra; + wd; (1 =0, -:-, 4). 


This corresponds to a line in Sy. There are therefore ° 7'y’s in any 7's. 
_If (a) and (b) are not coplanar, the conics lie on a cone that touches 
the axis at the vertex of 7’. In this case the sheaf contains just one degenerate 
conic. There are, however, special cases not described here. 

2. The 7, is defined by the equations 


Wi = Ai a3 + Do b; + Az Cc; (7 = 0, 1,.2, 3,4), 


where (a), (b), and (c) are linearly independent members of a 7';. It is 
represented in S, by a plane (7). 


Trans. Am. Math. Soc. £5 


368 R. A. JOHNSON 


The plane (7) cuts Q in a line k and R ina point K, and can be described 
by lines drawn from K to the points of k. Each of these lines represents a 
planar 7',,as may easily be seen. Hence the 7’, may be regarded as composed 
of «! planar 7;’s. Moreover, the common tangents to the members of each 
planar 7; meet the axis at the same points R,, Ry, since each of the lines 
cuts R at the same point. We have then the following definition of the 7): 

THEeorEM. The totality of conics of a T, that touch two fixed planes, whose 
intersection does not meet the axrs of the T's, constitute a T 2 of the most general type. 

Special types of 7, correspond to special relations of (7) to the space 
containing the line & and the plane containing the point K. For example, 
it may happen that K lesonk. In this case a 1, of the type under consideration 
consists of all the conics of a T, that have contact of the second order with one another 
at the vertex, and also touch a fixed plane not through the vertex. 

Two other special types are evidently those in which either k or K is inde- 
terminate. The latter is a planar 72, and we find the 

THEOREM. The general planar T> consists of all the conics of a Ts that lie 
in a plane and touch any two lines so drawn from two fixed points on the axis of 
the T, as to intersect on a fixed line in the plane. It follows that the common 
tangents to any two conics of the system intersect on this fixed line. 

3. The three-parameter system 7’; can be treated in the same way. A 73 
is represented in Sy by a space S3; and in general this cuts Q in a plane NV, and 
Rinaline n. To the former correspond ? point-pairs of the 73, consisting 
of the vertex P, taken with the ~” points of a plane (o). To the latter cor- 
respond ! point-pairs on the axis of the 7. 

The S3; may be regarded as swept out by a pencil of planes through the 
line n. Each of these planes corresponds to a planar J, of the kind just 
studied. We have seen that such a system has the property that the common 
tangents to any two of its members meet on a fixed line 7. In our pencil of 
T.’s, these fixed lines all lie in the plane (a). Also the vertex of the cone 
of any 7; in the 7’; lies on (9). We may then define the 73 as follows: 

Let a plane (0) and a point-parr (Ri, Re) on the axis be chosen arbitrarily. 
The totality of conics of the T4, which touch a parr of lines drawn from R, and Re 
to any point of the plane (a), generatea T;. The common tangents to any two 
coplanar members of the T'3 meet on (a), and the vertex of the cone through any 
two other members lies on (co). 

We mention two special types. There is one special 73, namely, a = 0, 
consisting of all the point-pairs whereof the vertex is one member. Another 
type is represented by a S; through the plane containing the point K. It is 
obvious that such a S3 represents a planar 73. 


CAMBRIDGE, Mass., 
June, 1913. 
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THE WEIERSTRASS H-FUNCTION FOR PROBLEMS OF THE 
CALCULUS OF VARIATIONS IN SPACE* 


BY 


GILBERT AMES BLISS 


For the problem of minimizing the definite integral 
. S F(z, 4.2.0, 9,0) dt, 
dx d ! 
(1) pam, =o, aK, 
where the function F has the homogeneity property 
(2) Lieu ec hokey ki (2; y4,5,0; 0.7) (k>0), 
the Weierstrass E-function 
E(®,Y,% 2,957} DS T57) 
has the form 
E=F(x,y,2,p,9,17) —p' Fp(t,y,2,7,951) 
— OU Fq(@,Y,%, P5957) 
it! Be (B.S ads Te) 
Behaghel+ has deduced a very useful expression for the H-function in terms 
of the quadratic form 


Crys 3 P» 9575 es 1 » ¢) 
= Pop + Bq? + Fre 8? + QP or & + 2B rp FE + QF pq En. 


In his proof he makes use of functions, in his notation A, B, C, which are 
analogous to one which is used for a similar problem in the plane. For the 
space problem, unfortunately, these functions may become infinite even for 
very simple integrals of the type (1), and in such cases his proof of the formula 
would not be valid.t 


* Presented to the Society, December 26, 1913. 
{TMathematische Annalen, vol. 73 (1913), p. 596. 
t For the function 


(3) 





mane e -- ¢¢ +r) 


the expression for A is 
2 
A= —Fo/ ar = (1-2) /[p— e+ (a+r PP, 


and this is infinite for any direction in the y-plane or z-plane not perpendicular to the z-axis, 
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In the following sections it is proposed to give a proof of a formula some- 
what more elegant than that of Behaghel and which can be reduced to his 
by a simple transformation. The objections mentioned above are avoided, 
and the special case when the directions (p,q,7r) and (p’,q’,7r’) are in 
the same line but opposite, treated separately in Behaghel’s paper, is here 
quite unexceptional.* The method used applies at once to problems in space 
of any number of dimensions. In § 2 some useful consequences of the formula 
are deduced, and in § 3 some peculiarities of the extension of the results found 
to spaces of higher dimensions are explained. 


1. THe FoRMULA FOR THE E-FUNCTION 


It will be supposed that for a fixed set of values (2,y,2,p,q,7) the 
function F has continuous first and second derivatives for arguments 
(p’,q’, 7’) defining directions in a cone shaped region P,, shown in Fig. 1 





Jee ae 


about an initial direction p,q,r. This and other directions will be referred 
to hereafter by their first letters only, as illustrated in the figure. Analytic- 
ally the region is defined by an inequality of the form 


(4) lw|<e 


* A formula given by Mason and Bliss, these Transactions , vol. 9 (1908), p. 459, 
is less effective than the one proved in the text for a similar reason, It does not necessarily 
hold when the two directions 2’, y’, 2’ and ru, Yu, Zu are opposite. 
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where w is the angle between p and p’ defined by the formula 





pp’ + aq + rr’ 
Vi? + ¢ + yr p” + q’” + 7” 
In as much as the properties of the H-function to be considered in this 
section do not depend upon the arguments 2, y, 2, the latter may be omitted 
in most of the equations. It is understood that for the direction p the quan- 
tities p, g, r are not all zero, and a similar remark applies for other directions. 
The function F satisfies the relation 


(5) pF, + qF,y + 1F, = F, 

found by differentiating (2) for k and putting k = 1, and also the relations 
PE op + IF nq + 1K pr = 0, 

(6) Phan + QFog trlho = 0, 
PP ip + QF rq + 1h = 0, 


which follow by differentiating (5) for p,q, 7”, respectively. Furthermore the 
first derivatives of F are positively homogeneous with order zero. For by 
differentiating (2) with respect to p, for example, it is found that 


cos @ = (0O=eZ 7). 





erie epg, kr) I, (2, YY, 2, psd, 6) fin OY. 


From these results it follows readily that the H-function itself has the homo- 
geneity property 


ieee epee. kth nek og lk rt) = ki be, yep; dsrTi e.g 7) 
(Gk Ss OL ik? SSD) 


and the direction ratios which occur among its arguments may be taken 
without loss of generality to be direction cosines. 
It will be helpful to use the notation 


Pp, é, &) = (Fan & + Pog + Por S) 
Tan Lion Sit log 1 lo & 
to (Py E+ Bran + Bef). 


The form ® has the following properties to be used later, the first of which 
gives an expression for the quadratic form @ in terms of ®: 


(7) Qe yremeg, it. &,.7¢) = OCD EG), 
(8) ®(p, &, £’) = P(p, t’,&), 
(9) D( pie, ull 06") = uh(p, &, &) + ob (p, &; &"), 


(10) b(p,&,p) =0, 
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where in the third formula wé’ + vé’’ is a symbol for the values 
uk! zis ve", un! ie vn’, ut! at pe 


The first three of these formulas follow readily from the definition of ®, 
while the last is a consequence of the homogeneity properties (6). 





Hira 2: 


Consider now the two directions p and p’ indicated in Fig. 2. There will 
always be a direction 7 which is orthogonal to p and co-planar with p and p’. 
Let a and a be two directions orthogonal to each other in the same plane 
with p, p’, and x. ‘Their direction cosines are expressible in the form 


a=pcost+7sintT, a=—psnr+7cosT, 


(11) b 


qcost+xKsin7T, B —qsint +x cos7, 
c=rcost+psinT, y= -—rsint+pcosrT, 


where 7 is the angle between a and p. By changing the sense of the direc- 
tion 7, if necessary, it can be effected that for rt = w the direction a coincides 
with p’. 

The E-function has then the expressions 


E(p,p!) = [5p F(a) +a Fea) +1 F(a) ade 


= | (a, 0, p/)dr, 
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which follow readily from (5), (11), and the definition of ®. From the 


relations 


p’ =acos(w—7T)+asin(w—7), 


/ 


q =bcos(w—7T) + 6Bsin(w —T), 


r =ccos(w—T) +ysin(w-—T), 


and the formulas (9) and (10) it is seen that 


E(p, p') = i sin(w —7)®(a,a,a)dr, 
0 

or, by applying the mean value theorem for a definite integral, 
(12) Tipe ele cos 0) D(a*, at, at), 
where a* is the direction a corresponding to a suitably chosen value 7* between 
0 and w, and a* is the corresponding direction perpendicular to a*. 

Hence the function 

E(x,y,23p,9,7; p,q?) 

ws expressible in the form 
(13) E =(1—cosw)Q(2x;y, 2; a,b, ¢; as Ooey) = 
In this formula w is the angle (0 Sw =v7) between the directions (p,q, 1) 
and (p’',q',r’), while (a,b,c) and (a, 8,7) are directions orthogonal to 
each other in the plane of the other two and defined by the formulas (11) for a 
suitably chosen intermediate value of 7 satisfying the inequality O<7<w. 
The relations between these directions is clearly shown in Fig. 2. 

It is easy to derive Behaghel’s formula from this result. The relations (11) 
give 
9» =acostT—asinT, q=bcosr — Bsin7t, r=ccostT—ysin7, 
and with the help of (9), (10), and (8) it follows that 

P(a,p,p) = sin’r P(a,a,a). 

Hence the expression (12) can be put into the form 
®(a*, p, p) 


E(p, p’) =(1 — cos w) sin? 7A 
Oa Ue Ue Cn aT Oa) 


sin? 7* 





= (1 — cos w) ; 


which is the formula required. 


2. CONSEQUENCES OF THE FORMULA 
Consider an arc C defined by the continuous functions 


(C) w=2x(t), y=ylt), %2=2(t) (Sts ts) 
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and having a continuously turning tangent whose direction cosines will be 
represented by p(t), q(t), r(t). The neighborhood C, of order zero of 
this arc is the totality of values (#,y,2,p,q,7) for each of which the 
inequalities 


Vane (hes ly—y(t)|<e, lz —2(t)|<e, 
(p,q,7) + (0,0, 0) . 


are true for at least one value of ¢ between #; and f2. The neighborhood C; 
of order one is similarly defined by the conditions 


(C.) 


la —a(t)|<e, ly—y(t)|<e, jz —2(t)|<e, 
(p, yt bUs.0, 0); |al<e, 


where @ is the angle (0 = 6 =7) between the directions p and p(t). Be- 
sides the region P, of § 1 and the two neighborhoods just defined, there is a 
fourth region involved in the following theorems and defined by the conditions 


(C.) 


(R) (a,y,2) ina continuum of xyz-points; (p50; Pea Ooo. Cie 


For each of the theorems the function F is supposed to be continuous and to 
have continuous first and second derivatives with respect to p, g, r in some 
region including the one involved in the statement of the theorem. 

If for a fixed set of values (x, y,2, p,q, 1) the condition 


(14) Eee Zee TD 5G Ge eee) 


is satisfied for all directions (p', q’, r’) in a neighborhood P, of the direction 
(p,q,7), then the condition 


(15) QS ae eae io teen 


is also satisfied for any values whatsoever of £,n, &. In other words the necessary 
condition of Weverstrass, for either a strong or a weak minimum, at any point of a 
given curve, implies the necessity of Legendre’s condition also. 

If in the formula (13) the direction p’ approaches the direction p while 
remaining in a fixed plane through the latter, the directions a and a@ approach, 
respectively, p and a direction 7 normal to p in the plane. Hence the in- 
equality (15) must be true when the direction € coincides with 7. But p’ 
may be made to approach p in any plane through p, and consequently 7 may 
be any normal to p. If & lies in a plane with p and 7 and makes an angle 
7 with p, the formulas 


£=pceost+amsnt, yn=qeost+xKksint, £=recost+psinT, 


oy | 
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together with (9) and (10) show that 
Oey ee, Ctr, 95s) — Slt Oe, Yee ds Ts Maks P)- 


Hence the inequality (15) is true for all values of €, 7, ¢. 

The form @ in the expression (13) is said to be regular in a region of 
values (x, y, 2; p,q, 7) if it does not take opposite signs for different values 
of its arguments and vanishes only when £, 7, € are all zero, or when the 
directions (£,7, ¢) and (p,q,7) are in the same line. 

If the function Q is regular at all values (x, y,2,p,9q,17) on an are C, 
then there exists a neighborhood Cs in which it remains regular and does not take 
opposite signs. 

For Q can always be transformed by a homogeneous orthogonal linear 
transformation of £, 7, ¢* into a sum of squares whose coefficients \1, Ao, As 
are the roots of the equation 


Fryp +X Pog Poy | 
(16) ioe Doe tex BY | =e 
Fyp jie Fr + | 


The term independent of ) in this equation is zero since it is the determinant 
of the coefficients of p, q, r in the equations (6). Hence one of the roots, 
say \3, 1s always zero; and the other two are different from zero and of the 
same sign for any set of values (a, y¥,2,p,4,7) corresponding to a point 
of the are C, since for such values Q is regular and can vanish for one direction 
£,7, ¢ only. Since the roots \; and 2 are continuous functions of the argu- 
ments v7, y,2,p,q,7, they will remain different from zero and will not change 
sign in a sufficiently small neighborhood C;. 
Suppose that Q is regular along the arc C and that the inequality 


Elx(t), y(t), 2(t); p(t), g(t), r(t); oD’, gr] >0 


is satisfied at every point of C whenever the direction (p’, 7’, r) ws distinet from 
that of C. Then there exists a neighborhood C, such that in the region of values 
(2, y,2; p,g,7; p,q’, 7’) defined by the relations | 


Ger yeh ie ah) p02, (p'sq' th). (0 OO) 


the function E does not take opposite signs and vanishes only when the directions 
(p,q9,17) ande(p’, q’, r’) councide. 
To prove this consider the function /, defined by the equations 
ieee. Ba teas kep; 0) = L/(1-— cos a) (0<w=7n), 
(17 
Ei(x,y, 23 p,g,7; 7, x, p30) =Q(4,y,23 DP, 9,7; 7, K,p), 


* See Kowalewski, Hinfuhrung in die Determinantentheorie, § 116. 
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the first of which is formed by replacing the values (p’, q’, r’) in E by ex- 
pressions similar to (11) with tr = w. From its definition EF is continuous for 
all values of its arguments for which the point (x, y, 2) is sufficiently near to 
C,and 0 < w = 7’ ,* while the other arguments are the direction cosines of 
two perpendicular directions. It is continuous also for w = 0, since the for- 
mula (13) shows that as w approaches zero the values of the quotient in the 
first part of the definition of HE; approach continuously the values defined by 
the second of equations (17). Along the are C the quotient F is different 
from zero for directions 7 normal to p(t), and for 0 = w S 7’, on account of 
the hypothesis of the theorem and the expressions (17). Since it is continuous 
it retains these properties when the values (x, y, 2, p,4q,7) are in a neigh- 
borhood C. of the arc C. The function EF has therefore the properties de- 
scribed in the theorem, since E is expressible as a non-vanishing factor times 
E, whenever p and p’ are distinct. 

Consider a problem which is regular in a region R of the kind described in the 
first paragraph of this section, that is, a problem such that the form Q is everywhere 
regular in R. Then the function E(a,y,2; p,q,7; p’,q', 17) does not take 
opposite signs when (2,4Y,2,17;,9;,7) and (x, 7,2, p',¢q, 7 ) are im fh, 
and vanishes only when the directions (p,q,7) and (p’, q’, r’) are covnerdent. 

At every point of the region R the quadratic form Q is regular, and hence 
the expression (13) for the E-function vanishes only when p and p’ coincide. 
Further any two sets of values (2, y, 2; p,q,7; p,q’, 7’) can be joined 
by a continuous path over which p and p’ are nowhere coincident. Hence 
the sign of the E-function is always the same at points where it does not vanish. 

The regularity or non-regularity of the quadratic form Q is controlled by 
the behavior of a function F; defined by the equations 


p Fy = Faq Fr — For, qrFy = Fyq Fpr — Fiyp Far, 
Q Py = Fr Pop — Fro, rpPy = Pa Pap — Faq Frys 
P By = Fyp Fog — Fog, DOF = Frp Freq — Fre Fog 


The existence and continuity of this function are consequences of the relations 
(6). The coefficient of the first power of \ in the equation (16) is precisely 
F,, and consequently \; and dg, will be different from zero and have the same 
sign if and only if F; is positive. 

A necessary and sufficient condition that the quadratic form Q be regular at a 
set of values (%,Y,2,D,q,17) t8 


Pitty ais Pad ct) ws 





* The symbol zx” stands for 7 radians. 
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3. EXTENSION OF THE PrEcEDING RESULTS TO HIGHER SPACES 


The formula (13) which was the goal of the discussion of § 1 has an analogue 
for an integral of the form 


SF (y, p)dt, 


where y and p are symbols for sets of elements of the form 
Y = (Yrs Yar ++ Yn)s 


ay _ (tn Wy “te ) 
Pp = (Pi, Po, ***, Pn) = di’? di’ Tae) dt : 


The function F is supposed to have a homogeneity property with respect to 
the arguments p similar to (2), and relations analogous to (5) and (6) are 
readily derived. 

The E-function and the quadratic form Q have the forms 


E(y,p,p') =F(y,p') — Lp Fs, 
Q(y,p,£) = 2 Fis (y, vg & 
we . 
where F; and F;; are symbols for the derivatives 0F/dp; and 0? F/dp; p;, 
respectively. The H-function has the homogeneity property 
Eppa np y= K Ey, p,’p') (e>0,«>0), 


and as before there will be no loss of generality if all the directions p are sup- 
posed to be normed, that is, to satisfy the relation 


Pia Peg +p, = 1. 


The condition for the orthogonality of two directions, p and 7, in n-dimen- 
sional space is 
pi 71 + Pom. +--+ + Pn Tn = O. 


The auxiliary form ® has the definition 


®(p, &, £’) = 2 Palys EE 


and satisfies four relations analogous to (7)—(10) of § 1. 

There will always be at least n — 2 independent directions q’, q’’, «++, ¢"~ 
orthogonal to both p and p’, which with p itself form a system of n — 1 
independent directions; and the last system of n — 1 directions determines a 
unique direction 7 orthogonal to each of them. The directions 7 and p are 
independent, and orthogonal to each of the directions q’, q’’, --:,q". 
Since every other direction having this property must be expressible linearly 
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in terms of p and 7, it follows that p’ must have the form 
pi =picoswtamsinw (¢=1,2,-++,n;0S0S9r). 


In order to satisfy the last restriction in the parenthesis it may be necessary 
to change the sign of the direction 7. 
If the directions a and a are defined by the equations 


Qa; = pi COS T + 7; Sin Tas on — p; sin tT + 7; COS T Ct = 72. eee Tee 


1 


the argument proceeds exactly as in $1, and the formula found for the E- 
function is 


Ety,p,?7') = (1 — cos w)Q(y, 4a, a), 


where a and a are defined by the equations just given for a suitably chosen 
intermediate value of 7 between 0 and w. 

All of the results of § 2 except the last can be proved for n dimensions in a 
manner analogous to that which is effective for three dimensions. The 
analogue of F; is a function defined by relations of the form 


Di De fy = Aix (¢,.b = 1, 25s ey), 


where Ax is the cofactor of Fy, in the matrix of these derivatives. In the 
equation corresponding to (16) for n dimensions the term independent of \ 
vanishes as before, and F, is the coefficient of the first power of \. Hence if 
Q is regular at a set of values (y, p) it will remain so in any neighborhood of 
those values in which F, is different from zero. But more than the require- 
ment that F, shall have a certain sign is needed in order to insure the regularity 
of Q. 


THe UNIVERSITY OF CHICAGO. 





THE SUBGROUPS OF THE QUATERNARY ABELIAN LINEAR 
GROUP* 


BY 


HOWARD H. MITCHELL 


1. INTRODUCTION 


With the possible exception of the binary modular groups there is no finite 
linear group which is of more importance in analysis and geometry than 
what is known as the abelian} linear group. In the investigations of Hermite 
and Jordan the coefficients were taken as rational integers reduced modulo p 
(a prime), in which case it is the Galois group of the equation for the p-section 
of the periods of hyperelliptic functions.{ It is also the group of isomorphisms 
of a certain type of commutative group and is isomorphic with certain systems 
of collineation groups.§$ 

For the case of four variables and the modulus 3, it is the group of the 
equation for the 27 straight lines on a general cubic surface|| as well as the 
group for the problem of reducing a binary sextic to the canonical form 7?—U?, 
One of the collineation groups with which it is isomorphic in this case is the 
quaternary G5929, which has received considerable attention. 

If the coefficients of the transformations, instead of being integers reduced 
modulo p=, are taken as marks of a general Galois field GF (p”) , a more general 
group is obtained which has been investigated by Dickson.{ This group 
requires an even number of variables and has a certain invariant bilinear 
function analogous to that for the ordinary continuous group in space which 

* Presented to the Society at New York, April 25, 1914. 

+ This group is called abelian on account of its connection with abelian functions. It is 
not commutative. * 

t Cf. Jordan, Traité des substitutions, pp. 171-186; 354-369; Witting, Mathematische 
Annalen, vol. 29 (1886), p. 157; Dissertation (G6ttingen, 1887); Burkhardt, Mathe- 
matische Annalen, vol. 88 (1891), p. 163. 

§ Cf. Jordan, loc. cit., pp. 420-450; Witting, loc. cit.; Burkhardt, loc. cit.; Dickson, these 
Transactions, vol. 1 (1900), pp. 30-88; the author, Bulletin of the Ameri- 
can Mathematical Society, vol. 20 (1913), pp. 184-1388. 

|| Cf. Jordan, loc. cit., pp. 316-319; Dickson, Linear Groups, pp. 303-807; Coble, Johns 
Hopkins University Circular (1908) no. 7, pp. 80-88. 


(Quarterly Journal of Mathematics, vol. 29 (1897), pp. 169-178, vol. 
31 (1899), pp. 3838-4; Linear Groups, pp. 89-109. 


379 


380 H. H. MITCHELL: SUBGROUPS OF THE [October 


has an invariant linear complex. It is called general or special according as 
this function is left relatively (to within a factor in the field) or absolutely 
invariant. The first has an invariant subgroup of order p” — 1 consisting of 
all the transformations which multiply each variable by the same mark of 
the field, and the second has for p > 2 an invariant subgroup of order 2 which 
contains a transformation changing the sign of each variable. The quotient 
group of the second with respect to its invariant subgroup of order 2, Dickson 
has denoted by the symbol, A (2m, p"), 2m representing the number of 
variables. For p = 2 the special group is itself represented by this symbol. 
These groups are simple except for m = 1, p” = 2, 3 and m = 2, p® =2:- 

The object of this paper is the determination of the maximal subgroups of 
the A(2m, p”) for m =2 and p > 2, although incidentally some other 
subgroups are noticed. For this purpose we consider the collineation group 
in a modular space* having an invariant linear complex. The group of all 
such collineations is (1, 1) isomorphic with the quotient group of the general 
linear group with respect to its invariant subgroup of order p”? —1. For 
p > 2 it contains an invariant subgroup of index 2, each transformation in 
which multiplies the linear function of the pliicker line coérdinates by a square 
in the field. This multiplier may be made unity by multiplying each coef- 
ficient of the collineation by the same properly chosen factor. This group is 
thus (1,1) isomorphic with the quotient group of the special linear group 
with respect to its invariant subgroup of order 2, i. e. with Dickson’s A (4, p”). 
We shall depart slightly from Dickson’s notation and shall represent the 
whole collineation group by A,(p") and its invariant subgroup by Ai(p”). 

Although considerable work -has been done on the determination of the 
subgroups, the problem seems to have been completely solved only for n = 1, 
p =3.{ For the general case Dickson has found a complete list of conjugate 
operators,t and has discussed a number of the subgroups.§ He has also 
shown that for n = 1, p > 8 there is no subgroup of index less than 


pt+p+p+i.| 


The author has obtained a complete set of maximal subgroups in the general 
case. The possible subgroups whose orders are prime to the modulus p were 


* Cf. Veblen and Bussey, these Transactions, vol. 7 (1906), pp. 241-259. 

7 Dickson, these Transactions, vol. 5 (1904), pp. 126-166. Jordan had previ- 
ously shown that there was no subgroup of index less than 27 (loc. cit., pp. 319-329). 

tThese Transactions, vol. 2 (1901), pp. 103-138. 

§ These Transactions, vol. 1 (1900), pp. 91-96; vol. 4 (1903), pp. 371-386; vol. 5 
(1904), pp. 1-88; Quarterly Journal of Mathematics, vol. 32 (1900), pp. 
42-68; Bulletin of the American Mathematical Society, vol. 10 
(1903), pp. 178-184. 

|| These Transactions, vol. 6 (1905), pp. 48-57. Cf. also Jordan, loc. cit., p. 666, 
note L. 
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determined in a previous paper.* They were found to be the same as the 
ordinary finite groups which have an invariant linear complex. 

With the exception of a few groups which exist only for particular moduli 
the subgroups whose orders are divisible by p are found to be of two general 
types. Those of the first type are the A; (p*), if k is a factor of n, and the 
A, (p*), if 2k is a factor of nm. Those of the second type are analogous to the 
ordinary continuous groups which have an invariant linear complex. They 
have an invariant point and plane, a congruence (three types), a quadric 
(two types), or a twisted cubic. 

As a check on our list of maximal subgroups we find that they agree with 
Dickson’s{ for the special case n = 1, p = 3. For this case he found them 
to be of indices 27, 36, 40, 40, 45. We also find that for p" > 3 there is 
no subgroup of index less than p*” + p?” + p” +1, a result due to himt for 
m=1. 

2. GENERAL PROPERTIES OF THE GROUP 


There are three types of transformations of period p in 4;(p") if p > 3 
and two types if p = 3. The first, which we shall refer to as central elations, 
leave fixed all the points in a plane and all the planes and lines through a 
point in that plane. All the lines in the plane of fixed points which pass 
through the point of fixed planes belong to the invariant complex. 

The transformations of the second type leave invariant all the points on a 
line and every line of a flat pencil through each point of the axis. We shall 
refer to them as skew elations. 'The axis belongs to the complex as do also 
two of the above mentioned pencils. The codrdinates of these pencils need 
not be in the GF (p”) however. 

The transformations of the third type have a single invariant point, an 
invariant line through that point and an invariant plane through that line. 
All the lines in the fixed plane which pass through the fixed point belong to 
the complex. The path curves are conics in the fixed plane and twisted 
cubics outside of that plane. If p = 3 these transformations are of period 9. 

There are two types of transformations of period 2 in A,(p”).§ Both 
of them leave invariant all the points on each of two skew lines, but in the 
one case these lines are lines of the complex and in the other they are axes of a 
congruence contained by the complex. In the former case the coérdinates of 
these lines are or are not in the GF (p”) according as p” has the form 41 + 1 
or 41—1. In the latter case their codrdinates are always in the GF (p"). 

*These Transactions, vol. 14 (1913), pp. 123-142. This paper will be referred 
to as Transactions I. 

Tt Loc. cit. 

t Loc. cit. 


§ For a more general result see Dickson, Linear Groups, § 289; Annals of Mathe- 
matics, ser. 2, vol. 6 (1905), p. 148. 
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3. Groups CONTAINING CENTRAL ELATIONS 


We proceed now to prove 

THeorEeM 1. The only subgroups of A1(p") which contain central elations 
are: 

(1) growps having an invariant point and plane with codrdinates in the GF ( p”); 

(2) groups having an invariant line of the complex with codrdinates im the 
GF (p"); 

(3) groups having an invariant congruence hyperbolic with respect to the 
GF (p"); 

(4) growps of the same type and order as A,(p"), where k is a factor of n; 

(5) groups of the same type and order as A,(p*), where 2k is a factor of n. 

We consider a particular subgroup of A;(p") and suppose that the largest 
subgroup it contains which consists of central elations with common center 
and axial plane is of order p*. We denote such a group by (/,). I all 
the other centers of elations are in the axial plane of (£1), either that plane 
or a line in that plane through the center of (/;) must remain invariant. If 
this is not the case we may suppose the existence of a second group of elations 
( £,) with center not in the axial plane of (E£,). 

These two additive groups leave invariant in common the line joining their 
centers and the line of intersection of their axial planes. The group generated 
cannot by hypothesis contain an additive group of elations of higher order 
than p*. Hence its order on the line joining the centers must be 


7 p+ 1)p' (po — 1) 


or 60(p* = 3).* The group itself is of twice this order, since it contains an 
invariant reflection whose axes are axes of the invariant congruence. We 
shall first assume either that p* > 3 or that if p* = 3 no group of order 2-60 
of this type is present. The exceptional case will be considered later. 

In the general case, if the invariant complex be pis, + po3 = 0, every group 
of the sort described may be shown to be conjugate under A, (p”) with that 
generated by 


(By): | ay, a + Ate. tes tel, CEe) | 21, G2, Ate ote, als 


where J takes all values in the GF (p*). 

Either the invariant congruence of this group must remain fixed or else 
there will be elations with centers not on either of the two axes. We denote 
one such group of elations by (£3). The line through its center which is 
in the congruence is a line of the complex and hence must be in the axial 
plane of (£3). 





* The binary modular groups for the general Galois field were first determined by E. H, 
Moore and Wiman. For a new determination of these groups and for references to the earlier 
‘work the reader may consult a paper by the author in these Transactions, vol. 12 
(1911), pp. 207-211. 
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The center of (£3) must be in one of the p* + 1 planes conjugate with 
the axial planes of (/,) and (£,) under the group generated by them. 
For the group (#3) cannot be commutative with both (#,) and (E,) and 
hence we may suppose that it is not commutative with (E,). Hence (£2) 
and (#3) must generate a group of the same sort as the above and tbis will 
contain an invariant reflection. This reflection and the one commutative 
with (£,) and (2) must generate a dihedral group of order 2p under which 
the reflections are conjugate. If the center of (3) does not lie in one of the 
p* +1 planes mentioned above, its center will be conjugate under this group 
with a point on the line joining the centers of (£,) and (,), which is 
distinct from any of the p* + 1 centers on that line. But this is impossible. 
Hence the center of (£3) must be in one of the p* + 1 planes and we may 
suppose that it is in the axial plane of (/,). 

Since the group generated by (£,) and (,) is invariant under all trans- 
formations of the form 


[aay + Bag, 2,23, yar + da], 


where a, B, y, 6 are any marks of the GF (p”) such that a6 — By = 1, it 
follows that we may choose the center of (#3) as (1100). In order that 
(E,) and (£3) shall generate a group of order (p* +1)p*(p* —1) the 
latter must be given by 


[ay +A(a3 + a4), 2 +A(a3 +24), U3, wg]. 


We then find that the group of the points in the invariant plane, a, = 0, 
is of order (p* +1)p*(p* —1)- p**. There is in addition a group of 
elations of order p* leaving fixed all the points in a, = 0. For in the group 
generated by (£,) and (£3) are contained all the transformations 


[v1 +A(as +24), 2 — N(X3 — 4), Hg, Xa]. 


The group conjugate with (3) under the reflection commutative with ( E£,) 
and (E,) is 


[21 — A(az3 — %4), Te +A(Az — Xs), Uz, V4]. 


As products of these we obtain a group of elations of order p* having (1000) 
and a, = 0 for center and axial plane. Hence the group generated by (1), 
(E.), and (£3) is of order p** (p** — 1). 

If now (1000) and 2, = 0 do not remain invariant there must be a 
group of elations (H£,) with center not in a, = 0. Its center must lie in at 
least one of each set of p* +1 planes similar to those considered above. 
Hence it must lie in one of the lines through (1000) in which p* + 1 of 
these planes meet. There are p™ of these lines and they are all conjugate 
under the group generated by (Fi), (E2), and (£3). Hence we may take 
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a center on x, = 0, 23 = 0, and since that group is invariant under any 
elation with center (1000) and axial plane x, = 0, we may suppose it to 
be (0001). The group (£,) must then be given by 


ee ete AX, + 2x4]. 


Under the group now generated there are p** + p?* + p* + 1 conjugate 
groups of elations, their centers being the points with codrdinates in the 
GF (p*). The subgroup which leaves (1000) and a, = 0 invariant must 
be of order at least 1/2(p* — 1) - p**(p?* — 1). For the group generated 
by (£4) and the additive group having (1000) and a, = 0 for center and 
axial plane must contain the transformation | ea, v2, 73, € + a4], where e is 
a primitive root in the GF(p*). In a, = 0 this is an homology of period 
o* — 1, whereas in the group generated by (F,), (H2), and (#3) there 
are no homologies in that plane of higher period than 2. 

The order of the whole group generated must then be at least 


wD al) De un er ole 


But this is exactly the order of A,(p*) and all four groups of elations are 
contained by that group. 

If Ai (p*) is a subgroup of A;(p”), k must be a factor of n, and if A, (p*) 
is a subgroup of Ai(p"), 2k must.be a factor of n. The groups of either of 
these types form a single conjugate set under A,(p"). If n/k is odd the 
groups of the type of A:(p*) also form a single conjugate set under Ai(p"). 
If n/k is even, the groups of the type of Ai(p*) or A,(p*) each form two 
conjugate sets under A, (p”). 

The subgroup of all transformations in A;(p") which leave invariant a 
point and a plane through it whose coérdinates are in the GF (p") is of order 
1/2 p'"(p" —1)(p" —1). The subgroup of all such transformations 
which leave invariant a line of the complex with coérdinates in the GF (p") 
is of the same order. The subgroup of all such transformations which leave 
invariant a congruence which is hyperbolic with respect to the GF (p”) is of 
order p*” (pp? — 1)?. The groups of each of these three types form a single 
conjugate set under Ai(p”). 

We still have to consider the case where p* = 3 and the group generated 
by two elations is of order 2-60. Such a group is generated by 


(Ey) : [21, te + 23, 23, ta]; (Eo) :[a1, 2, te +23, 24], 


where 7? = — 1. It may be proved just as in the general case that the centers 
of all elations which can exist must be in one of the axial planes of this group. 
We consider therefore a third elation, whose center and axial plane we may 
take to be (1100) anda; +a, =0. It must generate with (.) a group 
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of order 2-12 or 2-60. The reflection invariant under this group is 
(R):[— 4 + 2ae, 22, 23 + 204, — x4]. 
The group generated by (£;) and (E,) contains the transformation 
(S):[a1, tte, — tx3, v4]. 


It is readily found that the group generated by the elations which are 
conjugate with (/#,) under the group generated by (R) and (S) contains 
a group of elations of order 3? having (1000) and a, = 0 for center and 
axial plane. But this is contrary to our assumption that p* = 3. 


4. Groups CONTAINING SKEW ELATIONS BUT NO CENTRAL ELATIONS 


We establish the following theorems: 

THEOREM 2. Any subgroup of A1(p") which does not contain central 
elations cannot contain two skew elations with different axes if the axis of either 
as a fixed line of the other. 

If £, and FE, are two skew elations with the same invariant complex and 
such that each leaves fixed the axis of the other, then it is easy to prove that 
E;' Ey! E, E, is a central elation. -If HE, leaves fixed the axis of E,, but EF, 
does not leave fixed the axis of F,, then Ey' FH, FE, and F, will have different 
axes but each will leave fixed the axis of the other. Hence a central elation 
will appear in this case also. 

THEOREM 3. In any subgroup of Ai(p") which does not contain central 
elations any two skew elations with different axes must leave invariant in common 
either all the lines of a regulus or the two axes of a congruence. 

Two skew elations with different axes must leave invariant the two axes 
of a congruence if their axes intersect, one of which is in the plane of their 
axes and the other of which passes through the point of intersection of their 
axes. If their axes do not intersect they must leave invariant at least one line 
in common, since their product can leave fixed no points which are not on a 
line left invariant by both. If they leave invariant only one line in common 
there must be in all cases among the products of their powers transformations 
with two fixed points on that line. Some power of such a transformation must be 
a skew elation having the invariant line for axis. But this is impossible, since 
its axis would be left invariant by the skew elations which generate the group. 
Hence the two generating skew elations must leave invariant either the two 
axes of a congruence or all the lines of a regulus. 

THEOREM 4. Any subgrowp of A1(p") which contains skew elations, but 
no central elations, and which leaves invariant the two axes of a congruence, must 
be (1,1) or (2,1) tsomorphic with the groups of the points on the two axes, 
with the exception of three groups of order 2-4-3, 2-4-12, 2-4+24, which exist 
forp =3. 
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We notice that if there are any transformations which leave invariant all 
the points on one axis, the group generated by them must form an invariant 
subgroup. If there are any such transformations which are of period p on 
the second axis either they are central elations or some of their powers are 
central elations. The group on an axis cannot contain an invariant subgroup 
of order prime to p except for p = 3, in which case it must be of order 12 
or 24. This readily leads to the exceptional groups noted in the theorem. 

THEOREM 5. Any subgroup of Ai(p"), which contains skew elations but 
no central elations, and which leaves invariant the two axes of a congruence, must 
contain subgroups of order 1/2 p(p? — 1) which leave invariant all the lines of a 
regulus, provided that no point on either axis remains fixed. : 

Any group of the sort described in the theorem must contain one or more 
subgroups which are of order 1/2p(p? — 1) on each axis of the congruence. 
In such a subgroup there will be skew elations whose product is of period 2 on 
each axis. But any such transformation in A;(p”) may easily be shown to 
be a skew perspectivity leaving fixed all the points on each of two lines in the 
congruence. Since the product of the two skew elations can leave invariant 
no point which is not on a line left invariant by both, it follows that they must 
leave invariant in common all the lines of a regulus. 

THEOREM 6. Any subgroup of Ai(p") containing an additive group of 
skew elations of higher order than 3, but no central elations, must leave invariant 
a point and plane, a congruence, or a quadric. 

An additive group of skew elations with a common axis will leave invariant 
either a pencil of lines (i. e., all the lines of the pencil) through each point 
of the axis, two pencils neither of which -belongs to the complex, a single 
pencil belonging to the complex, or no pencils whatever. We denote the 
largest subgroup of the whole additive group which leaves invariant a pencil 
through each point of the axis by H” and suppose that its order is p*. 

If no point or line remains invariant under the group, H” must be con- 
tained either by a group leaving invariant all the lines of a regulus or by a 
group leaving invariant the two axes of a congruence. The latter must 
however contain subgroups of the former type and some of these will contain 
H™, The largest group containing H” which leaves invariant all the lines 
of a regulus must be of order 1/2p* (p’* — 1), p*(p** — 1), or 60 (p* = 3). 
We denote one such group by G™. 

If there is another skew elation having the same axis as H™, it must 
generate with G a group having an invariant congruence. This congruence 
cannot be parabolic, since in that case there would be skew elations present 
having but one invariant line in common. The group generated must be of 
order 1/2p"(p"" — 1) or p™(p’ —1) on each axis of the congruence, m 
being a multiple of k. We denote this group by G‘® and its additive sub- 
group of order p”, which is commutative with H”, by H™. 
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The group G°® must contain subgroups of order 1/2(p" — 1) or p™ — 1 
on each axis of the congruence, which permute the operators of H‘® among 
themselves. Some of these will contain cyclic subgroups of order 1/2 (p* — 1) 
or p* — 1 which belong to G. These are skew perspectivities which leave 
invariant all the points on each of two axes of elations in G”. A group of 
order 1/2(p"— 1) or p™ —1 which leaves two such axes invariant must 
be of period on each of them greater than or equal to p* +1.* The period 
will clearly be greater than this unless m = 2k, in which case it may con- 
ceivably be 1/2(p* +1). In this case however G” would contain a skew 
perspectivity of order p* — 1 and hence would be of order p*(p?* — 1). 
It therefore contains also skew perspectivities of order p* +1. Under G°® 
one of these would be commutative with the one of order p* — 1. Hence 
the period on the two axes of elations could not in this case be less than p* + 1, 

If now there are other skew elations which have the same axis as H, 
there must be other groups of the same sort as G‘° containing G”. There 
must then be more than one cyclic group leaving fixed two particular axes of 
elations in G\” and the period of neither on these axes can be less than p* + 1. 
The group generated by these cyclic groups must in all cases cohtain trans- 
formations which are of period ~ on each axis. Either such a transformation 
is a skew elation or else a power of it is a skew elation. But this is impossible 
since it would leave fixed the two axes of elations in G™. 

Hence in all cases the whole additive group of skew elations having a com- 
mon axis must leave invariant either a pencil through each point of the axis 
or else two pencils. We will show that in the latter case a congruence (the 
invariant congruence of G‘”) must remain invariant. Suppose this is not 
the case. Then there must be an elation with axis not in the congruence. 
It must generate with H™ a group having either an invariant congruence or 
else an invariant regulus. In the former case there will be in the group 
generated subgroups of the latter type and not more than one of these can 
be in G°®. Any one of these must be of order 1/2p* (p?* — 1), and one of 
them must generate with H‘” a group of order 1/2p"(p’" —1). The axes 
of the invariant congruence of this group will meet the axis of H‘ in the 
same points as the axes of the invariant congruence of G°, i. e., the two points 
through which pass the two invariant pencils. 

Hence H‘ will be left invariant by more than one metacyclic group, for 
the whole metacyclic group in a G which leaves H“ invariant can leave 
invariant but one congruence, as may be readily shown. The group generated 
by two transformations which permute the operators of H‘® in the same way, 
but which have different invariant congruences, will contain skew elations 





* G() cannot now be of order 60, since G(@ would in that case contain a subgroup of order 
360 permuting the same ten axes of elations and hence leaving the same regulus invariant. 
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with the same axis as H‘, which permute the lines of the two pencils. But 
this is impossible, as shown above. 

We suppose finally that the entire additive group of skew elations is identical 
with H”, i. e., leaves invariant a pencil of lines through each point of the 
axis. We will show that if p* > 3 a regulus (the invariant regulus of G%) 
must remain invariant. For if there be a skew elation not in G™ it must 
generate with H™ either a G or another G”. In the latter case the two 
G® must generate a G®. If p* > 3 every G® contains an additive group 
of order p”, where m is a multiple of k. If p* = 3 there are exceptional G 
of order 60, 2:60, 2-4-3, 2-4-12, 2-4-24. That of order 2-4-3 may be 
generated by two skew elations whose axes intersect and contains no G™. 

It is perhaps worth while here to discuss briefly the groups which have an 
invariant congruence or an invariant regulus. If the congruence is parabolic, 
or if it is hyperbolic with respect to the GF (p”), such groups are subgroups 
of subgroups which contain central elations. If the congruence is elliptic 
with respect to the GF (p”), there are no central elations in A;(p”) which 
leave it invariant. The order of the largest subgroup of A1(p") which 
leaves one Of these congruences invariant is p?”(p*” —1). The totality of 
all such subgroups is a single conjugate set under A, (p”). 

There are two types of reguli, all the lines of which belong to the complex. 
In the one case there are two real lines of the conjugate regulus which belong 
to the complex and in the other these two lines are conjugate imaginary with 
respect to the GF (p"). The largest subgroup of Ai(p”) which leaves a 
regulus of the former type invariant is (p” +1)p"(p" — 1)?. In the other 
case the largest subgroup is of order (p” +1)? p"(p" — 1). The groups of 
each sort form a single conjugate set under A;(p"). Neither of them is a 
maximal subgroup for p"” = 3. In that case the former leaves invariant 
both a hyperbolic and an elliptic congruence and the latter is a subgroup of a 
group of order 960 to be discussed later. 

THeorEeM 7. If p =3 every subgroup of Ai(p") which contains skew 
elations but no central elations must leave invariant a point and plane, a congruence, 
or a regulus with the exception of two groups of order 16-60 and 16-120. The 
latter 1s a subgroup of Ai(3") only of n is even. 

We first consider those subgroups which contain G of order 2-4-12 or 
2-4-24. Each of these contains Cy, which are the identity on one axis of 
the congruence and are of period 2 on the other. We will show that any 
reflection which is conjugate with the invariant reflection of this subgroup 
must be commutative with it, 1. e., must interchange its axes. 

Suppose first that there are two such reflections whose axes intersect. 
Their product will then be a skew elation. Consider a C, of the sort described 
above which is commutative with one of these reflections. It will either 
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transform the skew elation into another one having the same axis or will 
transform it into another one whose axis is left fixed by the first. In the 
first case there would be an additive group of skew elations present of higher 
order than 3. The second case is impossible by a previous theorem. 

Suppose now that there are two such reflections whose axes do not ‘ntersect. 
If they do not interchange each other’s axes their product cannot be of period 
less than 4. They must leave invariant in common all the lines of a regulus, 
since their axes are axes of congruences contained by the complex. A (C4 
having one of them for its square must generate with the other a group which 
leaves two of the lines of this regulus invariant. If no additive group of higher 
order than 3 is present the group on each of these lines must be of order 24. 
But there must then be present reflections of the type considered whose 
products are skew elations. 

Hence in any case two reflections which are squares of such Cy must inter- 
change each other’s axes. The only groups which can contain G® of order 
2-4-12 or 2-4-24 may then be shown* to be two groups of order 16-60 and 
16-120 having an invariant Gg. 

We suppose finally that the only G which can be present are of order 60 
or 2-60. We may then prove much as in Transactions I (under Theorem 13) 
that there must be commutative C3. The proof that the R, A, and B of 
that discussion must leave invariant two lines in common is different, but 
may be made easily geometrically. But we have considered here the case 
where commutative (3 are present. 


5. GROUPS WHICH CONTAIN NO CENTRAL ELATIONS AND NO SKEW ELATIONS, 
BUT WHICH CONTAIN SKEW PERSPECTIVITIES OF HIGHER PERIOD THAN 2 


The determination of the groups which contain no central elations or skew 
elations may be made much as in Transactions I, pp. 125-134. This is 
especially the case when the groups contain skew perspectivities of higher 
period than 2. Most of the general properties of the groups as stated there, 
p. 125, still hold if transformations of period p with a single fixed point are 
present. There are however the exceptions that if p = 5 two skew perspec- 
tivities of period 3 which generate a group of order 60, in which the operators 
of period 5 have each a single fixed point, leave invariant but one line in 
common. Also two reflections whose product is of period p can have but one 
fixed line in common. Much of the discussion is simplified on account of 
the limitation of the present discussion to those groups which have an invari- 
ant complex. Aside from this the differences are very slight. The results 
may be summarized as follows: 

THEOREM 8. Any subgroup of Ai(p") which does not contain central 

* Cf. Transactions I, p. 128. 
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elations or skew elations, but which contains skew perspectivities of higher period 
than 2, has either an invariant regulus or congruence or else is a group of one 
of the following orders: 16-120, 16-60, 360, 720, 2520, 5040. Those of order 
16-60 and 360 exist in every A, (p"), that of order 16-120 only for p" = 8h + 1, 
that of order 720 only for p" = 12f + 1, that of order 2520 only for p = 7, and 
that of order 5040 only for p = 7 and n even. 

The groups occurring here which have invariant reguli or congruences are 
subgroups of those previously discussed. In the case of the groups of order 
16-120 and 16-60, the axes of the five reflections contained by the invariant 
Gis which are axes of congruences must have coérdinates in the GF (p”). 
The axes of the other ten are lines of the complex and must be real or conjugate 
imaginary with respect to the GF (p") according as p” has the form 4/1 + 1 
or 41 —1. These ten reflections are in the Gi¢.120 the squares of skew per- 
spectivities of period 4, which exist in 4;(p”) only if p? = 8h+1. 

A Gig.120 18 generated by 


SU Sa en | a0 0b Pe Oto) ieee a 
WS Ween At 0ab0 On El haa OA SOs 
take ai OSD usr Oe Lele aie — Lore ee 
Te ee b00d SU EE | O71, O81 


where a + d= 2, a? + 2b? + d? =0. These groups always exist in A, (p”) 
and form a single conjugate set under that group, and (if they exist) two 
conjugate sets under A;(p”). The subgroups of order 16-60 always exist 
in A;, and if p" = 8h + 3, they form a single conjugate set under A). 

To determine when the other groups are subgroups of A, we distinguish 
two cases according as the axes of the skew perspectivities of period 3 are 
real or conjugate imaginary with respect to the GF (p"), 1. e., according as 
p” = 3k +1 or 8k —1. The Gg may be generated by three such C3 of 
which two are commutative and the third generates a Gy. with one and a Go 
with the other. If their axes are real we find that (if we consider conjugacy 
under A, ) they may be taken to be 


(1000)(0100), COLO 0 0010 tj 
CL.0:0:09;C ODM 0g COTO09 C00 01s 
CO TD) 0 ieaaie (0 -—211)(-—201-1). 
A G29 containing this Gg must also contain the reflection whose axes are 
(1200)(00172), (1 —700)(001 —7), where 2? +1=0. These are 
axes of a congruence and hence the G729 are subgroups of A, only if they are 


real, i. e., if p?” = 41 + 1, and hence p” = 12f + 1. 
If the axes of the C3 are conjugate imaginary with respect to the field, i. e., 
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if p” = 3k — 1, we may take the G60 to be generated by the three C3, C3, 
Cz , C;’ where one axis of C3 is 


foo OTa.0y. 
one axis of Cy is 

(010)(100 a) 
and one axis of C4’ is 


(1 — Aa, — a, — aw’, w — aw) (1,a +X, aw? + rw, w”) 


where w +o +1 =0, ace’ =1, dA = — 1, a’ and 0’ being the conjugates 
of ~and). The Gyo must also contain the reflection whose axes are 


(ia, 1, , taw) (1, 1a, aw, w*) 
and 
(—ita,1,w, —iaw) (1, — ia, — iaw’, w*). 
These must be real and this is the case if 2 does not exist in the field, i. e., if 
p™ = 4I — 1 and hence also p” = 12f — 1. 

Hence A, has primitive subgroups of order 360 in all cases (p > 3), whereas 
it has primitive subgroups of order 720 only if p? = 12f+1. These groups 
form each a single conjugate set under A,, whereas the Gyo (if they exist) 
form two conjugate sets under Aj, and the (ge (if the G729 do not exist) form 
a single conjugate set under 4,. 

The Go520 has an invariant complex only if p = 7 and the Gso40 exists only 
in this case. The axes of the (3 are then real and we may take the first choice 
of coérd nates for a subgroup of order 360. The G2529 must also contain the 
C3 whose axes are (1200)(0031) and (1300)(0021). The Goso 
is generated by the G79 and this C3. It appears in A; only if mis even. In 
this case A; contains two conjugate sets of Gs5o49, whereas if 7 is odd it contains 
a single conjugate set of Ge520. 


6. GROUPS WHICH CONTAIN NO CENTRAL ELATIONS, NO SKEW ELATIONS, 
AND NO SKEW PERSPECTIVITIES OF HIGHER PERIOD THAN 2 


The results to be obtained in this section may be summarized in the following 
theorem. 

THEOREM 9. The only subgroups of Ai (p”) which contain no central elations, 
no skew elations, and no skew perspectivities of higher period than 2, are sub- 
groups either of groups previously considered or of a group of order 1/2p" (p*” — 1) 
having an invariant twisted cubic. 

The groups of this type whose orders are prime to p and which do not have 
an invariant congruence or regulus are of order 16-5, 16-10, 16-20, 60, 120. 
These are subgroups respectively of groups of order 16-60, 16-60, 16-120, 
360, 720. It is only necessary to consider the groups which contain trans- 
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formations of period p. We may also in consequence of the discussion in 
Transactions I, p. 132, assume that these groups do not contain reflections 
whose axes are axes of congruences. We may also suppose that no trans- 
formation other than the identity can leave fixed the axes of more than one 
reflection. It may also easily be shown that two cyclic groups can have no 
transformations (other than the identity) in coramon unless both are con- 
tained by a larger cyclic group. 

We consider an additive group of order p” and suppose a transformation 
in this additive group to be 


S: [a + aae + baz + x4, Te + dary + ens, X3 + fas, 24), 


where a+0,d+0,f+0. If pis + po3 = 0 is invariant we must have 
a+f=0, b—e+df=0. If the additive group is invariant under a 
metacyclic group there must be present transformations such as 


Li | ots tere = ose tay 


the period of which is a divisor of p” —1. The transformation 7-1 ST 
must be commutative with S. For otherwise if we denote 77! ST by S81, 
then S~ Sy' SS; would be either a central elation or a skew elation. This 
leads to the conditions a = §®,b+e=0. 

We inquire next under what conditions the cyclic group of order d; gener- 
ated by 7 can be invariant under a group of order 4d, which contains trans- 
formations making a cyclic permutation of period 4 on the vertices of its 
invariant tetrahedron. ‘This leads to 6! = 1 and hence d; = 5. 

If now we denote the order of the whole group by Q, it is clear that there 
must be in the group (p™ — 1)Q/d, p™ additive transformations. If d; > 3 
any maximal cyclic group of order d; can be invariant only under groups of 
order d,, 2d,, or 4d,, and in the last case we must have dj = 5. In the 
same way any other maximal cyclic group of order d; can be invariant only 
under groups of order d;, 2d;, or 4d;, and in the last case it may easily be 
shown that d; can be divisible only by primes of the form 4/-+1. There 
must then be (d; — 1) Q/f; d; transformations in each conjugate set of cyclic 
groups, where f; = 1, 2, 4. 

If we attempt to enumerate the transformations which the group must 
contain we are led to the diophantine equation 


= 1+ (pm — 1) Q/di p™ + 2 (di = 1) O/fe ds 


This equation is slightly different if the metacyclic group is of order 2p™ 
or 3p”, for transformations of period 2 or 3 which leave the additive group 
invariant may be contained by cyclic groups of higher order which do not 
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leave it invariant. Hence if the first denominator were 2p” or 3p” we could 
conclude only that d; is divisible by 2 or 3 respectively. The first would 
give an equation of essentially the same type as that considered in Trans- 
actions I under Theorem 14 and no solutions exist which correspond to groups. 
The second leads to either r = 2, f; = fo = 2orr =2,f1 = 2,f2 = 4. 

Since p” must have the form 6f + 1, and since d; and d, can have no odd 
factor in common, it follows that in the first of these two cases d2 = 2. If 
d, = 6, we obtain Q = 3p”, which is impossible. Hence di;2=9. This 
leads to p™ < 12 and hence p” = 7. We then have d,; < 14 and conse- 
quently dj = 9, 12. For d,; = 9 there is no solution, whereas for d, = 12 
we obtain Q = 168. This solution however can correspond to no group, 
since there would be seven cyclic groups of order 12 and hence the invariant 
reflection in any one of these groups wou'd have to interchange the axes of 
each of the other six reflections of the same sort. This is easily seen to be 
impossible. 

In the second case, since fo = 4, it follows that d; must be divisible by 12. 
Since Q must be the least common multiple of 3p”, 2d,, and 4d., we have 
O= 2p" d; dz. This leads to 


Ad, dy + 6p” ds + op” dy e=aty + yack dy dy. 


If 4d; dz is the largest term on the left, it follows that p” < 12 and hence 
p™ = 7. We then conclude that either d; < 28 or d, < 14, and hence that 
d; = 12, 24 or d, = 5, 13. None of these leads to a solution. The same 
result is obtained if 6p” dz or 3p™ d; is supposed the largest term on the left. 

We now take up the discussion of the general case. If no f; has the value 4, 
the equation may be solved exactly as in a previous paper by the author.* 
The only solutions which need concern us here are: 


Oe 4 Feats 2s dy = 5(p™ — 1), dy 
aval 1); 

’ fi =fe = 2, r= 7° dg =p” +1, 
Q = pr(p" — 1), 


It will be shown later that there are groups which correspond to these two 
solutions. 

We now suppose that at least one f; has the value 4. If f; = 4, then (as 
shown above) d; = 5. Then one of the d’s, say dz, must be divisible by 4 
and hence fo = 1, 2. It is evident from the equation that f, = 2 is the 
only possibility, since otherwise the sum of the coefficients of 2 on the right 
would exceed unity. It may then be seen from the equation that r = 3, 


*These Transactions, vol. 12 (1911), p. 210. 


pages an OY 
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f3s= 4. Hence d; can be divisible only by primes of the form 41 + 1, and 
since d; = 5, it follows that d3 (13. Since p”™ « 11, we find that d, = 4. 
The order, 2, of the group must be the least common multiple of the denomi- 
nators, 5p”, 20, 8, 4d3, and hence must be 40d3 p”. This leads to 


10p” + 8d3 ya! -+- ds p™, 


which may readily be shown to be impossible. 

We now suppose that fj; = 1, 2. If now any other d;, say d:, is even, 
we must have fo = 1,2. Thisleads tor = 2,so that nof; can be4. Hence 
d, must be divisible by 4 and we then find r = 3, f; = 2, fe = fs = 4. 

We observe that in this case the order of the group must be given by each 
of the two expressions, Q = d; p”(1 + kp”) = 2d; d, d3 p”™. We may also 
obtain another expression for 2 by multiplying the number of reflections 
by the order of the group leaving a particular reflection invariant. There 
are d, reflections commutative with a particular reflection and d; — 2 other 
reflections commutative with each of these. The given reflection must be 
contained by two metacyclic groups of order d; p”, each of which contains 
p™ — 1 other reflections. It must also be contained by d,/2 groups of order 
4d, and d;/2 groups of order 4d3 which contain respectively d, — 1 and d3 — 1 
other reflections. Hence we must have 


Q = 2di[1 + di(di — 1) +2(p™ — 1) + $di (de — 1) + $d: (ds — 1)]. 
Comparing this with one of the orders given above we find 
2d, (dy — 2) + (4p" — 2) + did, + dids = p™(1 + kp™). 
Also 2d.d3 =1-+kp™. Since d; < p™ and since we may suppose that 
dz « 5, d3 < 18, it follows that 
(4p" — 2) + did2 + dids < ¥s'5 p™ (1 + kp™). 


Hence 
2d; (d, — 2) > 435 P™ (1 + kp”). 


This leads to k = 1, 2;d, = p™ —1. We then find from the equation given 
above that dz + d3; — 4 must be divisible by p”. Hence we may suppose 
that d3 > p™/2. But this is impossible since 2d. d3 } 1-+ 2p". Hence 
no solution exists if any f; has the value 4. 

We proceed to construct the groups of order 1 /2p (p’'" —1) and 
p™ (p’™" —1). We may suppose that the former contains the transformations 
S and TJ written above, where a+f=0, b—e+df=0, b+e=0, 
a = B®. We then obtain, by transforming S by the powers of 7’, the trans- 
formations 


[arr + aya, + by? a3 + cy a4, 2 + dyaz3 + ey? a4, ws + fryers, 2X), 


1914] QUATERNARY ABELIAN LINEAR GROUP 395 


where y denotes any power of 8?. There are 1/2(p" —1) such trans- 
formations and they must generate the group of order p”. There must be 
among these transformations some whose product is also in the set unless 
p=5,m=1. This leads to the condition, 3c = — ab. [This may also 
be proved in the special case by a consideration of the other additive group 
left invariant by 7’. | 

If for the present we consider conjugacy only under A,(p"), we may 
choose a and d to be arbitrary marks in the GF (p”) different from 0. We 
suppose therefore that a =d=1. The additive group then contains the 
transformations: 


? i ? 
E = tq + 9g ts — & Fas Xa + tx3 — 9X4, Xs — t4 , |, 


where ¢ takes all values in the GF (p”). 

The cyclic group generated by 7 must also leave another additive group 
invariant. Since the fixed points of the p”-+ 1 additive groups must be 
(1000), (0001), and the p™—1 points (— 8/6, —#/2, —#, 1), 
we find this additive group to be 


(a1, 3a, + 2%, 6 a1, + 4tr. + 23, — 6a, — 6f x. — 3tx3 + a4]. 


The largest group of this type which belongs to A;(p”) is that of order 
1/2p” (p’*" — 1) obtained for m = n.. They form a single conjugate set 
under A; (p”) and may be said to correspond to the ordinary three-parameter 
continuous groups which have invariant twisted cubics. 


7. SUMMARY 


We are now in a position to summarize our results. In the statement 
which follows we have, in a few places, denoted the order of Ai(p") by 
Q(p"). 

THEOREM 10. The maximal subgroups of Ai(p”) are as follows: 

(1) groups of index Q(p")/Q(p*), each of which is conjugate under A, (p") 
with A, (p*), where n/k is an odd prime; 

(2) growps of index Q(p")/2Q2(p*), each of which ts conjugate under A, (p") 
with A, (p*), where n is even and n/k = 2; 

(3) a single conjugate set of growps of index p™ + p” + p" +1, each of 
which has an invariant point and plane; 

(4) a single conjugate set of growps of index p** + p"™ + p” +1, each of 
which has an invariant parabolic congruence; 

(5) a single conjugate set of growps of index p"(p" + 1)/2, each of which 
has an invariant hyperbolic congruence; 

(6) a single conjugate set of growps of index p’”(p'” — 1)/2, each of which 
has an invariant elliptic congruence; 
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(7) asingle conjugate set of growps of index p®” (p’” +1) (p" +1)/2[p">3], 
each of which has an invariant quadric such that all the lines of one regulus and 
two real lines of the other belong to the complez; 

(8) asingle conjugate set of growps of index p*” (p?” + 1) (p” — 1)/2[p">3], 
each of which has an invariant quadric such that all the lines of one regulus and 
two imaginary lines of the other belong to the complea; 

(9) a single conjugate set of groups of index p"(p™ —1)[p >3, p" >7], 
each of which has an invariant twisted cubie; 

(10) two conjugate sets of growps of index Q(p")/16-120 ifn = 1,p = 8h+1, 
and a single conjugate set of groups of index Q(p")/16-60 of n = 1, p = 3 or 
8Sh+ 3. 

(11) two conjugate sets of groups of index Q(p")/720 ifn =1,p = 12f +1, 
a single conjugate set of groups of index Q( p")/3600 ifn =1,p = 5or12f +5, 
p+7, and a single conjugate set of groups of index Q(p")/2520 af n = 1, 
peal, 

The Gso49 is not a maximal subgroup of 4,(7") for any n, but is a maximal 
subgroup of A,(7). Similarly for p = 12f + 5, p + 7, the Gyo is a maximal 
subgroup of A,(p), and if p = 3 or 8h + 3 the G4g.120 is a maximal subgroup 
of A,(p). For p” = 5,7 the groups of index p*"(p*” — 1) are subgroups 
respectively of the G3g9 and the Gos20. 

We observe that for p” = 8 the maximal subgroups are of index 40, 40, 
45, 36, 27, which agrees with Dickson’s result (loc. cit.). Also we find that 
the smallest index of any subgroup is p*” + p” + p” + 1 except for p” = 3, 
in which case it is 27. Hence we have 

THEOREM 11. The smallest number of letters on which A,(p") [p odd] may 
be represented as a permutation group is p*” + p’” + p" + 1 except for p” = 3, 
in which case rt 18 27. 

This result is due to Jordan for n = 1, p = 3 and to Dickson* for n = 1, 
j Uae 

UNIVERSITY OF PENNSYLVANIA. 


* Loc. cit. 








TRANSFORMATIONS OF CONJUGATE SYSTEMS WITH EQUAL 
POINT INVARIANTS * 


BY 
LUTHER PFAHLER EISENHART 


In a recent memoir} we have established a transformation of a surface S 
into a surface S; such that the lines joining corresponding points form a 
congruence whose developables meet S and S; in conjugate systems with equal 
tangential invariants; we have called it a transformation Q. In the present 
paper we consider a transformation of a surface S into a surface S; such that 
the developables of the congruence of joins of corresponding points meet S 
and S; in conjugate systems with equal point invariants. In both cases the 
fundamental operation is the transformation of Moutardt of an equation of 
the Laplace type with equal invariants, just as this transformation lies at the 
base of the various types of transformations in which the two surfaces are the 
focal sheets of a W-congruence. We identify the transformation under dis- 
cussion with one which is involved in part in a theorem established from a 
different point of view by Koenigs, who at the time was considering an en- 
tirely different problem.§ We make a detailed study of this transformation, || 
because it seems to be the foundation of certain important transformations 
which have been established in other ways and it points the way to other 
important transformations. The transformations K admit a theorem of 
permutability just as the other two general types of transformations referred 
to above. So far as we know every class of transformations of surfaces of a 
particular kind into surfaces of the same kind is reducible to one of these 
three types. Consequently we not only know the basis for the existence of a 
theorem of permutability in the known particular transformations, but in 
subsequent investigations we shall have a more immediate method of estab- 
lishing such a theorem for transformations under consideration. An example 
of this is given at the close of the memoir. 





* Presented to the Society, April 25, 1914. 

{ Conjugate systems with equal tangential invariants and the transformation of Moutard, 
Rendiconti del circolo matematico di Palermo, vol. 38. 

tJournal de l’école polytechnique, cahier 45 (1878), p. 1; cf. also, 
Darboux, Lecons, vol. 2, p. 145. 

§Comptes Rendus, vol. 113 (1891), p. 1022. 

|| Referred to in the following pages as a transformation K. 
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We show that transformations K are commutative with certain radial 
transformations, under which the points of a surface are transformed along 
lines which are concurrent. These transformations enable us to deduce the 
general theorem of permutability for transformations K from a special case 
in which the four surfaces consist of two pairs of associate surfaces, that is, 
two surfaces corresponding with parallelism of tangent planes and such 
that to asymptotic lines on either correspond a conjugate system on the 
other. 

Although the treatment of §§ 1-5 is stated in terms of ordinary space, the 
results are equally true in n-space, if we substitute for a surface referred to a 
conjugate system a reseau, as defined by Guichard* and use the term con- 
gruence in the restricted sense given to it by this author. 

The remainder of the memoir deals with ordinary space. It is shown that 
each pair of surfaces in the relation of a transformation K gives rise to four 
surfaces , 21, 22, 2’, such that the pairs of surfaces 221, DL, D1 D’, Ze D’ 
are the focal surfaces of W-congruences, and conversely, when four \surfaces 
are so related there exist four pairs of surfaces each pair of which are in the 
relation of a transformation K , 

In order to apply the transformations K to particular types of surfaces it is 
desirable to put the equations in the form developed in §9. The memoir 
contains one application, namely the solution of the problem of determining 
when S and S; envelop a two-parameter family of spheres. It is shown that 
in this case S and S; are isothermic surfaces in the relation of the transformation 
discovered by Darbouxy{ and studied at length by Bianchi.t The theorem 
of permutability of these transformations is an immediate:consequence of our 
general theorem. 

The closing section of the memoir contains the solution of the problem under 
what conditions does the congruence of joins of corresponding points on two 
surfaces in the relation of a transformation K possess other pairs of points 
which describe surfaces similarly related. It is shown that, if a congruence 
possesses more than one pair of such points, it possesses an infinity of 
pairs. 

In a subsequent memoir we shall consider the case where the joins of corre- 
sponding points on two surfaces S and S, form a normal congruence and we 
shall show that the surfaces orthogonal to such a congruence admit a trans- 
formation of the Ribaucour type. 





*Annales de l’école normale supérieure, sér. 3, vol. 14 (1897), pp. 
467-516. 

tAnnales de l’école normale supérieure, sér. 8, vol. 16 (1899), pp. 
491-508. ; 

tAnnali di Matematica, ser. 3, vol. 11 (1908), rp. 93-158. 
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1. FUNDAMENTAL TRANSFORMATION 


By definition if 2, y, z are the cartesian coérdinates of a surface S referred 
to a conjugate system with equal point invariants, these functions are solu- 
tions of an equation of the form 





8A | Alog vp a8 49 log Vp 06 a 


(1) du dv Ov Ou Ou Ov 0, 


where p is in general a function of w and 0. 
In accordance with the transformation of Moutard*, if @ is any solution of 
equation (1), the function & defined by the equations 


dé 06 Oa 0g 00 Ox 
9 ae ee SAA Ag ye AED ee Fe ee eee 
(2) du p( 25. ax), dv (2 05) 
is the solution of another equation with equal invariants. In fact, if we 
differentiate the first of (2) with respect to v, we find readily that € is a solu- 
tion of the equation 
; 6’ A logvp 906’ A log p00" _ 
) dudv dv Ou du dn 





If in (2) we replace £ and x by the quantities 7 and y respectively, and also 
by ¢ and z, the functions 7 and ¢ so defined satisfy equation (8). 

When the functions £, 7, ¢ are replaced by Aw1, Ayi, A21, the necessary and 
sufficient condition that the surface S;, whose codrdinates are 21, y1, 21, 1S 
referred to a conjugate system is that \ be a solution of equation (3). We 
assume that ) is such a function and write equations (2) in the form 


0 00 Ox 0 00 Ox 
(4) jy (att) = ~ (252-052), $,(h1) = (25. — 05). 
It is readily shown that a1, yi, 21 are solutions of 
ao 0 A d¢ 0 A Od 
= pars : wide 
(5) Ou Ov zi Ov log Vp9 Ou are 4 


LO =a => 
du 8 og dv 
Hence the parametric conjugate system on S; has equal point invariants. 
We denote by M and M, corresponding points on S and S; and by 20, yo, 20 
the codrdinates of a point Mo on the line joining M and M,. Evidently 








(6) wm=x+t(a—2), Yy=ytt(y—y), Z2=z+it(2a—z2), 


where ¢ is a function of u and v. 
By means of equations (4) the first derivatives of 2) assume the form 





* Loc. cit. 
Trans. Am, Math. Soc. 27 
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-[(Ea) reo) 
m= (+5 eee) bre 0 evn sel iene) 
Bo ~ | 
dr \ du mete Cus” 
= a8) 
rA\dv Pav] 
It is our purpose to show that \ can be so chosen that the developables of 
the congruence (G) of lines joining corresponding points M and M, meet the 
surfaces S and S; in the parametric conjugate systems with equal point 
invariants. 


In the first place we observe that 1 is a solution of equation (1) and conse- 
quently it follows from (2), on replacing x by 1, that the equations 


(8) OdA/duw' = — p 00/du, Od/dv = p 00/dv 





(7) 





Oxo pe Ox ot 
=| 1 -+(1 +2) [24 (m-2)(F Sah 


are consistent and that the function X so defined is a solution of equation (8). 
If we substitute this value of \ in equations (7) and give to ¢ either of the 
values 

(9) t=A/(A— pO), te =A/(A+ pf), 

we obtain respectively 


Jao/Iu — AYo/Iu _ A%0/du O2x9/00  AYo/AV __ O20/dv 
mM—- 2 yW—-y mB’ m—-e YW-y wu—Z 











Hence the parametric ruled surfaces of the congruence (G) are developable. 

Furthermore, if fF; and F2 denote the focal points whose coérdinates are 
given by (6) when ¢ is replaced by ¢; and ¢, from (9), it is readily shown that 
M and M, are harmonic to F, and F2. 


For the function \ ar a equations (8) the equations (4) assume the form 
0x1 p Ox 0x1 sp Ox 
(10) SF =x P| (a1 — 2) ag a + OS" =|, = ~ 8 (a 2)$ x). 0m ll 


The foregoing results are stated in 

THEOREM 1. When a surface S referred to a conjugate system with equal 
point invariants is known, and also any solution 6 of the point equation of S, 
the coordinates of a surface S; can be found by quadratures (10), and this surface 
S; as such that the developables of the congruence of lines joining corresponding 
points on S and S; meet these surfaces in conjugate systems with equal point 
envariants. Moreover, the focal points of the congruence are harmonic to the 
corresponding points on S and S,. 
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From (10) it follows that the necessary and sufficient condition that the 
tangents to the parametric curves on S and S, at corresponding points be 
parallel is that 6 be constant. From equations (8) it follows that \ also must 


be constant. If we take @ = — X = 1, equations (10) become 
Ox, Ox Ox, Ox 
at ou au? ov. Pan’ 


These equations show that in this case S and S; are associate surfaces.* More- 
over, it is known that the corresponding conjugate systems on any two asso- 
ciate surfaces have equal point invariants and their equations are of the 
form (11). Hence the problem of associate surfaces is a special case of the 
general problem which we are considering. 


¢ 


2. THE THEOREM OF KOENIGS. THE TRANSFORMATIONS K 


In this section we show that by means of equations (10) we obtain the 
most general surface S; such that the congruence of lines joining corresponding 
points of S and S; possess the properties indicated in Theorem 1. We begin 
by looking upon the congruence (G) as composed of the tangents to the 
curves » = const. on a surface So, whose codrdinates are 2%, Yo, 2 and on 
which the parametric system is conjugate. 

Luc'en Levyt has shown that the cartesian coédrdinates x, y, 2 of any 
point M of a line of the congruence (G) which describes a surface S cut in a 
conjugate system by the developables of (G') are expressible in the form 


me 20) Bee ove Bi al a AS 
(12) ae mre Ou” mee da. Ou’? OT ae 
Ou Ou Ou 


where @ is a solution of the point equation of So, namely 


Oo 
Ou Ov 





Oo Oo 
(13) peadietectOra ae 0. 


Moreover, each solution of this equation leads to such a surface S. 
We consider a second surface S; with codrdinates x1, y1, 21 given by 


Ae 1 9x9 H 91 9Yo de 91 O20 
(14) cy = Lo — do, Ou ’ Y1 —— Yo on: do1 du ) 21 = 29 do1 ay ’ 
Ou Ou Ou 


o, being another solution of (13). 


*. p. 380. A reference of this kind is to the author’s Differential Geometry, Ginn and 
Company, Boston (1909). 

+ Sur quelques équations linéaires aux derivées partielles, Journal de l’école poly- 
technique, cahier 56 (1886), p. 77. 
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For the sake of brevity we put 
1 do . 1 do 
MinGrhase, Naber 
(14’) 


0a Ob 
h=—2 + ab, k=a tab. 


Thus h and k are the invariants of equation (13). It follows from (13) and 


(14’) that 
aM aN 


(15) Ju =h— MN, a Ae 


In accordance with the theory of the Laplace transformation* of equation 
(13) the coédrdinates of the other focal point of the congruence (G) are of the 
form 


The condition that the focal points be harmonic with respect to the corre- 
sponding points on S and S;, whose coérdinates are given by (12) and (14) is 


(16) Ni+N =0, 


where N, is given by (14’) when a is replaced by «1. If we express the con- 
dition that N;, satisfies an equation analogous to the second of (15), we have 


(17) M, = M — 2k/N, 
where M, is given by (14’) when a is replaced by o1. If we require that M, 
satisfies an equation analogous to the first of (15) we get 


ON _ ,,O logk 
Ou Ou 





(18) +7 (MN — k). 

Whenever equations (13) and (18) admit a common solution a, this function 
and o;, which follows by quadratures from (16) and (17), determine two sur- 
faces S and S, in the relation of a transformation K. 

Later ($11) we shall consider the conditions under which equations (13) 
and (18) possess a common solution. Now we are interested in showing 
that when these conditions are satisfied the codrdinates of the two surfaces 
are in the relations expressed by equations (10). 

From (12) we obtain by differentiation 


se f(s (a 
jue eNO Ouz du du dv, /)’ 


(19) 
ae _ 6 (26) (= 22 or 38) 
do." \ du ~ Ov Rey dv }* 





* EK. p. 404. 
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The expression for 0? 2/du dv obtained from either of these equations can 
be put in the form 


(2 v) elk 
x (22)"( 92% dx du\du — Ou? a 


9 2 Leind piel sh 
(20) du Ov Ou Ov Ou a N Ov / 








A necessary and sufficient condition that this equation be of the form (1) 
is that there exist a function p defined by 


0 log Vp ne (22) "w2e 











Ou Ju Ov’ 
en aby _ 4 (Sys 
0 log Vp tel! Ou Ou 

pee ee N 


It is readily shown that these equations are consistent if equation (18) is 
satisfied. Owing to the fact that the relation between S and Sj is reciprocal, 
it follows that the parametric system on S; also is conjugate with equal point 
invariants. Hence we have the theorem of Koenigs:* 

THEOREM 2. If two surfaces S and S, are so related that the focal points of 
the congruence of lines joining corresponding points M and M, on these surfaces 
are harmonic with respect to these points, and also of the developables of the con- 
gruence meet S and S, in conjugate systems, the latter have equal point invariants. 

Now we show that coérdinates the of S and S; are in the relation of equa- 
tions (10). 

Since o; determined by quadratures from (16) and (17) is a solution of equa- 
tion (13), it is evident from (12) that the function @ given by 


a Oo; o 
99 = ate, Sy a = 
Ou Ou 


is a solution of equation (20). 

The first derivatives of @ are given by equations obtained from equations 
(19) on replacing 29 by oi; and from these same equations on substituting o; 
for o we get the first derivatives of x,;. When these values are substituted in 
equations (10), they are satisfied, provided that 


foedaaNi oc gor fy | 8 
(23) So 8( 36 au ce al emt Si WP 
Ou Ou 


When this expression for ) is substituted in equations (8), we are led to equa- 
tions (21). Hence we have 





* Loc. cit. 
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THEOREM 3. The transformation (10) of a surface S into a surface S, is the 
most general case of pairs of surfaces in the relation of Koenags. 

In view of this result we shall hereafter say that S; given by (10) is obtained 
from S by a transformation K . 


3. THEOREM OF PERMUTABILITY 


Suppose that we have two solutions 6; and 62 of equation (1) and consider 
the two surfaces S; and S_ which arise from S by transformations K; and Ke 
determined by @; and @2 respectively. The codrdinates Tis Yrs 2 and 22, Y2, 22 
are given by equations of the form (10), namely 


Oc ltee 
Hi =| (2 2)5 aa + 85 |, 


(24) (i= loys 
Ox; 


B= -£| (x 2) Ft OF | 
where, in accordance with (8), 


Os 0, Ns «B 
du =~— ou? ov PO a 











(25) (¢=1, 2). 

From (5) it follows that the functions 2;, y;, 2;, defined by (24) and similar 
equations in y; and z;, satisfy the corresponding equation 
od; 9, Ai Od: rN; Od; 


ee ~ tos ;=1, 2). 
du dv ae a te © 8p 8; 82 epee 








(26) 





It is evident from (4) that these equations are satisfied also by the functions 
6, and 6, respectively, defined by 


ae 00; 00; 
(0m) = — (4 du - 652), 


(<1 
(27) Z 26, 28, (Cea is). 
$(Gr:) = 0( 6 2 - 05) 


As thus defined each of the functions 6; is determined only to. within the 
additive function c;/A;, where c; is an arbitrary constant. Hereafter in 
using pairs of functions 6; and 6, simultaneously we understand that the 
constants c; are so determined that 


(28) eNO he = 08 


which evidently is possible because of the form of (27). 

It is our purpose to show that, if we use the functions 6; and 6, to determine 
transformations K, and Kj, of S; and S» respectively, the resulting surfaces 
coincide, giving a surface S’ with codrdinates 2’, y’, z 
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In the first place we observe that if we put 
(29) pi = Xj /p0;, 
equations (26) may be given a form similar to (1). Hence for the trans- 
formations K; and K, the equations analogous to (25) are 
an, NdgeN me ONY LXer ae. 


30) du-——sp8 Ou’— ss D—S—«i®— DD 











(ime ft). 
In order that the transforms of S; and S, may coincide, equations analogous 
to (24) necessitate the conditions 
Ox Ox Ox 
aed ca ~ 2) 3 “ = | = 2 (2 -m)5; 40,52], 


Oa’ e Pl | 06; F 02, - p2 005 02> 
a > REIN a ep ar a \--2 (aan Os sa |: 


(31) 


If we substitute in the second equation of the first row the expressions for 
06, /du and 0x;/du given by (24) and (27), we obtain 


06; 9, 0% Ay 9; 1 1 00, 
ie (a5 6 m P+ tex tx) | Tetag B+ 052 | =0, 


where for the sake of brevity we have put 





ee | eee mcm (= us ne) - i 1 & 
sacar: ki 67 6, +4) +575 | PASAT eC CH 
In a similar manner we obtain from the second row of (31) the equation 
06; 19:/ 1 1 062 
GH (i, — bigs )P + (ara ta) |S — act Mae | > O 
The equations of condition (32) and (84) are satisfied if P = 0 and if 
(35) - Ai 61 + Az O2 = 0. 


We shall show that these conditions are satisfied and lead to the desired result. 
If we differentiate equation (35) with respect to uw and v separately and re- 
quire that the functions }; shall satisfy (30), we find that we must have 


(36) Ni 61 = Ar (0; + 02) — ro A, Ae 02 = Ao (O2 + 01) — ra Or. 














In consequence of (28) these equations are consistent with (35) and further- 
more these expressions for \; satisfy equations (30). 
Because of (36) the equation obtained by equating P to zero is reducible to 


(37) Ar 6, av! = OF Ar we + Az Oo 1 — Ao 41 Xe, 
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which, in consequence of (28) and (35), is equivalent to 
(38) Me As q = 05 de H 0 + de A; H 0 M1 As 4 ons 


With the aid of equations (36) it is shown that the value of 2’ given by (37) 
satisfies equations (31). Hence not only does S’ exist satisfying the above 
requirements, but its codrdinates can be found without quadrature after 6; 
and 6, have been obtained by the quadratures (27). 

We shall say that four surfaces S, S;, S., S’ in the above relation form a 
quatern. From (37) it is evident that the corresponding points on the four 
surfaces lie in a plane. 

From the form of (27) it is seen that 6; is determined to within the additive 
quantity c/\1, where ¢ is an arbitrary constant. The first of equations (36) 
shows that the corresponding change in Xj is the addition of c/@,. Hence if 6; 
is a function giving a surface S’ and if we denote by S, the surface determined 
by 6, + c/d1, the codrdinates a,, y,, 2, of S, are expressible in the form 


ew 0, a c) x. = (6; Ni + Ce ok M1 As NO ae No 6, U2; 
which may be written also 
(39) (Aj 01 + e)a, = cr +i 2". 


Hence all the corresponding points on the family of surfaces S; lie on the 
line joining M and M’, and each point divides the segment MM’ in the ratio 
c/M 0; ° 

The foregoing results may be assembled into 

TueorEeM 4. Jf S; and S2 are two surfaces arising from S by transformations 
K, there can be found by a quadrature an infinity of surfaces S’ each of which is 
in the relation of transformations K with both S; and S,. The corresponding 
points on the suite of surfaces S' lie on a line which passes through the corresponding 
point on S and in the plane determined by the latter point and the corresponding 
points on S; and So. 

We consider in particular the case when Sj; is an associate surface of S. 


As shown in § 1 this arises when we take 6; = — dj =1. Now. equations 
(27) for i = 1 become 

ao _ saa 

au du’ Die we, 


Comparing these with (25) and making use of (28) we see that 
66 = —dh+e, 6, = —1+c/ro. 


Hence if we take c = 0 the surfaces S. and S’ are associate. In this case 


1914] TRANSFORMATIONS OF CONJUGATE SYSTEMS 407 


equation (37) can be written 


(40) Oo (x — 21) = Ao (t2 — 2). 
There’ore we have 

TueoreM 5. If S and 8S, are two associate surfaces, and if S» is any surface 
arising from S by a transformation K , there exists a surface S’ associate to S2 
which vs in the relation of a transformation K with S,; moreover, the lines joining 
corresponding points of S; and S’ and of S and S, are parallel. 


4. ENVELOPE OF THE PLANES OF A QUATERN 


We have just seen that the four corresponding points M, M,, M2, M’ of 
the surfaces of a quatern S, 8;, S2, S’ lieina plane. Since this plane contains 
the lines 17M, and MM, which generate congruences whose developables 
meet S in a conjugate system, it envelopes a surface upon which the curves 
corresponding to these developables form a conjugate system, as follows from 
the general theory of conjugate systems and congruences.* Moreover, if II 
is the point of the envelope corresponding to the point M on S, the tangent 
at II to one of these curves passes through the focal points F, and F; of the 
lines MM, and MM, respectively, and the tangent to the other curve passes 
through the other focal points F;’ and Fy’. Since the set of points M, M,, 
F,, F\; are harmonic and likewise the points VM, M., F, 3’, it follows that 
the line joining M, and M, passes through II. As the surfaces S and S’ bear 
to S; a relation similar to that of S; and S, to S, it follows that the point I 
lies also on the line MM’. 

If X, Y, Z denote the codrdinates of II, in order that it be the intersection 
of the lines MM’ and M, Mz, there must exist functions o and 7 such that 


(41) X=2x+a(e —xr)=%1+7(t2 —-%1), 


and similar expressions for Y and Z. If we eliminate 2’ from equation (37) 
and from the equation formed by the last two members of (41), we obtain 
an equation of the form ax + ba, + cx, = 0. Since the same equation is 
satisfied by the y’s and 2’s, the expressions a, b, and c must be zero. These 
equations are consistent in consequence of (386) and give the expressions 


ek Gn we 8 AS ae 
FE 2 Sais OY Bers Cr.) 


o 


When these values are substituted in (41), we obtain 


(42) xy owe’ — Me Ni Oo %1 — Ag 81 Xe 





Ai 61 — 61 a1 7 1 G2 — do A4 ‘ 


which are consistent because of (37). 
* Cf. Guichard, loc. cit., p. 491. 
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From (6) and (9) it follows that the coérdinates of the focal points, namely 
ai, Yi, 2, and x;, y;, z; for 7 = 1, 2, are given by expressions of the form 
» Ages + psa 
i DN + 8: 
Hence the direction-parameters of the lines F; F;, F;’ F:’ are proportional to 
expressions of the form 


X1 Ai (Ao = pz ) —= deo (At — p01) + px (rx b — do 61), 
®1 Ai (Az + pbs) — x2 Ao (Air + pA1) — px (Ai G2 — r2 41), 


respectively. With the aid of these values it is readily verified that the 
point whose codrdinates are given by (42) is the intersection of the lines 
Fike andaral.s 

From the second expression (42) for X we obtain by differentiation 


Pi AGRE epee 
(43) Xv; ae r; Sr pO; d v 








(4 =1, 2). 


(44) 








OX 
pipe [a1 Ar (Az + p82) — we deo (Ar + p81) + px (O12 — 02 21)] Ki, 
(45) 
OX 
a = [xy Ar (Ae — pO2) — Xe Ae (Ar — pb) — px (81 r2 — 4 A1)] Ke, 
where 
00; 08. 06; 002 
0.-—— — 05 —— 6.——' — 6; —— 
(46) ee Ou Ou Ov Ov 


Ke = é 
(012 — 6203)?” 2 (0122 — 021)? 


Comparing equations (44) and (45), we note that the curves v = const. 
on the envelope are tangent to the corresponding lines F’ Fy and the curves 
u = const. to the lines F; F:, as previously remarked from the general theory. 
As the congruences of lines M’ M; and M’ M, bear to the surface S’ a relation 
similar to that of the lines 17M, and MM, to S, the focal points on the lines 
M’' M,; and M’ M,j lie on the tangents to the curves v = const. or wu = const. 
It follows that the two tangents at a point II are harmonic with respect to the 
lines MM’ and M, M; through the point. 

In order to find the equation satisfied by the codrdinates of II, we differen- 
tiate the first of equations (45) with respect to v. After direct reductions we 
find that 














00; 00, 
pe Mepis im” MRR abe 
Ou Ov ky Ou 6; 2 — As Mi Ou 
(47) 
06; 005 
K, | 0 log Vp d2 By t 13 OX 
K Ov 0, 2 a A, v1 “Ov a 


It is evident that ordinarily the invariants of this equation are not equal. 
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We inquire whether the point II ever coincides with one of the suite defined 
by equation (39) for all values of wand v. If we equate this value of 2. to 
the second expression (42) for X, we are led to the condition 6; \1 = — cc, 
which by (27) necessitates 62/6; = const. In this case S; and S2 are homo- 
thetic. 

Gathering together the above results we have 

TuHEorREM 6. If S, S:, So, 8’ are four surfaces of a quatern, the plane II of 
four corresponding points M, M,, Mz, M’ touches its envelope in the intersection 
II of the lines MM’ and M, Mz; the parametric lines on the envelope form a 
conjugate system (with invariants ordinarily unequal) whose tangents are har- 
monic to the lines MM’ and M; Mz and contain the focal points of the ines MM,, 
MM., M’ M,, M’ M,. 


5. RELATIONS BETWEEN TRANSFORMATIONS K AND RADIAL TRANSFORMATIONS 


If w is a solution of equation (1) which is linearly independent of x, y, 2, 
the surface S whose coérdinates #, 7, Z are given by 


(48) f= ¢/ 0, G= y/o, Z2= 3/0 


is referred to a conjugate system with equal point invariants. In fact, it is 
easily shown that the coérdinates of S satisfy the equation 


an) 
Ou Ov 





a a0. A a0 
(49) + 5, logVpws, +5 log \pw = 0. 
We shall say that S is obtained from S by a radial transformation. 
If 6 is a function linearly independent of x, y, z, and w, we shall find that 
the surfaces 8; and S; resulting from S and 3 by transformations K , deter- 
mined by 6 and 6 respectively, where 


(50) 0 = 6/w, 


are in the relation of a radial transformation. In fact, we shall show that 
the coédrdinates 21, yi, 21 and 21, 91, 2; of S; and S; respectively are in the 
relations 


(51) 1 = X1/w1, fi = 91/1, 21 = 21/01, 


where w is given by the quadratures 


(2) aE op oe], Se —2l (a, — 0) 24 0]. 


As equations (52) are of the form of (10), it is evident that they are consistent 
and that w, is a solution of the point equation of S,;, namely (5). 
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The equations of the transformation from S to S;, analogous to (10), are 
1 ee] (4 _2) 2 (2) @ >(2) 
ae oN wo. w)du\w hea : 
ha pe] (2-2) 2 (2) gee =) 
Outro oN 1 Ov rae sy ils 


When the value of #, from (51) is substituted in (53) and in the reduction 
equations (52) are used, it is found that the necessary and sufficient condition 
that these equations be satisfied is that , 


(53) 





(54) X=a12. 


With the aid of equations (52) it is readily shown that this value of } satisfies 
the equations 


On 5.02000 On 0 (80 

0) ou - pts (2), oo «PO wi (é }} 
which are analogous to equations (8). Hence we have 

THEOREM 7. If two surfaces S and S are in the relation of a radial trans- 
formation and a transformation K of S is known, i is possible to find by quad- 
ratures a transformation K of 8 such that the new surfaces S, and 8, are in the 
relation of a radial transformation. 

If in particular 9 = w, it follows from (55) that X is constant. When we 
take \ = — 1, equation (54) becomes 





(56) et TNS 


which we have seen in §3 is a solution of equation (5). With the aid of 
equations (8) it can be shown that this value of w satisfies equations (52). 
Now @ = 1, consequently Si is associate to S, as shown in $1. From these 
results we have 

THEOREM 8. If a surface S is subjected to a radial transformation deter- 
mined by a function 6, and if the associate of the resulting surface, determined 
by the parametric conjugate system, undergoes a radial transformation determined 
by — dX, where d is gwen by the quadratures (8), the new surface S; and S are 
un the relation of the transformation K determined by 0. 

Suppose now that we have a quatern of surfaces S, Si, S., S’, expressed 
in terms of the same functions appearing in § 3. If 62 determines a radial 
transformation of S, a comparison of equations (52) and (27) reveals the 
fact that the function w; = — 6;. On the other hand w= —1/d.. Again, 
since the radial transformation function of S; differs only in sign from the 
function 6; of the transformation of S; into S’, it follows that w’ = 1/X}. 
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Hence the four surfaces S, S;, S2, 8’, whose 2-codrdinates are respectively 
of the form 


(57) % = 2/02, 1 = — 21/61, Zo = — ote, f=, 2', 


are radial transforms of the surfaces of the original quatern; and these surfaces 
themselves form a quatern of the special type of Theorem 5, the surfaces 
S and Sz» being associate and likewise 8; and S’. The transformation func- 
tions of this new quatern are 
6:=6:/6, MmM=—MH; &=—-M=1; H=-M=—-1; 
(58) : a 
OrvrAL Ore Az = — 41/62. 


It is readily shown that these functions and the codrdinates (57) satisfy 
equations analogous to (37) and (38). 
In like manner the four surfaces whose coérdinates are of the form 


/ / 
x/64, — 1%, — 22/02, de 2’ 


form a quatern in radial relation to the corresponding surfaces of the other 
two quaterns. 

Accordingly we have 

THEOREM 9. When a quatern of surfaces is known, two other quaterns can 
be found without quadratures, each of which consists of two pairs of assocrate 
surfaces. 


6. W-cONGRUENCES ASSOCIATED WITH A TRANSFORMATION K 


We consider a surface S and the associate surface Sp whose coordinates 
Xo, Yo, Zo are given by quadratures of the form 


Oxo Ox Oxo Ox 
ns eo eee eke 
2) dus—“‘(ié‘i OO 


as follows from (11). These codrdinates are Anbar of 


80. A log Vp d% , A log Vp 44 


(60) dudv. Ov du Ou dn’ 








as is readily shown, if we note that z is a solution of equation (1). If we put 
(61) o = 60/ Vp, 


the function ¢ is a solution of the equation 


eo - @ /1 
eo2) du dv = aa \ Je. 
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In accordance with the theory of infinitesimal deformation of surfaces the 
surface 2, whose coérdinates £, 7, ¢ are given by quadratures of the form 


0g Oy Oz 0& Oy Oz 


oy au au Mau? = 0 an — MG” 
corresponds to S with orthogonality of linear elements.* For the sake of 
brevity we say that D is the ortho-surface of S determined by So. 
By means of (59), equations (63) are reducible to 
eae te ie) EE 2) 
leet ere ~ 2 (2 du au ), dv (x dv oy )° 
If we put 
(65) ty = Vpa, yo = VpB, zo = py, 


the functions a, B, vy are solutions of equation (62) and equations (64) assume 
the Lelieuvre form 


LI fo lle 3") OF _ ov =) 
x66) 5 = (852 - 150 : OU ln eye > Nie ; 

In like manner there is a surface Sj associate to a surface S, resulting 
from S by a transformation K and its coérdinates, x10, y10, 210, are given by 


02X10 0x1 OX10 0x1 
(67) Mi a ate Sag. oe one 


where, as follows from (29), 
(68) pi = 0*/pl?. 


- It can readily be shown that the four surfaces S, So, S1, S10 satisfy the re- 
quirements of Theorem 5, so that So and So are in the relation of a trans- 
formation K. In fact, in this case equation (40) becomes 


(69) 6(a19 — %) = A(X — 2). 


If the expressions (10) for 0a,/du and 0x,/0v be substituted in (67) and 
(a, — x) be replaced by its value from (69), we have 


06 XX 0x 


0 06 XA2x> 
(70) BH eo) 0a lees 


fe) 
Bp 6 O10) ay Oey skp En 
In a manner analogous to (65) we put 
r 
(71) vi IN are 
As defined by equations (8), the function X is a solution of equation (60). 
*E., p. 382. 
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Consequently the function o, defined by 

(72) a1 = d/%p, 

is a solution of (62). In consequence of equations (71), (72), and (8), equations 
(70) can be written in the form 


0a ae), 


a da day 
ifs) pines La (52 - du i} 


S (ores) = (e192 — a oA, 
Moreover, the codrdinates £1, 41, ¢, of 21, the ortho-surface to S; determined 
by Sio, are given by the quadratures 


0&1 OVAL poe) Of dv1 061) 

eo ou -(4.92 Ge) Ov -( 6 dv a 

From these results we know that 2 and 2, can be so placed in space that 
they are the focal surfaces of a W-congruence, and that the following rela- 
tions hold: . 
teen rh = dhe I ae OL Vs 

Ceri Oy — ay B.* 

Each solution of equation (62) determines a surface associate to 2. We 


denote by po: the associate surface corresponding to the solution o; given by 
(72), and by Doe the associate surface determined by the solution 


(75) 


76) o2 = 1/%p. 


The first of these gives rise to the W-congruence whose focal surfaces: are 
x and 2. The surface Yo, determines an ortho-surface to 2, namely S, 
whose coordinates #, 7, Z are 


(77) %= 011, G=1fP1, Z2=017171; 
where a1, 81, Y1 are given by (71). The surface Sp whose coédrdinates are 


(78) Zo = a/oi, Go = B/oi, Zo = Y/01; 


is associate to S and is an ortho-surface of 21.+ 
The equation for 2; analogous to (62), namely 


gd? 3: —- 3 Pey\ee 
ue) a = Pao WE)” 
admits the solution 1/oi1. This solution determines an associate surface 
of 2; which leads to the ortho-surface So of 2;. Moreover, the joins of corre- 


sponding points on this associate surface and Yo, are concurrent. t 


* Cf. E., pp. 417-420. 
{ Cf. E., p. 420. 
t Cf. Darboux, Lecons, vol. 4, p. 69. 
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We observe that 1/ Vp; also is a solution of equation (79). We denote by 
Dio the surface associate to 2; determined by this solution. If we apply the 
Moutard transformation of the form (73) to 1/7Vp, we obtain 1/Vp,;. In 
fact, it is readily shown that the equations 


0 ( 1 ) (« oft) 1 =) 
O02 | feral pee ae ; 
du\ + Vp1 ‘Ou Vp Vp Ou 


0 1 ap il 1 do, 
alee) = (omg oe) 
reduce to equations (8). Making use of results which we have established 
elsewhere,* we have 
THEOREM 10. The surfaces Do. and L140, associate to DY and y, and deter- 
mined by 1/ Vp and 1/ Vp; respectively, are such that the lines joining correspond- 
ing points on these surfaces form a congruence whose developables meet them in 
the conjugate parametric system, which has equal tangential invariants; and the 
lines of intersection of the tangent planes to Xo2 and X49 form a congruence whose 
developables are parametric and whose focal planes are harmonic to these tangent 





(80) 


planes. 

We say that two surfaces, related as Lo: and 9 are in this theorem, are 
in the relation of a transformation Q. 

We turn to the consideration of the W-congruence, determined by the 
solution g2 = 1/ Vp of equation (62), of which > is one of the focal surfaces. 
Since S is the corresponding ortho-surface of 2, the functions az, B2, Y2 for 
the second sheet 2» are given by the equations 


(81) a = Vp x, Bo=Vpy, v2 =Ypz, 

which are analogous to equations (77). These functions are solutions of the 

equation a 
dg (Cte Vp 


(82) dudv Vp Iu dv ae 





as is readily shown. Moreover, from (59), (65), and (81) it follows that 


ie). (28 oe) 
DtbNE a A Rae tte me Ot lh 
a) (aces 1 da a1 
a3) = (sean > eae): 


which are of the same form as (73). 2. 
In like manner the function ¢, = 1/ Vp; determines a W-congruence for 


(83) 





*Rendiconti, loc. cit. 
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which >; is one of the focal surfaces. Since S; is the corresponding ortho- 
surface to D,, the functions a’, B’, y’ for the second focal sheet D’ are given by 
dr r r 
84 ’=AVp1a, = —-—=——21, = — = 1, CS ai. 
( ) a Pl 1 Vp 6 1 6 Np 6” oY; Vp 6 1 
It is easily found that the function 
(85) o; = Vp 
is a solution of equation (82). If we substitute in equations (10) the expres- 


sions for a, and 2 which follow from equations (81) and (84), the resulting 
equations may be given the form 





ui cal) = -( / OOt2 $2 ) 
Aa aa + 3 6u 6? Ou)? 
oO Ge =( , 0A do» 
EAE edi an): 


Comparing these equations with (73), we observe that the lines joining corre- 
sponding points on the surfaces D2 and >’ form a W-congruence, for which 
these are the focal surfaces. It remains to find the relations between the 
coordinates of these surfaces. 

From equations (65), (69), (71), (81), and (84), we obtain the relation 


(86) 


(87) al = at (a1 ~ as). 
Analogous to equations (75) are the following: 
ee ae ky pas — i = Bi XY YER; 
fis c Pacy 7 Ya . 


which are consistent in view of (87). From these follows also 


(88) 


r 
(89) emer ga th 81,72): 


From the foregoing results we have 

THEOREM 11. When a pair of surfaces S and S, in the relation of a trans- 
formation K are known, it is possible to find by quadratures four surfaces 2, 21, 
2X2, L’ such that the pairs 221, DL2, D1 DV’, Xo D’ are the focal surfaces of four 
W-congruences and the asymptotic lines on these surfaces correspond. 

We say that four such W-congruences form a quatern, which we indicate 
by Wiz, D1; Qe; Praline 

From this theorem we derive 

Trans. Am, Math. Soc. 28 


416 L. P. EISENHART : [October 


THEOREM 12. Four surfaces S, S,, S2, S’ forming a quatern under trans- 
formations K determine twelve W-congruences forming six quaterns of W-con- 
gruences. 

Let W (2,21, 23, 2’) and W(Z, 22, 23, 2’) be the quaterns determined 
by S and S,; and by S and S» respectively in accordance with Theorem 11. 
The pair of surfaces S; and S’ determine a quatern W(21, 24, D’, D’”’). 
But from the nature of the theorem of permutability it follows that there is a 
quatern W (22, 24, D’’, Z’”’) determined by S2 and S’. Furthermore, it is 
readily seen that these focal surfaces are so placed that there exist also the 
quaterns W (2, 21, 22, 24) and W(23, 2’, 2”, 2”). 


7. TRANSFORMATIONS K DETERMINED BY A QUATERN OF W-CONGRUENCES 


In this section we shall show that every quatern of W-congruences gives 
rise to four pairs of surfaces in the relation of transformations K. In doing 
so we make use of the results of Bianchi* concerning the determination of 
such quaterns. 

Let = be a surface referred to its asymptotic lines and defined by equations 
(66), where a, 6, y are linearly independent solutions of an equation of the 
form 

oo 
(90) ean Mo, 


M being a function of w and v in general. If 0, and o2 are two independent 
solutions of this equation, the functions a;, 61, y1 and a2, Be, 2, given by 
quadratures of the form (73), determine two surfaces 2; and 22 whose cartesian 
coordinates £1, 71, ¢, and £2, m2, ¢2 are expressible in the form (75). Moreover, 
the functions a;, B;, y: (1 = 1,2) satisfy the equations 


070; 0? LD A\e 
pk A pected 0 aa : (= Zoe 
(91) Ou Ov ee Ou (=) gs ee 





In accordance with the theorem of Moutard these equations are satisfied 
also by the functions o; and o2, defined by 
0 j 0 (0 cs) ,* , 0 [ a 
9 ——— =lc 2 —— — = => > ral a a 
(92) a (O11) ie ( ), 3p (71 91) oi ( iy 


O71 O71 


re) . 2 0 01 fe) , 2 fe) 01 
o ot a -oiz-(2), ap Caos ane Ce 
In the subsequent discussion we assume that the constants of integration are 
so chosen that 
(94) 0202 = — 9191, 
* Lezioni di Geometria Differenziale, Pisa (1903), vol. 2, pp. 71-74. 
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in which case we have 
Oe 1 Fike 1 
95 ey | 310s oo es 
(95) nen =) 72 Ou Ov \ a, 


Bianchi has shown that the functions a’, 6’, y’, defined by 


a’ =at+t(ai— a), Bb’ = B+t(f: — Bo), 


(96) 
VY =r7+t(n — x2), 
where 
02 O71 
(97) {= — a ~ Oe? 


satisfy equations (86), also the equations 


OR y= - (4 doi 
EY hot eae AEE Te eg he 


Sa ra [pe 
SE ania 000)? 
and analogous ones for #’ and y’, and finally also 


0? 6’ 
Ou Ov 


(98) 





(99) 





= M’ 6’, 


where M’ is the function equal to either member of (95). 
These functions a’, 8’, y’ determine a surface >’, whose codrdinates are 
given by 


B= E+t( boy — Bir), n =n+t(y2a1—- 142), 
f= o+1t(a2 Bi — a1 Be), 


such that 2, and 2’ are the focal surfaces of a W-congruence and likewise 
2 and &’ of another W-congruence. Hence we have a quatern of W-con- 
gruences W(2, 21, 22, 2’). 

We suppose that we have a quatern W(2, 21, D2, Z’) defined in this 
general way and we introduce three functions p, \, 0, defined by the equations 


(100) 


(101) o1=d/Vp, o2=1/vp, a2 =Vp0. 


In terms of these functions equation (90) can be given the form (62) and 
equations (93) reduce to (8). In accordance with (94) we have 


(102) o, = —0Vp/ = 1/Vp1, 


the function vp; being defined by this equation. 
In accordance with the general theory of W-congruences and infinitesimal 
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deformation of surfaces, the surfaces S and So whose codrdinates x, y, 2 
and 2, Yo, 20 are given by (81) and (65) are ortho-surfaces of 2 and 2 re- 
spectively. In like manner the surfaces S and So whose coérdinates #, 7, Z 
and Zo, Jo, Zo are of the form (77) and (78) are ortho-surfaces of 2 and 2; 
and S,; and S19, whose codrdinates 21, y1, 21 and 210, Y10, 210 are given by (84) 
and (71), are ortho-surfaces of =; and >’. Also the quantities %,, 71, Z, and 
£10, Y10, Z10 Which are of the form 


(103) % =Vp0a', 1 = ar/ V0 


are the coordinates of ortho-surfaces 8; and Sa of S» and D’ respectively. 

When the values of a2 and a’ given by (81) and (84) are substituted in (86), 
we obtain equations (4). Hence the surfaces S and 8; are in the relation 
of a transformation K. In like manner it can be shown that each pair of 
surfaces SS,, So Sio, So Sio are in the relation of a transformation K. More- 
over, it follows from Theorem 10 that each of the above four pairs determines 
a pair of surfaces referred to a conjugate system with equal tangential in- 
variants which are in the relation of a transformation (2, and the spherical 
representation of this conjugate system on any one of these surfaces is the 
same as of the asymptotic lines on one of the surfaces 2, 21, 22, >’. Hence 
we have 

THEOREM 13. If 2, 21, Ye, Z’ are the focal surfaces of a quatern of W- 
congruences, the eight associated ortho-surfaces of the former can be arranged into 
four pairs such that the surfaces of each pair are in the relation of a transformation 
K; moreover, each pair determines the quatern of W-congruences; also each pair 
determines two other surfaces which are in the relation of a transformation Q. 


8. EQUATIONS OF A TRANSFORMATION K IN ANOTHER FORM 


In applying the transformations K to particular types of sur’aces whose 
transforms are to be of the same type, it is frequently advisable to have 
the equations of the transformation in another form, which we will now 
establish. 

Let S be a surface referred to a conjugate system with equal point invariants, 
and let XY, Y, Z; Xi, Y1, Z; and X2, Y2, Zz, denote the direction-cosines of 
the normal to S and of the bisectors of the angles between the codrdinate 
lines. If one of these angles be denoted by 2w, we have 


0 : Ox 4 
(104) = = VE (cos w X; — sin wXe), = VG (cos wX,+sinwXe), 


where H, F, G denote the coefficients of the linear element of S. Since 
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F = VEG cos 2w, we have 


Ox D 1 

Dae 
105 
( ) OX Di 





1 
cy Sa TR (sin w X; + cos w Xe), 


where D and D” denote the fundamental coefficients of the second order 
for S.* 

If we compare equation (1) with the Gauss equations for St, we observe 
that 


d log Vp d log Vp 
iS ee Oe iy Dati aed aed» 
(106) (ey= Ey see 

the Christoffel symbols {"?} being formed with respect to the linear element 
of S. From the definition of these symbolst it follows that equations (106) 
lead to the identities 








g NE mate gee vo — VG cos 2 Sloe ve , 

(107) Ov Ov Ou 
ONG gOS ay 9g 2097 

Ou Ou Ov 


The expressions for the other Christoffel symbols are as follows: 

















d log VE E 8 log Vp 
P= ONE 5 ogee cos 2w cP 
py 2 d log Vp _ E 1 dw 
: G dv G sin 2w du’ 
(108) 
2, _G dlogvp_ , [G1 dw 
(=F oan E sin 2w dv’ 
d log Vp 
ra = Ol ary, cot 2w Ss" Se aoa f 


If equations (104) be differentiated and use be made of equation (1) and 


*#., p. 116. 
1E., p. 154. 
TE., p. 153. 
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of the Gauss equations* 








OP 511, 9X | pry, 9% 
Au? fila, tials, + DX, 
(109) ms 5 s 
OT _ 522, OF 2, OF ” 
Pry OB tinal Chere oe m6? 
we obtain 
Oxi Gee se dlogvp . ae) 
“du ee tll G dv a U a 
aX,” (EE a os, 2s 
dv 2NGcow Edu. fom Oe e 
(110) 








O43\ 4). 7D ee ( E 0 log Vp . 3) x 
Ou 9A sin G Ov U a 


DOS ue dlogvp . 2) 
7 -— ¥+( Faye sin 20 — 2° X. 








The conditions of integrability of these equations are satisfied in consequence 
of the Gauss and Codazzi equations} which in the present case can be given 
the form 


DD gsi se -2(\ea 9 2 l0g%) 
VEG sin2w  d0\ VNG™" *? ag 




















(111) 
2 ( Jain 24 218%) 
Reon Siaggresic Pe : 
and 
dD dlogvp E 0 logvp E Lee OG \ eae 
phe MEO 2 G dv Gavteae) ? Att: 
(112) 4 ‘ we 
aD" _ 9logyp »,, (Z d log Vp G. 1 a8 =0 
du Ou - sae eo fat Be E sin 2w dv ita 


We introduce three functions a, b, w by means of equations of the form 
(113) m1 — 2 =< (aX, + dXo + 0X), 


where 21, y1, 21 are the cartesian coédrdinates of a surface S; in the relation 
of a transformation K with S and X is the corresponding function defined by 


*E., p. 154. 
tE., p. 155. 
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equations (8). In consequence of (113), the fundamental equations (10) 
can be written 


qe =f | (ese +a cos w VE) X, 
00 ; 00 
+ (0% - 6X sin o VB) X: + 05x, 
(4) i 
a -8| (asta cos o WO) X 
00 00 
+ (058 4 oy sin oNG) X, +o05X |. 


When the expression (113) for 2; is substituted in these equations, we obtain 
two equations of the form 


A, X,+ Bi X%2+%X =0, A,X, + B,X,+C,X =0, 


where 4;, B;, ---, Co are determinate functions which must be zero, since 
these equations are satisfied also by the Y’s and Z’s. This gives the following 
six equations of condition: 


2 = (9 — 9) VB cos o + 2( 5 ORE P sin 2w — 5°) 














Ov Ou 
dee hea 
2VE cos w’ 
G 0 log Vp 
28 = — (98 +) WO cos w — v( 5 218 ® sin 2 — 5° ) 
pen OLY ae 
2~VG cos w’ 
E 0 log vp 
(115) 2 _ _ (p0—) VEsinw — a( V2 = ? sin 2 — 5°) 
bee UD ES 
2VE sin w’ 
 @ log Vp 
2 (0 +0) Wsinw + a( 2 = ? sin 20 — 5 ) 
wD” 
2VG sin w’ 








Jw oe (es i) ae Sa (ae a) 
du 92VE\cosw sinw)’ dv  a82NvG Mota Shige ; 
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With the aid of equations (8), (107), (111), and (112) it can be shown that 
the conditions of integrability of these equations are satisfied. 
If we put for the sake of brevity 


(116) P=ac+P4+w’, 
it follows from (115) that 


1 3~ = (p0 — d) VB (acos w — bsinw), 


(117) a7 
Bs Fa —(p0+)VG(acosw+bsinw). 


If X’, Y’, Z’ denote the direction-cosines of the normal to 8;, we have 
from (114), 


pple: : 00 Oe\ ae 
ae, — —wsinw (VEG + WS) Xs 


06 — 00 
+ wos o( — VES + OE) x, 
ue) 00 00 
+X|asino( eo + VGS ) 


+ cos w( VES: GS 2) + oxVEG sin 20 |, 


where A? is equal to the sum of the squares of the coefficients of X;, X2,and X. 


9. WHEN S AND S, ENVELOP A TWO-PARAMETER FAMILY OF SPHERES. 
TRANSFORMATIONS D,, OF AN ISOTHERMIC SURFACE 


As an example of the foregoing method we consider the case where S and 8; 
constitute the envelope of a two parameter family of spheres. In this case 
we must have 


RA RA 
Shy eS eh ea, 


mn —2= (2 — 2), 


(119) 


where RA/) is the radius of the spheres. 
When the expressions for 2, and X’ given by (113) and (118) are substi- 
tuted in the first of equations (119), and the coefficients of X,, X2, and X on 
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the two sides of the resulting identity are equated, we get 


a 
I 


—wsine R(VEQ +905"), 
Ov Ou 


b=—w cos w R( VES G5"), 
(120) 


Ou 
+ OX\VEG sin 2w — a |. 


; — OG — 06 00 00 
w =|asine (45> +105.) + boos (VES. - 6) 


By means of the first two of these equations the last is equivalent to 
(121) a +b? + w? = Rw(Od VEG sin 2w — A). 


In consequence of the first two of equations (120) equation (118) can be 
written 





5 eae ne 
(122) AX! =5%i+ pk = x(“ — 0 VEG sin 20 |, 
whence it follows that 
a2 b? a + b2 : m 
(123) a= tpt (Geo VEG sin 20 ) ‘ 


Eliminating A from (121) and (123), a obtain 
(124) a2 + b? + w? = 2wbr VEG sin 2w Re 
and consequently from (121) and (124) we have 
(125) A = — Od VEG sin 2w. 


By means of (120), (121), (125) we obtain the following equations: 





— — 00 To0 

ror Pe Sis OMiet ian Shoe 

VE (a cos w — b sin w) w sin 2w VEG R 50d Ju? 

rae : 06 T? 06 
VG(acosw+bsinw) = — w sin 20 VEG R = yee 


With the aid of these expressions and (8) equations (117) are reducible to 





dlogT? (1 p\a0_ a 
Be = (5-8) ge = jules), 
dlog 7? _ (1, 930 _ a 
ae = (5 oY = plo). 
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Hence on integration we have 
(127) T? = 2cr0; 


where c denotes an arbitrary constant. 
Substituting in (126) the value (127) of T?, we get 


VE(acosw—bsinw)= -e=, 
u 
128 
od > F 00 
VG(acosw+bsinw) = ae 


If these equations be differentiated with respect to v and wu respectively, and 
in the reduction use be made of the preceding equations, we find 


(X + p80) V@cos2w = 0, | (A — pO) VE cos 2w = 0. 


Hence we must have 2w = 7/2, that is, the parametric curves are the lines of 
curvature. From (107) it follows that 


(129) VE=V/ vp; .VG=U/Np, 


where U and V are functions of u and v alone respectively, and consequently 
S is an isothermic surface. As the relation between S and 8; is reciprocal, 
it follows that S; also is isothermic. We shall show that there exist pairs of 
isothermic surfaces satisfying these equations. 

Suppose that S is an isothermic surface. The parameters of its lines of 
curvature can be chosen so that 


(130) VE =VG = 1/Vp = e*, 

where ¢ is a function thus defined. Now in the above equations 
sin w = cos w = 1/12, D = é*/pyx, dD" = e*/p2, 

where p; and py are the principal radii of curvature of S. If we put 


a—b a+b 1 
131 ay ee ae "eta 
( ) ¥ VQ” t V2” m’ 


and replace @ and \ by m@ and mi, which evidently is consistent with equations 
(8), equations (115), (128), and (8) are equivalent to 





da Od we? da Od 
[oe $ 3 nee, Ca 2? 
Bas apf Cradle Tasca es Me ee 
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Op _  d¢ OB _ 6 —¢$ dg we® 

in tae ap = mre — me Ce a cake 
(132) 

dw et ow _ gt 

Rmeieeatsr dg. pa 

00 06 On On 

mda oe ere ONS tenes 6 ik eee 

RAM ag et, ou CRN Ma me Const 
Furthermore equation (127) becomes 
(133) a? + B? + w? + 20m = 0. 


It is readily shown that the first derivatives of the left hand member of equa- 
tion (133) are zero, and consequently by choosing the initial values properly 
we can find solutions of equations (132) satisfying (133). It should be men- 
tioned that all the conditions of integrability of (132) are easily shown to be 
satisfied. 

If in the subsequent discussion X;, Y1, Z; and X2, Ye, Ze denote the 
direction-cosines of the tangents to the curves » = const. and wu = const. 
respectively, it is necessary and sufficient to replace X, and X¢ in the fore- 
going formulas by (Xi + X2)/v2 and (— X, + X2)/-2 respectively, as 
is evident from (104). 

With these changes equations (113) and (114) become 





1 : 
and 
0x, oe ? . 
Fi aerate + 0m) X, + aBXe + awk], 
(135) 
Ox, oS : 
Fs — 2, | obAd + (6? + 0m) Xe. + BwX]. 


From these equations we have for the fundamental coefficients Ai, Fi, G1, 
of the surface S, the expressions 





—26 92 
Cae Feet 


(136) ky = Gy = ae 1 


which proves that S, also is isothermic. 
For this case the direction-cosines X’, Y’, Z’ of the normal to Sj, as given 


for the general case by (118), are of the form 


(137) X' =  [ (wt + Om) X + awXs + Gwe]. 
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With the aid of this expression equation (134) may be written 
BFK. 0. 
(138) % + 7 x sete Des arp 


which shows that 0/w is the radius of the sphere tangent to S and 8,. 

However, equations (132)—(138) are equivalent to those found by entirely 
different processes by Darboux* for the transformation of isothermic surfaces 
which he discovered and to which Bianchi has given the name transformations 
Leh 

In consequence of the foregoing results we have 

THEOREM 14. If two surfaces S and S, in the relation of a transformation K 
constitute the envelope of a two-parameter family of spheres, the surfaces are 
isothermic and S, is obtained from S by a transformation Dm. 

In accordance with (136) we define a function ¢; by 


e-* 8 
IN 





(139) ef = 


If X,, ¥Y,, Z, and X,, Y}, Z, denote the direction-cosines of the tangents to 
the parametric curves on S;, it follows from (135) and (137) that 


* il 
A= mer WE + 0m) X; + aBX. + awX |, 
(140) 


Xe aBbX;, + (6? + Om) X. + BuwX]. 


Tee 
sd mo | 
On replacing X; and X, in (105) and (110) by (X1 + X2)/ V2 and 
(— X, + X,)/~2 respectively, we have the first derivatives of X, X,, and 
X,. With the aid of these formulas we obtain from (140) 





ox’ ee ow 

PONT «| SER eae eae rt 

An = (+2006 be pe 
(141) ps 4 ‘ 

Oe es | ee es —$ ’ 

ap Fea + Oe ps 


From these expressions and (135) it follows that the principal radii p; and p» 
of S; are given by 


ef er ow 

Oe ee | ee oe 

i Feaxtc be )|, 
(142) 

“=| ! Zey yt ve) | 

po p2 an | OOM ; 





* Loc. cit., p. 502. 
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10. THEOREM OF PERMUTABILITY OF TRANSFORMATIONS D,,, 


In this section we apply the results of §3 to an immediate proof of 
the theorem of permutability of transformations D,, which Bianchi* estab- 
lished at length by direct processes. We are thus able to appreciate the 
underlying reason for the existence of this theorem. 

In the first place we seek solutions a,, B,, w,, 6,, 4; of equations for 8S; 
analogous to (132) and (133), it being understood that two sets of solutions 
of the latter equations are known, which we denote by a;, 8;, wi, 0:, A; for 
1 =1,2. The functions 6; and \; are given by equations (27) and (86). 
Hence if a, and 8; are to satisfy 

06, e? 9; - 00, e? 4 


cist — ar ae We ae ee 
=€ Qy = — Qa) = 1 
aa 1 ’ Bi d 


Mt Ov 





(143) 
we must have 


Sno DE ane Ae = 

| 6, 6, 
(144) < 
\; pat + 62) — Ye. 


These values of a’, and @; satisfy identically the equations 


Ja, _ a Fi 0B,  _, 0dr 
(145) Ov Bi ay Ou’ du av” 
and when substituted in 
da, tae ; , fe} e?l 
ae =—mrAe+me”"b, — St 6 + wi ae 
0B. / , / , fe) / , e* 
Bry = — m, \, e*! — me" 6; — oo a + wy, pee 


and use is made of the foregoing equations, we get 

e?) 
AT + (6,e-* — \,e®) B+, e? (ma - ma. :) 

1 
si B2 
— 6, ¢-? St meee = 10). 

e?! oe , Os 
A++(6,e°% +r, e®)B— dy e® pape 2 an 

P2 At 6; 


a) 85 
th —$ pe. sane § 
O.¢€ (m3 + mig) = 0, 





* Loc. cit., pp. 109-125. 
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where 


Aap Seth fe Ray 
(146) 


1 
B= 5| (8 +6) (mi — m.) ~<(an as + Bi Be + a2) |. 
If we put m, = mp, these equations become 
$1 $1 
(147), ae 4 eet 2 Nien +2 (a6 +ri1¢e*) =0, 
Pl 6; P2 6; 
where 


; 1 
C = (6; + 02) (me — m1) — x (a1 a2 + Bi Bo + wi we) 
(148) ; 


= $2 (2 1 +). 
1 


Equations (147) are satisfied when A = C=0. From these equations 
and (144), we have 





? ® 
— i OL aa c| FASE + (om - m)as |, 





; ® 

B; = “| oe uD xe fe (any ms) Be |, 

; ® 
(149) = [ties a.m] 

; P; 

ne = «| G+ Cm = ma) re |, 

: 1 i! 

tee [i | St Com = ma) 6 |, ee nT: 
where we have put , 
(150) Dy = a a2 + Bi Bo + ¥1 V2 + Me (Ao 1 + Ai Ae). 


It is readily shown that these values of 0; and w, satisfy equations (143) 
and also 
Ow, ver dw, , eo) 
mrs. een 
and consequently the functions (149) satisfy all the conditions necessary to 
the problem. Hence we have established with Bianchi 
THeorEM 15. If S is an wsothermic surface, and two rsothermic surfaces 
S; and S2 are obtained from S by transformations Dn and Dz, there exists a 
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transformation D),2 of S; into a surface S’ which can be obtained from Sz also by 
a transformation D;,,; moreover, S’ can be fownd without quadratures. 

When S is isothermic, the associate surface defined by equations (11) is 
the Christoffel transform. Hence, as an immediate consequence of Theorem 5, 
we have that.transformations D,, are commutative with transformations of 
Christoffel, a result which Bianchi established by direct calculation. 


11. CoNGRUENCES (G) WITH MORE THAN ONE PAIR OF SURFACES IN THE 
RELATION OF A TRANSFORMATION K 


In this section we consider the consistency of equations (13) and (18). 
We write the former in the form of the second of equations (15) and express 
the condition of integrability. This gives 








OM k 0 log k vp ok 
(151) pir aaiNe ki+M ap + 2M? — aa 
where k_1, given by 
0? log k 
9 Okt: po a 


is an invariant of the point equation of the second focal surface of tangents 
to the curves u = const. on So. 
The condition of integrability of (151) and of the first of (15) can be reduced 


to 
) h Ok Ok_y 
LY iy ie me = -—aS — _ = 
(153) N h~ log 7 + (GF k au )+ 3N (MN —k)(k_1 — h) =0. 
Hence the necessary and sufficient condition that (151) and (15) be consistent 
identically is that 
(154) haa ( oe Le: 


where ¢ denotes an arbitrary constant. In this case it follows from (152) 
and (154) that 





0? log k 
(155) aay + 20k = 0. 
When c = 0, we have 
(156) ho re YY 


where U and V are arbitrary functions of uv and v respectively. Whenc + 0, 
the general integral of (155) is 


ni Le Ve 
"Oe Spa 


U and V being arbitrary functions of wu and » respectively and a prime indi- 
cating differentiation with respect to the argument. 





(157) k h=(e+1)k, 


430 L. P. EISENHART 


When c = — 1, h = 0 and it is readily shown that in this case S and 8, 
coincide. Consequently we exclude this value. 

If we take the expressions (156) or (157) for h and k, and determine a and b 
in accordance with (14’) two arbitrary functions are introduced. Then each 
of the functions M and N as determined by equations (15), (18), and (151) 
involves an arbitrary constant, and o and o; are found by quadratures. In 
view of these results we have 

THEOREM 16. Whenever the point equation of a surface So has invariants 
of the form (156) or (157), there exist on the tangents to the curves v = const. of So 
an infinity of pairs of points which generate pairs of surfaces in the relations 
of transformations K; the same is true of the tangents to the curves u = const. of 
Sot! =o Ue, 

Returning to the case when equation (153) is not satisfied identically, we 
differentiate this equation respectively with respect to wu and v, and replace 
the derivatives of M and N by their expressions from (15), (18), and (151). 
By means of (153) the two resulting equations are reducible to the forms 


(158) PNM?4+Q0=0, RN?+8=—0, 


where P, Q, R, S are determinate functions involving h, k, k_; and their 
derivatives. When we express the conditions that these equations be con- 
sistent, and that the expressions for NV thus given and of M from (153) shall 
satisfy equations (15), (18), (151), we obtain the equations for h and k which 
determine the surfaces So. We are not interested in these equations but in 
the fact that from the form of equations (158) and (16) it follows that there is 
only one pair of surfaces S and 8S; associated with the given congruence. 
Hence we have 

THEOREM 17. If a congruence (G) possesses more than one pair of points 
which generate surfaces vn the relation of a transformation K , it possesses an in- 
fintty of such pairs. 
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PROOF OF THE FINITENESS OF THE MODULAR COVARIANTS OF 
A SYSTEM OF BINARY FORMS AND COGREDIENT POINTS* 


BY 


FORBES BAGLEY WILEY 


INTRODUCTION 


1. Relation to the literature. The question of the finiteness of the modular 
covariants of a system of forms and cogredient points is one that arises natur- 
ally at this time in view of the fact that the modular covariants of a system 
of forms and no cogredient points have been shown recently to be finite, t 
where the term finite has the customary meaning attached to it in covariant 
theory, and still more recently a fundamental system of modular covariants 
for two cogredient binary points and no forms has been found.t 

The present paper is limited to the binary case, although the writer has 
made considerable advance in the case of ternary forms and one cogredient 
point. 

2. Definitions. Let fi, ---, f; be any system of forms (homogeneous 
polynomials) in the arbitrary variables 291, 22 with undetermined integral 
coefficients taken modulo p, where p is any prime. Let ¢1, ¢, --- denote 
the coefficients arranged in any order. Under the transformation 


2 
To: Xoi = >, tes Xo; (mod p) (7 =1, 2) 
with integral coefficients, let f; become the form f, and let c,, c,, --+ denote 
the coefficients of f,, ---, f, corresponding in position to ¢1, C2, +++, re- 
spectively. Let (2x1, te2), & =1, ---, mn, be transformed cogrediently 
with 201, Xo2, that is by the transformation 


2 
es te = Dt ty (mod p) (¢=1,2;k=1, -:-, 2). 
j=l 


A rational integral function 


K (¢1, 2, +**3 Cor, Cir, +** 5 Cnr; Lor, Liz, ***, Tne) 
* Presented to the Society (Providence), September 8, 1914. 
7 Dickson, these Transactions, vol. 14 (1913), pp. 299-305. 
t Krathwohl, American Journal of Mathematics, October, 1914. 
Trans. Am. Math. Soc. 29 431 
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with integral coefficients taken modulo p is called a modular covariant of the 
points (2X1, %i2), & =1,--+,m, and the forms fi, ---,f; if, for every 


transformation 7; (k =0,1,-:-,n), 

/ , , / , , , , 
K Ces, Cy, 222 3 hops Baynes Mai satods Rina ee sae) 

i 

=|ti|" K(e1, c, “<3 Tor; Vily:*** '» Sali. 202, id, °* > tad) Gnoaue 
holds identically in ¢,, ¢,, -**3 2%), *** Tea; Toss *° > Lng ALLEL typ eee 
2025 ***, Ung are eliminated by means of the congruences 7;,(k = 0, ---, 7) 
and c,, ¢,, +++ are replaced by their expressions in terms of ¢;, @, +++. The 


exponent yu is called the index of K. 

In this paper we establish the | 

THEOREM. The set of all modular covariants of any system of forms in X01, Xo2 
and the cogredient points (Xx1, %2), k =1, +++, n, ts finite in the sense that 
they are all rational integral functions, with integral coefficients taken modulo p, 
of a finite number of covariants of the set. 

Professor Dickson has obtained the special case of this theorem where there 
is a system of forms but no cogredient points.* We extend his method of 
proof to secure the proof of the theorem as above stated. 

3. Method of proof. In bare outline the proof of the theorem consists of 
two parts. First it is shown that for any modular covariant K, of the forms 
and the points there exists a modular covariant K, that has the same leader 
(defined in § 6) and the same index as K, has and that is a polynomial in 
covariants from a definite finite set S of modular covariants of the forms and 
the points. By taking the difference of K; and K{ we obtain a new covariant 
Ky for which we can build up K; by the same method as that used on K,; and 
by the use of the same set S. The second part of the proof consists in showing 
that the repetition of this process a finite number of times on any given co- 
variant K, leads to a covariant K,, where Kn» is such that K, — K,, = 0. 
Thus it follows that K, = Liz" K; and therefore is expressible as a poly- 
nomial in covariants from the set S. 

To carry out this method in detail we establish in § 4 a lemma which is an 
extension of the lemmat used by Professor Dickson in the case he considered. 
In § 5 we prove the theorem for n not greater than 1 and in § 6 we give the 
proof where n is any finite positive integer, including the value n = 0. 





* Dickson, loc. cit. Professor Dickson secures his theorem for forms in any finite number 


of variables. 
j Dickson, American Journal of Mathematics, vol. 35 (1913), pp. 414- 


415. 
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FINITENESS OF THE MopuLarR COVARIANTS 
4. Lemma. Any set S of functions of the type 
(1) Pre aya +s: af" (e's integers = 0; eo e1, ++, €0=5 en) 


contains a finite number of functions F,, +--+, F, such that each function F of 
the set S can be expressed as a product F; f where f is of the form (1), with the 
same property of the exponents, but rs not necessarily in the set S. 

For the moment designate the possible relations 


between the exponents of F as decreases and increases, respectively. Since 
the e’s of F occur in a definite order, indicated in (1), the order in which 
the increases and decreases of a given F occur is unique. The functions 
F of S can be classified into sets S; (7 = 1, ---,¢;¢n!) such that func- 
tions from no two sets will have their increases and decreases occurring in the 
same order, while the increases and decreases of functions in the same set 
occur in the same order. 

Let S; be one of the sets S;, say the one in which there are no increases. 
It is evident that the functions of any set S; can be written in the form of the 
functions of S,; by a substitution which amounts to a rearrangement of the 
x’s. Write the functions F™ of S;, in the form 


n Sh Cj — C741 : 
[| {L=.| (énu1 = 0). 
j=0 Li 


41=0 
Make the substitutions 
j 
(2) IIa; = y;, Cree Cs le ee Cp oe 1) 
i=0 


on the variables and the exponents of F™, respectively. We thus have a 
set S; of functions 


o® = II Ups (e’s integers =0). 
j=0 
There exists* a finite number of functions ¢” (7 =1,---,h) belonging 
to the set S;, such that any function ¢™ of the set S;, may be written 
6m = 40, 
where 
(3) ifi= Il y; (a’s integers = 0) 
j=0 
and 2 has some one of the values 1,---,4. Transforming (3) by the inverse 


* See reference last cited; also Gordan,» Journal de Mathématiques, ser. 5, 
vol. 6 (1900), pp. 141-149. 
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of (2;), we have 
n s a 
fealtnak: 
j=0 


The lemma thus holds for the set S; and similarly for each one of the ¢ sets S;; 
hence it holds for the set S. 

5. One cogredient point. We make use of the known* rational integral 
modular covariants 


Ly = x81 22 — ti Xho (t= 05495 


p2 92 
Lip Cig — He LI 


Q; joey en) («=0, 1), 


M = 201 %12 — X02 %11. 


The covariants [; and M have the index — 1, while the Q; are absolute. f 

As any covariant is the sum of covariants that are homogeneous in each 
pair of variables separately, it is sufficient for us to consider covariants of 
the type K (201, 202, 211, V12) of total degree wo in 21, 22 and of total degree 
@1 IN %1,%2. If one of the w’s is zero, we have the case which Professor 
Dickson considered. 

We shall call such a covariant K a regular covariant of the forms and the 
cogredient point if it has neither of the v2 (2 = 1,2) as a factor, while we 
shall call it irregular if it has either one of these variables as a factor or both 
as factors. Any irregular covariant is the product of Lj Li (s,t =0,1,--:; 
s and ¢t not both zero) by a regular covariant, sincet any covariant that has 
the factor 22 has the factor L;. We need, therefore, to consider only regular 
covariants. . 

Let K be such a covariant and let it be of total degree w; in the two variables 
Li, tig (1 = 0,1). We write K in the form 


Wk 
(4) K = x9 >) S; ver al, + x2 () (wi Zor; i, k =0, 1;7+k), 
j=0 


where at least one S; is not zero. We rewrite (4) in the notation 
(5) K = Seichag+::: (S=8,A=—0, B+C0 =o), 


where B is the highest exponent which 2; carries in a term containing 274, . 
Denote the set of all regular covariants (5) with a fixed leader S and 


A=a, Bebb, CG =e (mod P) (P=p?—p), 


* Dickson, The Madison Colloquium Lectures on Mathematics, pp. 35, 37. M is an algebraic 
covariant. 

+ Of index p = 0. 

t Dickson, The Madison Colloquium Lectures, p. 35. 
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where each of the numbers a, b,c is at least zero and is less than P, by 
[S,a,b6,c];. The number of such sets is finite since a, b, ¢ are limited in 
value and the number of seminvariant leaders S is finite. ‘These leaders are 
finite because each S is a polynomial in the coefficients c; of the forms and thus 
all exponents can be reduced to p — 1 or less by use of Fermat’s theorem. 
All covariants belonging to the same set S have the same index uw. By means 
of the Lemma (§ 4), we may select from the set [S, a, 6, c] a finite number 
t of covariants 


(6) K, = Saji ah og + --- + 22() (Weel waren) 
such that for any covariant (5) of the set [S, a, b, ce] it is true that 
Aue Aj, ome LR Gee Ch, Aa Ay = Ce .C), 
(for some value St of h). 


But A and A, (and likewise for B and B,, C and C;,) are congruent to a 
modulo P; thus any covariant of the set [S, a, b,c] has the form 


K = Sar4ate? eye ig Je Bea (u > w), 


where wu, v, w are positive integers or zero and h is some one of the integers 
tase te 

From the absolute covariants Q;, Q;, M’, and the covariant K,, we con- 
struct a covariant of the same index as K and having the same initial term as 
K, and see that the difference 


K'’=K—K,Qi-"Q M’? +--- 
will be a covariant either irregular or with the leader 
Seite, te CA ee ee a Be <in Go Oat 


If K’ is an irregular covariant, take out the factors L; that occur and call 
the quotient K”’. If K’ is regular, call it K’’. Hence 


K = ¥1(Lh, Lr, Q1,Q2, M, Kn, K”), 


where y; 1s a polynomial in its arguments. 

Arrange K” in the form (6) and repeat for it the reduction process used 
on the regular covariant K. Whenever the exponent B in one of the regular 
covariants, say K®, is zero, the next step in the process gives an irregular 
covariant with the factor 2,2, thus allowing a reduction of the degree in 2,1 
and 22 by the removal of the factor L;. If we let K, (h =1, ---,7) serve 
for all sets [S, a,b,c] as K, (h =1,---,¢#) served for the particular one, 
we see that every covariant K may be expressed as 


Remy (Kigtt tg Ke yila,tlan Qin Qe.uM ) 5 
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where Wm is a polynomial in its arguments and is linear in the Ky, ---, K,. 
6. Case of n cogredient points. We use the LZ; and the Q; of § 5 with? = 1, 
-+,m. In addition to these we use the known modular covariants 


pn nm . . 
Mix. n = Livchs — Cig thy (i, k= 0, 4, nye ie 


As in § 5 so here also we need consider only those covariants of the forms 
fi, -++,f1 and the cogredient points (21, ti2), kK = 1,-++,m, which are 
homogeneous in each pair of variables separately. 

We shall call such a covariant a regular covariant if it has none of the 
Lig (1 = 0, +--+, mn) as factors, while we shall call it irregular if it has one or 
more such factors. Since any irregular covariant is the product of 


Bie: (3s; = 0, 1, -+-; at least one s; + 0) 


and a regular covariant, we need to consider only regular covariants. 

Let K be such a covariant and let w; be the order of K inazj, a2. Each x1 
will occur in at least one term of K with an exponent equal to the order w;. 
There exists some w;, say wo for convenience in notation,* such that wo 2 w; 
(7 =1,-+--,n). Write K with those terms leading that contain the factor 
2°, the order of these terms being such that the sums of the exponents of 
the factors 2;; in them occur in the order of the decreasing natural numbers. 
The order among themselves of those terms for which such sums are equal 
is arbitrary. Denote the first term of K so written as the leader. By the 
help of zero exponents where necessary, write the leader of K so that every 
variable except Xo. appears in it notationally as a factor. Arrange these 
factors in the ascending order of their subscripts so that we have 


(7) K = SJL e#]I2% + -- (Ao = wo, Ai + Bi = w, wo Zoi). 
i=0 j=1 
Denote by 
(8) [S, do, a1, RAs it bo, eo Dal 


the set of all covariants (7) with a given seminvariant leader S and with 
Ad = Gi, B; =b; (mod X); Le Te pee 


where each a; and each b; is at least zero and less than X. The number of 
sets (8) is finite. All covariants (7) belonging to the same set (8) have the 
same index u. By the Lemma (§ 4), there exists a finite number of covariants 


(9) Ky = Sl at# J] 2% + --- (h=1, ++, t) 
i=0 y=1 
belonging to the set (8) such that the leader of any covariant (7) that belongs 


* It is only slightly more cumbersome to carry the argument through for w,. 
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to set (8) can be expressed as the product of the leader of some covariant of 
(9) by f, where f is of the form (7), with the same property of the exponents, 
but has no factor S. Thus we may write 


n n 

(10) K = 8 [Tantor™ [Taj 2erer ps 
i=0 im | 

Therefore 


n n x 
f -( Ten I 24) 


4=0 


(go a1, +, Go = Gn} Yo =U, *°*, Qe ==g,,)- 


By the aid of zero exponents where necessary, let each variable except 202 
appear notationally as a factorinf. Arrange the factors x2 of f in the order 
of decreasing exponents. The order among themselves of those factors 242 
whose exponents are equal is arbitrary. Arrange the 2;; factors in the same 
order as their corresponding 2; ’s. Write f thus arranged in the notation 


n n xX 
f =( 2% LL xt [J a). 
WUE hil - hy2 
t=! j=l 


This may be written 


n 
f= | eet iB! art (aor Uno)? V2 (Wor nye Lhye ) Pha Vhs 
i=1 
(11) 


x 
see (201 € (86. Th, _.2) Ch reas fam (X01 aes za) | 5 


We now build up the absolute covariants 


hy 
P,=Q7-'" I] Mi? +..- (1=r=n), 
k=hy 


which we may write in the form 


hy xX 
P, = | 20 U 2a Brees 
are 


From the absolute covariants Qo, Q;,, P-, and the covariant K;, which is 
one of the covariants (9), we construct a covariant of the same index as K 
and having the same initial term as K so that it follows that the difference 


n nn 
cen tl sae’ , —@/ / 
K' =k —- K, Qs” cue I I Qin il [ [ ie ny? hy ee =—n())) 
i= r= 


_ will be a covariant either irregular or with a leader that can be written in 
the form (10). If K’ is irregular, take out the factors L; that occur and 
call the quotient K”’. If K’ is regular, call it K’. Thus we have 


K=y(h, srk stl, Qe, oa Cagis ivy COE, Fa 9) 
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where hf is one of the values 1, ---, ¢ and W is a polynomial in its arguments. 
Arrange K”’ in the form (10) and subject it to the reduction process used on 
the regular covariant K, thus obtaining a regular covariant K°”. After a 
finite number of repetitions of this process, we obtain either an irregular 
covariant or a regular one, say K™ , for which the sum of the exponents of 
the factors x41 (2 =1,--+-, m7) in its leader is less than the like sum for the 
leader of K. After repeating the process a finite number of times from this 
point, we obtain either an irregular covariant or one, say K, for which the 
sum of the exponents of the a; (7 =1,---,n) factors is zero. The next 
repetition of the reduction process reduces the exponent of 21 and gives an 
irregular covariant with the factor Ly which, when removed, still further 
reduces the degree of 201. 

If we let K, (h = 1, +--+, 7) serve for all sets (8) as K, (kh = 1) -- ae) 
served for one of them, we see that any covariant of the binary forms fi, --- , fi 
and the n cogredient points is a polynomial in Ky, ---, K,; Iy, --+, In; 
Or) Ont List 5 a leet iehay ee Kee 

The covariants P, are polynomials in Q) and Moz,,. It is of interest to 
note that by means of the recursion formula 


Morn = OF Mow pa — DO Mia a ee 


we are able to express any Moz, , as a rational integral function of Moz, 1, 
Moz, 0, Qz, and Ly, linear in the Mox,1, Moz, 0. It follows that any co- 
variant K of the binary forms and the n points may be written as a poly- 
nomial in Ki, +++, Ky; Li, +++ Ln3 Quy +++ 5 Qns Mor,1, +++ Mon, 1; Mai, o; 
->+, Mon, 0, linear in the Ki, ---, K,. 


ON THE DEGREE OF CONVERGENCE OF STURM-LIOUVILLE SERIES* 
BY 


DUNHAM JACKSON 


After the degree of convergence of Fourier’s series has been studied to a 
certain extent, as has been done by various authors, including the present 
writer, it is natural to inquire whether the results obtained are capable of 
extension to other series of characteristic solutions of homogeneous linear 
differential equations. A theorem in this connection has already been pub- 
lished by Tamarkine.t It is the purpose of the present paper to develop a 
greater variety of facts relating to a much less general differential equation 
than that which Tamarkine treats. In discussing expansion problems con- 
nected with an equation of the second order, Kneser,t{ following Liouville,§ 
establishes relations from which it is at once apparent that the theorem of 
Lebesgue,|| which states that the remainder after n terms in the Fourier’s 
series for a function satisfying a Lipschitz condition does not exceed a constant 
multiple of (log n)/n, applies equally well to the development of such a 
function in Sturm-Liouville series of the form under consideration. It is to 
be shown how these relations can be refined so as to make it possible to carry 
over other theorems of the same nature from the Fourier’s series to the more 
general one. The theorems susceptible of this generalization include that of 
Picard* based on the hypothesis that the function developed has a kth deriva- 
tive of limited variation, and one proved by the author for a function having 





* Presented to the Society, December 30, 1913. 

tRendiconti del Circolo Matematico di Palermo, vol. 34 (1912), 
pp. 345-382; see especially p. 368. In connection with this paper, though not with reference 
to the particular point mentioned here, see also, in the same journal, Birkhoff, vol. 36 (1913), 
pp. 115-126, and Tamarkine, vol. 37 (1914), pp. 376-378. 

tMathematische Annalen, vol. 58 (1904), pp. 81-147; see p. 127. 

§Journal de mathématiques pures et appliquées, vol. 2 (1837), 
pp. 418-436. 

|Bulletin de la société mathématique de France, vol. 38 (1910), 
pp. 184-210; p. 201. 

* Traité d’ Analyse, vol. 1, chapter IX, §12. Picard is not directly concerned with the 
degree of convergence of the series, but nothing more is needed in this case than the formulas 
which he gives for the order of magnitude of the coefficients. The hypothesis concerning the 
function also is not exactly that stated here, but is essentially the same for the purposes of 
the proof. When the Lipschitz condition is used a knowledge of the order of magnitude of 
the coefficients is not enough; see Lebesgue, loc. cit., pp. 192-195. 

+ These Transactions, vol. 13 (1912), pp. 491-515, Theorem V. This paper will 
be referred to as A. 
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a (k — 1)th derivative that satisfies a Lipschitz condition. The case of a 
function having a finite second derivative, which was treated by Liouville,* 
is included in that of functions having a first derivative of limited variation. 
The method employed is intimately related with that by which Hornt obtains 
extended asymptotic expressions for solutions of the differential equation. 

For the proofs relating to the higher degrees of convergence, additional 
hypotheses, beyond that of mere continuity, are made concerning the func- 
tions which appear as coefficients in the differential equation, and it is assumed 
that the function developed vanishes with a sufficient number of its derivatives 
at the ends of the interval. The latter requirement may seem unduly restric- 
tive, but an examination of the facts in the simplest case, that of the cosine- 
series, { shows that a limitation of this nature is required for the truth of the 
conclusions, and is not due merely to inadequacy of the method of treatment. 

In the last part of the paper attention is given to the problem of repre- 
senting a function that has a (k —-1)th derivative satisfying a Lipschitz 
condition by means of a linear combination of a finite number of characteristic 
functions, with a higher degree of approximation than that afforded by the 
sum of the corresponding terms in the Sturm-Liouville series itself. Such a 
representation is obtained by summing the series by a method which the 
author had previously applied to Fourier’s series. 


1. PRELIMINARY STATEMENTS 
The differential equation with which we shall deal is the following: 


2 

() ete —A(a)]U =0. 

Here \ (2) is a function which is assumed at the outset to be continuous, and 
will be subjected to further restrictions as occasion demands, but only when 
such restrictions are explicitly mentioned. The parameter p’ is not restricted 
to positive nor even to real values. The familiar transformation$ which 
reduces a more general equation to this form gives so directly the inter- 
pretation of our results with reference to the general equation that it is un- 
necessary to dwell upon the latter. The boundary conditions are 


U’ (0) — kU (0) = 0, 
U'(r)+ ’ U(r) =0, 


*Journal de Mathématiques pures et appliquées, vol. 2 (18387) 
pp. 16-35; see especially the sentence beginning at the foot of p. 18. See also Kneser, loc. 
cit., pp. 121-123. 

}+Mathematische Annalen, vol. 52 (1899), pp. 271-292. 

t It is the cosine-series, rather than the complete Fourier’s series, which is the true proto- 
type of the expansions considered in this article. 

§ See, e. g., Kneser, loc. cit., pp. 116-117. 
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the interval over which the variable 2 is to range being taken for convenience 
as that from 0 to z. The numbers h’ and H’ are real constants, not restricted 
as to sign; the notation is the classical one. The limiting cases obtained by 
letting one or both of these constants become infinite, that is, by making the 
solution U vanish at one or both ends of the interval, while requiring a dis- 
cussion differing in details from the one that is to be given, offer nothing 
essentially new that is not provided for in the paper of Kneser already cited, 
and will not be treated separately here. 

The following facts concerning the characteristic numbers and solutions of 
the system consisting of the equation (1) and the boundary conditions (2) 
will be assumed as well known. 

There are infinitely many real* values of p? for which the system has a real 
solution not identically zero. Only a finite number of these values can be 
negative, and they have no cluster-point in the finite plane. If p, represents 
the positive square root of the nth of them in algebraic order of magnitude, 
when vn is large enough so that the corresponding value of p? is positive, then 


(3) Dai 117 En ; 
wheret 


(4) ae o(=). 


Two linearly independent solutions can not correspond to the same value 
of p’. If the arbitrary constant factor in the nth characteristic solution 
U,,(«) is suitably determined, the solution satisfies the integral equation 


h’ sin pnrx 


PERU (a) = vos pat + += f X(t) Ua(¢)sin ont — 4) dt; 


n 


when the corresponding value of p” is positive. The maximum value of 
U, (a) in the interval (0, 7) remains finite as n becomes infinite,t so that 
the third as well as the second term on the right-hand side is very small when 
n is very large. 

We shall be interested in the degree of convergence of the series 





(6) 2, ay EERE, 
where a 

[ob (2) Una) de 
(7) Qn = ; 


[Un (wy ae 


* The fact that there are no complex characteristic values will not be used explicitly. 

+ This notation means that the absolute value of ¢, does not exceed a constant multiple 
of 1/n. 

t This is readily deduced from (5) itself. 
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and ¢(2) is a continuous function on which further restrictions will be 
imposed later. It will be assumed as known* that if this series converges 
uniformly, its value must necessarily be ¢ (2). 

With this review of facts that are presupposed,t we go on to the detailed 
discussion of the problem in hand. 


2. DEGREE OF CONVERGENCE OF THE SERIES 


The study of the degree of convergence of the series (6) involves an exami- 
nation of the integral 


(8) [" ox) Urlayae, 


which appears in the numerator of the expression (7) for the general coefficient. 
In evaluating this integral approximately, use will be made of the formula 
(5) for U, (x); but this identity will be written at greater length by substi- 
tuting the whole right-hand side for. the function U, under the sign of inte- 
gration, and repeating this process a number of times. It will be well to 
anticipate the discussion of the whole integral (8) by three lemmas relating 
to the individual terms that will be obtained. 

Lemma I. If 6(2) has a continuoust kth derivative of limited variation in 
the wnterval 0 S x S wr, and of 


Pa nO =) 
= b(n) =9/(n) = + = G(x) =0, 
then§ 
(10) { $ (2) c0s pur de = O(a), 
and 
(11) { Aas) eine. ae 0( aa). 


Consider first the integral containing cos p,v in the integrand. Since ¢ 
vanishes at both ends of the interval, integration by parts gives at first 


7 


cf 1 
if d (2) cos prt dz = re ¢@’ (x) sin prx dz, 
0 


ne 


and after a sufficient number of repetitions, 


(12) I (2) 08 pu de = = 8 (x) 05 ( pu + ) de, 
0 nv0 


* See, e. g., Kneser, loc. cit., pp. 109-116, 123-124. 

+ For a concise exposition of the properties of functions of limited variation that will be 
used, see, e. g., E. B. Wilson, Advanced Calculus, pp. 809, 310. 

t The assumption of continuity is not necessary, but is made for the sake of convenience. 

§ Cf. Picard, loc. cit., where the corresponding proof is given for the case of the Fourier’s 
series. 
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As the hypothesis is that 6 (a) is of limited variation, let 
(13) bo (x) = oi(@) — d2(2), 


where ¢; and ¢» are positive or zero, continuous, and monotone increasing. 
By the second law of the mean, 


{! o* (x) cos (one + Fae = dir) f cos( one + 5) dx 
‘ é 


= bx() | cos ( our + >) ae, 


where £ and 7 are numbers in the interval (0,7). The absolute value of 
the expression just written down does not exceed 


—[$i(m) + o(4)], 


Since, by (3) and (4), p, is of the same order of magnitude as n, the relation 
(10) follows at once. The proof of (11) is precisely similar. 

If 6” (0) = 0, it may be assumed that ¢1(0) = ¢2(0) = 0, and that 
the total variation v of ¢“ (a) is equal to ¢di(7) + ¢2(7). In this case, 
either of the integrals in the lemma is at most equal to 2v/p**'. It will be 
convenient to use the letter c a number of times as a general notation for a 
positive constant, sometimes one and sometimes another, which is inde- 
pendent of n, x, and the function ¢, though it may depend, for example, on 
the coefficient in the differential equation and on the coefficients h’ and H’ 
in the boundary conditions. With this convention, we may say that if 
o¢ (0) = 0 each of the integrals remains inferior in absolute value to* cv/n**. 

Another interesting remark of a special nature is that when k& = 1 the 
hypothesis (9), reducing here to 


(0) = (7) = 0, 


may be abandoned as far as the relation (10) is concerned. For 


7 1 : 1 7 é, 
{ (2) cos pat da = — [6 (x) sin prt] -—f{ (wey sini pa dar. 
0 n n e/0 


and sin p,v vanishes when x = 0, while 


: : if 
sin paw = +sine,r = O male 


by (4). 


* This is more precise than the original statement of the lemma, because there it was 
not specified how the constant multiplier implied in the O-notation depends on the function 
¢; here we see that it can be taken proportional to the total variation of ¢”. 
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Lemma II. If @(2) satisfies the conditions of Lemma I, and if \(x) has a 
continuous (k — 1)th derivative with limited variation* in 0 S x S r, then 


(14) fom | A (t1) COS pnty Sin px (x — t1) dt, dx = 0(<a), 
0 0 


T x 1 
(15) f o(e) f d (4) sin Prt sin Dae amg ty ) dt, dx = 0( za). 


By inversion of the order of integration the first of these two integrals may 
be given the form 


{ X(t) cos pats | o(x)sin prn(x — t) dxdt. 
0 0 


Let the inner integral here be transformed by integration by parts. The 
function ¢(z) vanishes with its first k — 1 derivatives when x = 7, but of 
course not, in general, whena = t,;. At the latter point, the sine of p, (a — f1) 
vanishes, while the cosine is equal to 1. Hence 


7 1 1 7 
[¢e)sin on (a — tr) de = 7-6(4) +2. [0 (a) 08 pnw — th) da 


1 Lt : 
= 9 (tr) —=5 [6 (2) sin pn (w — th) dr, 
Pn Pret 


andsoon. Finally, if we let k = 2y or 2y — 1, according as k is even or odd, 


ral 1 
[ o(2x)sin px (x — t,) dx Ee mre ee 


(16) 


— 1) 1 (7 ; 
+ 9 (4) +e [8 (x) sin| p(w — 4) + |e. 


fren. Pn ty 
By the use of (13) and the second law of the mean, it is seen that the absolute 
value of the last integral does not exceed 


2 
tei hm) + $2(7)], 


whatever the value of ¢; may be. 

We have now to multiply the several terms of (16) by \(t1) cos prt; and 
integrate with respect to ¢; from 0 to 7. The last term, in consequence of 
what we have just seen, will yield a quantity which is in order of magnitude 
O(1/p**"), and therefore 0 (1/n*#). 


* The function \ () is not subjected to any special restrictions at the ends of the interval. 
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Consider the first term of the integrated expression, 


1 T 
(17) = [7 (41) (t) cos pnt dt 
The function \ (t1) ¢(t1) has a (& — 1)th derivative which is equal to 
eA Cine (t Ck 1) AY Ci) 6! Uh) + = EAC) O(a): 


Now ¢*%» (t,), having a continuous derivative ¢” (t:), is a fortiort of 
limited variation, and the same is true of the earlier derivatives of @ and of @ 
itself. Similarly, the derivatives of \ of orders from 0 to k — 2 are of limited 
variation as well as the (& — 1)th. Consequently the property of limited 
variation is possessed by the whole expression (18). From the corresponding 
expansions of the earlier derivatives of the product \@ it is seen that each 
vanishes at both ends of the interval (0,7). It is recognized thus that \@ 
satisfies the conditions imposed on ¢ in Lemma I, except that k in the lemma 
is to be replaced by k — 1. By that lemma, the integral in (17), without the 
factor 1/p,, 1s O(1/n*), and when divided by p, becomes 0 (1/n**"). 
Since \ (t,) ¢’’ (t:) satisfies the conditions of Lemma I with k& replaced by 
k — 2, we have 
LRG 1 
3 \(t1) 6” (41) cos pris dt, = 0 ( <ria). 
Pn Jo n 
Each of the remaining terms can be disposed of in a similar manner; at each 
step, from this point on, the number of derivatives of limited variation known 
to be possessed by the integrand is diminished by 2, and this loss is com- 
pensated by the presence of a higher power of 1/p, before the integral. 
It appears then that (14) is true. The proof of (15) obviously follows the 
same lines. 
Let us look again for a moment at the special case that 6 (0) = 0. Ifo 
still represents the total variation of 6“ (a2) in (0,7), 


|e (x)|S0 


throughout the interval. Hence the total variation of ¢* (2) in the 
interval can not exceed zv. The absolute value of 6%? (x) can not exceed 
the same quantity, since 6“) (0) = 0. In the same way the total variation 
of ¢*— (a) and the maximum of its absolute value are less than or equal 
to 7? v, and so on. 

It is readily found that the total variation of \¢, for example, does not 
exceed v multiplied by a quantity independent of ¢. We can write 


Ad = (Ar — Azo) (b1 — G2) = (Ar G1 + Az G2) — (Ar ha + Az G1), 
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where 1, A2, ¢1, and ¢@2 are monotone increasing and continuous, and the 
last two vanish at the point 0. It can be assumed also that A; and dg» are 
positive or zero throughout the interval. Then if V is the total variation 
of Ad, 


V Si (0) G1(b) + Ax (b) G2 (b) + Ar () G2 (b) + Ao (b) b1 (6) 
= 2[d1(b) + A2(b)] zo. 


By similar reasoning, it is found that the (/ — 1)th derivative of \¢, ex- 
panded as in (18), and the (k — 2)th derivative of \¢’’, etc., have the same 
property, namely, that the total variation of each is inferior to v multiplied 
by a quantity independent of 6. Applying this fact in the preceding proof of 
Lemma II, we conclude that when ¢“ (0) = 0 the statement of the lemma 
can be made more precise by saying that the absolute value of each of the 
two integrals concerned remains inferior to cv/n**, 
Lemna III. If ¢ and X satisfy the conditions of Lemma IT, then* 


[f° 9(@) f x(t) sin Pn Co — tn) r(e) sin Pn (ty — a) [- 


0 


(19) } 
{ (ts) COS pats SIN Pn (ts—1 — te) dt, dts_1 -++ dt, dx = O (a), 


and the same is true uf COs prt; in the innermost integral is replaced by sin pnts. 
The proof is obtained by induction. The statement is already known to be 
true when s = 1, as it reduces then to Lemma II, the variable x taking the 
place of a variable tf). We shall assume that the conclusion holds if s is 
replaced by s — 1, and show then that it holds as stated. The steps in the 
passage from s — 1 to s correspond exactly to those carried out in the proof 
of Lemma II. We begin by inverting the order of integration, confining our 
attention to the integral with cos p, t;. The given expression is equal to 


7 


[7 r(ta)008 pats [ (tr) sin pn (toa = te) 
e/0 t, 


ts 1 


| d(t1)sin pa (ti = t) o(x)sin pp(a# — t,) dx dt, --+ dts; dt. 


The innermost integral here is precisely that which appears in (16). By the 
aid of that formula, we express the (s + 1)-fold integral as the sum of y + 1 
terms, of which the last is immediately seen to be 0 (1/n**") , while the others 





*In this multiple integral, the notation for which is suggestive rather than complete, 
s — 3 more factors of the form ) (¢;) sin pn (ti1 — ti) are to be understood. It will be seen 
a few lines below how an integral of this form is obtained as a result of successive substitutions 
in (5). 
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are shown to be 0(1/n**"), or even O(1/n***), by means of the assumed 
lemma for s-fold integrals, with ¢@ replaced successively by Ad, Ad”, +++, 
Ao?r™ . Thus the relation (19) is established, and clearly remains true if 
sin ppt, is written instead of cos pnts. 

In the special case that 6” (0) = 0, it is readily shown by the use of the 
corresponding refinement of Lemma II that each of the two integrals in the 
present lemma remains inferior in absolute value to cv/n*™, 

We are now in a position to deal with the integral (8). If, on the right- 
hand side of (5), the function U,(¢) under the integral sign is expressed at 
length by means of (5) itself, the following more extended formula results: 

h’ sin pnx 


1 x 
Un, (X) = COS pnt $e Ef \ (41) COS Pty SiN pr (x — t) dt 
neo 


n 


h’ x : ; 
(20) a =| A(t) Sin parti Sin pr (ew — tf) dty 
Pn Jo 


1 Fo ; aty . 
see (41) Sin py (a — a) | d (to) Un (te) Sin pn (t1 — te) dte dt. 


There is still an integral on the right-hand side containing U, under the 
integral sign, and the step just taken can be repeated. This process is to be 
continued until an expression is obtained in which the integral involving U,, 
is preceded by a factor 1/p.*', where & is an appropriate integer. Let this 
expression be multiplied by ¢(a) and integrated from 0 to m with regard 
to x. The last of the resulting terms will be 0(1/n**'), inasmuch as the 
integral, without the factor 1/p**', remains finite for all values of n. The 
integrals which appear in the earlier terms are explicit expressions of the 
types considered in Lemmas I, II, and III. If ¢ and X are restricted as in 
those lemmas, each integral, even without the power of 1/p, which stands 
before it, will be O(1/n*t!). If A» is supposed provided with only k — 2 
continuous derivatives of limited variation, instead of k — 1, so that & is 
to be replaced by k — 1 in applying Lemmas II and III, each term will still 
be O(1/n**") after the factors 1/p, have been multiplied in. The conclusion 
may be stated thus: 

Lemma IV. [If @ satisfies the conditions of Lemma I, and if X has a con- 
tinuous (k — 2)th derivative of limited variation in 0 S x S r, then 


(21) [" $(2) 0, (@)de = 0( Ga). 


If, in addition, \ has a continuous (k — 1)th derivative of limited variation in 
the interval, 


(22) [7 (2) Un (w)de = [7 (x) 008 puv dz + O( i). 


Trans. Am. Math. Soc. 30 
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If ¢” (0) = 0, the constant multiplier implied in the O-notation can be 
taken as v, the total variation of ¢” (a) , multiplied by a quantity indepen- 
dent* of ¢. 

Let the case k = 1 be brought up again for special consideration at this 
point. The hypothesis for the first part of Lemma IV takes the form that @ 
has a continuous first derivative of limited variation and that 


$(0)= (7) =0, 


while nothing more than continuity is required of }. The point to be made 
is that in this case the special restriction on ¢ at the ends of the interval is 
unnecessary. Let U,(2) be expanded to five terms as in (20), multiplied 
by ¢(2), and integrated. It has already been pointed out, in connection 
with the proof of Lemma I, that 


Iyer patie = 0(<3), 
0 n 


whether ¢ vanishes at the ends of the interval or not. As for the other terms, 
the application of Lemma II with k = 0 gives all that is required.f 

The discussion so far has related to the numerator of the expression (7) 
for a,. For the denominator we need only the simple relation given by 
Liouville: 


(23) [(t.@ Pa =F+0(4). 


The proof is simply this: In consequence of (5), 


emer if cos? py de + 0(=), 


= ilis2p2 1 
[cost py de = 5 4 mt 5 40(2). 
0 fod ~_ 


and 





4 pn 


We have the materials now for one theorem on the degree of convergence 





*Tt is to be noticed that the formulas on which all our demonstrations depend hold only 
for values of n from a certain point on, but it is readily seen that the conclusions are correct 
for all positive values of n. This remark is not trivial in the case of such a proposition as the 
one to which this note is appended. It is asserted, for example, that 


Jv" 6 (2) Ui (2) ae 


does not exceed a constant multiple of v; this is true with the hypotheses that are stated, 
since the maximum of |¢| does not exceed a constant multiple of v, but would not generally 
be true otherwise. 

+ If this lemma and (20) had not already been written out at length, it would have been 
still simpler to operate with the three-term expression (5) directly. 

t Loe. cit., p. 480. 
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of the series (6). If ¢ and X satisfy the hypotheses for the first part of Lemma 
IV, it follows from (21) and (23) that 


1 
On = 0( 5), 


and as the maximum of |U,,(a)| remains finite when n becomes infinite, 


where £ is independent of n and x. It follows that the series }‘a, U, (a) 
converges uniformly,* in which case, as has already been stated, it must 
converge to the value g(x). If we set 


on(x) = da, U,(2), 
v=0 
then 


(lesb pag ca EN DS wBaaavess 


p=n+1 
That is: 

THEorEM I. If 6(2x) has a continuous kth derivative of limited variation 
in the interval OS 2S 7, while ¢ itself and its first k — 1 derivatives vanish 
for x = O and for x = w, and “@f, furthermore, the function \ (a) which appears 
as a coefficient in the differential equation has a continuous (k — 2)th derivative 
of limited variation in 0 S x S wr, then 


$(2) = on(2) + 0(5) 


nit 


= ae Rech BD 


Spars Ae Gee 
- pet B fo fet khn* 





y=n+ 


uniformly throughout the interval. 

Whenever the O-notation is used in the present paper in a relation involving 
a function of 2, it will be understood, without being repeated on every occasion, 
that the relation holds uniformly, that is, that the implicit constant multiplier 
is independent of x as well as of n. In the relation just written down it 
depends onk,, h’, H’, and @. Inthe case that 6 (0) = 0 its dependence 
on ¢ is completely characterized by saying that it is proportional to the total 
variation of @™. 

When & = 1, the theorem is true without the restriction that 


$(0)= (7) = 0, 


in consequence of the facts previously established for this special case. That 
the restrictions at the ends of the interval are not superfluous in general is 
shown by the simplest examples. If 


A(z) = 0, Pe Hoe. } (2) = sin 2, 


* Of course this is assured at the outset by well-known general theorems, but it appears 
incidentally here. 
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for instance, so that the series is the cosine-series for sin 2, the hypotheses of 
Theorem I, except those relating to the end-points, are satisfied for any value 
of k, but the remainder in the series 








; rcs 1 cos 2x = cos 4a cos 2na 
sin @ =~ 3 7 ie ae a 


at the point 2 = 37 does not approach zero faster than 1/n?. 

A further theorem can be obtained by operating with (22). Let the equa- 
tion (12) be recalled, and compared with the following, which is obtained in 
the same way: 


I b (2) cos nade == | 4 (w)eos( na +5 ) de. 
0 nr Jo 2 


By (3) and (4) we may write 


Lfn\F 1 én \F 1 1 
snag) mt) mart Oa) 


On the other hand, 


(m2 +) 
cos Prk > 


cos (nx + ) — (1 — cos &2) cos (ne +2) 


: ; kw 
— sin €&«v sin { nz + ay 


hr ’ ; kor 1 
cos {| nz +> }] — sin ew sin| na +—-) + 0( 5). 

2 2 n 
Now sin e,2 is a positive monotone increasing function in (0,7), as soon 
as n is sufficiently large, and so, if we write 


o™ (x) = b1(%) — d2(2), 


as in (13), we shall have 


t o (x) sin ex sin (nz +) de 
0 


Tw 


= $.(r)sin em [ sin (nz +) de — oa (e)sin exe f isin (nz +) de 
é we 


-0(3), 


since sin €,7 and both the integrals are separately O(1/n). By combination 
of these relations, 
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a. 6 (2) 00s ( px +5) de 
-|- = + 0( aa) || [ 4 (a).c05 ( ne + Jae +0(- :) | 
Maree k 
= sal) 6 (x) cos ( me +S) de +0 rH) 


ip (2) 008 py de = [ (2) c0s nxde + 0( es) 
0 


That is, 


the relation (22) remains true if cos pzv is replaced by cos nz. The integral 
on the right is itself O(1/n*!). From (23), 


1 2 if 
inOPS aaa 


Hence, by multiplication, 


PAGS bg 1 
Qn --| (2) cos nz de + 0( <a). 


To go one step further, 
1 1 
Dae == Cos pate o(*) = cos na + 0(*), 





and so 


9 us 
(24) Qn Un (2) == cos na [ $ (t) cos nt dt + 0() 
0 


Up to this point the original hypotheses about the function ¢ have been 
retained. It is for a somewhat different class of functions that the last rela- 
tions are to be used. Suppose that ¢(2) has a (& — 1)th derivative satis- 
fying a Lipschitz condition, 


(25) |p*™ (a2) — * (a1)|S ules — ax], 


where x; and x2 are any two values in the closed interval (0, 7) and wis a 
constant. This derivative is a fortiori continuous and of limited variation, 
and if we suppose that @ and its first & — 2 derivatives vanish at 0 and 7, 
and that » has a continuous derivative of order k — 2 with limited variation, 
the hypotheses for (24) will be fulfilled with & replaced by k — 1. 

The function ¢(2) has been defined up to the present only in the interval 
from 0 to 7. Let this definition be extended by setting ¢(7) = ¢(— 2) 
for — 7 =x =0, and then making ¢(2 + 27) = ¢(2) for all real values 
of x. The periodic function so defined will have a (k — 1)th derivative 


a 
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satisfying a Lipschitz condition everywhere* if k is odd, and this will be true 
for even values of k& as well if the hypotheses previously made are supple- 
mented by requiring that 6* (0) = 6” (1) = 0. 

The Fourier’s series for ¢(2) will involve only cosine-terms, since @¢ is 
even, and will have for its general term precisely the expression on the right- 
hand side of (24), with the O-term omitted. Let this general term of the 
Fourier’s series be denoted by a, cos na, the sum of the first n + 1 terms by 
8n(v): It is known thatt 


(26) (2) —&, (2) = > a, COS Vx = o( 8"). 


v=n+l1 nv 





Remembering that k in (24) is to be replaced by & — 1, we have 
(27) |on Un (2) — dn cos ne| =F, 


where @ is independent of n and 2. It is understood thatt k 2 1; it appears 
from the relations just written down that the Sturm-Liouville series }*a,U;, (a) 
converges uniformly, and that 


| (x) — on(x)|S|b (x) — sn (a)|+|[ 6 (2) — on(x)] —[6(@) — sn (2)]| 


» [a, U,(a#) — a, cos va] 


yv=n+1 


=|¢(2) — si (#)|+ 








S|o(2)—a(2)|+ 2 se 


log n 1 lo 
-o(*§2) +0(8)- 0(%). 


This may be formulated as follows: 

THeorEM II. Jf d(a) has a (k —1)th derivative satisfying a Lipschitz 
condition throughout the interval OS 2S 7, while $ itself and its first k — 2 
derivatives, and, in case k is even, the (k —1)th derivative also, vanish for 








*Tt is seen at once that ¢ itself is continuous, and readily shown that the successive deriva- 
tives through the (k — 2 )th exist and are continuous, even at the points 0, 7, 27-++. The 
(k — 2)th derivative will be an even or an odd function according as k is even or odd. In 
the latter case its right-hand and left-hand derivatives at the point 0 will be equal; in the 
former they will be the negatives of each other, and so equal only if they vanish. Similar 
reasoning applies to the point z. The others need not be considered separately, because of 
the periodicity of ¢. The proof that the Lipschitz condition is satisfied offers no difficulty. 

{ For the case k = 1, see Lebesgue, loc. cit., p. 201; for the general case, D. Jackson, 
loc. cit., also D. Jackson, these Transactions, vol. 14 (1913), pp. 343-364, Theorem X. 
The latter paper will be referred to as B. 

t The meaning of the hypothesis in the case k = 1 would be, of course, that ¢ itself satisfies 
a Lipschitz condition. 
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« = 0 and for x = 7, and if A(x) has a continuous (k — 2)th derivative of 
limited variation for 0 = x S r, then 


$(2) = an(2) + 0( *8") 


nk 





uniformly throughout the interval. 

If k is even, so that it is assumed that 6% (0) = 0, or if & is odd and 
this assumption is added to those already made, it will be seen, on following 
through the work with this in view, that the remainder does not exceed 
cu (log n)/n*, where c¢ is independent of ¢, and wu is the coefficient in the 
Lipschitz condition which ¢“~» (a) satisfies,* and it is assumed that n = 2. 
It is essential for this purpose to note from the papers referred to for the 
Fourier’s series that the constant factor implicit in the O-symbol in (26) may 
be taken as uw multiplied by a quantity independent of ¢. 

The suggested refinement of Theorem II may be dismissed with these few 
lines, as far as general values of k are concerned. In the simplest case, k = 1, 
the theorem is needed for an application in its more precise form, and it will 
be well to state this simple result separately and to give the details of the 
proof from the beginning. 

THEOREM Ila. If ¢(x) satisfies the Lipschitz condition 


(28) It (22) — 6 (a1) |S ulm — | 
throughout the interval 0 = x = 7, and vf 6(0) = 0, then, in the whole interval, 


cu log n 


[6 (2) —on(2)|S 8", on 


IIV 
bo 


where c is independent of x, n, and ¢. 

The restriction on \(2) is merely that of continuity. 

In accordance with the hypothesis, |¢(a2)|= mu, and ¢(a) can be written 
in the form 


(29) b(x) = gi(x) — d2 (2), 
where ¢; and ¢» are continuous and monotone increasing, and 
$1(0) = ¢2(0) = 0, Oi( @) =a, gdo(7)S um. 


The expression (5) for U,(a) will be sufficient for our purpose. Let the 
second term be multiplied by ¢(a) and integrated; we find 








* Tt is obvious that the total variation of 6%) (x) in (0, 7) is at most my. 
} This will involve some repetition of what has gone before, which is perhaps compensated 
by the gain in clearness. 
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if o(2x) sin prx dx =|4.¢n) f sin py de ~ $2(m) f sin prx dx 
0 é n 
pencil 
aoa atts 
and hence 
=f (2) sin pyv de| 


as has already been explained, the letter c will be used to represent a number 
independent of n and ¢, and, in a relation where x occurs, independent also 
of x, but will stand for different numbers of this sort in different lines, and, 
on occasion, even in the same line. Consider the third term: 


{ o(a) f A(t) Un (t) sin pn (a — t) dt dx 
0 0 
= ii A(t) Un (4) cos ext [ o(x) sin p,x dx dt 
0 t 
_ I \(t) U, (4) sin oat | o (2x) cos pnx dx dt, 
0 t 

and as each of the integrals extended from ¢ to 7 is seen by the use of (29) and 
the second law of the mean to be in absolute value not greater than cu/n, 
it follows that the whole expression satisfies an inequality of the same form. 
Consequently 

= f o(a) | NCE UNE) in pa (et) ede ee 

Pn Jo 0 | ite 


Return now to the first term of (5); here it is to be pointed out that 


if (2) cos pur de — f $ (2) 005 ne de 
, 0 














= ii (cos ea — 1)¢(2) cos nv dx | + il (a) sin ex sin nz dx 
: 0 
c te r 
=" 1 (7) sin mf sin nx dx — ¢2(7) sin arf sin na dx 
g n 
Cu 


= 


bo 


I 


~ 


a 


the last inequality but one being obtained as soon as v is so large that* e, S 4 


and sin e, 2 is monotone increasing in (0,7). To sum up the inequalities 
obtained thus far, 


(30) [7 602) Un (ade = "9 (2) 008 ne de + ri(n, 2), 


* The point where this begins to be true is of course independent of ¢. 
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where the remainder r, is such that 
Cu 


[ri(n, x)|S 75: 


In consequence of (23), which was proved in four lines, we may write 


1 p. 
(31) ae $$ == $1(n), 
if [Un (2)? dz 
0 
where 
Ins(n) |S. 
Furthermore, 
(32) U,, (@) = cos pre + 73(n, 2) = cosna+ra(n, 2), 
where 


Cc € 
In3(m, «)|S-, lrs(n, @)|S>. 


As the second law of the mean shows that 





fee cos nx dx == 
multiplication of (80), (81), and (32) gives 
(33) Xn Un (x) = cos nx [” 6(t) cos nt dt + ro(n, 2), 
where 
(34) Irs(n, «|S 


naw 


Let ¢(x) be defined outside of (0,7) so as to be an even function of 
period 27 for all real values of x. This function will satisfy (28) everywhere. 
If a, cos nx is the general term of its Fourier’s series, which contains no sine- 
terms, and 


n 
ot) = Dd dn COS NX, 


then* a, 
ae Ao Ss 2 
The relation (33), with (34), states that 
lon Un (2) — dn Cos nx a 


* Lebesgue, loc. cit., p. 201; D. Jackson, in the paper A, Theorem V. 
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This has been established only for values of n from a certain point on, this 
point being unspecified, but independent of ¢. On taking account of the 
latter circumstance, it is readily seen that the relation holds also for the 
positive values of n previously neglected. For the inequalities 


lon Ugo iesiay, lan cos nv| = cp, 


are seen at once to hold for all these values of n, since |¢(a)|S mp, and 
U, (2), whether represented by (5) or not, is continuous and not identically 


zero; it follows that 
lan Un (x) — dn cos nz| = cp, 


and it is immaterial whether we write cu or cu/n’, since only a finite number 
of values of n are concerned. Consequently, for n 2 2, 


|b (x) — on(@)| So (2) — sa (a)|+|[6(@) — on(x)] —[6(@) — on (2)]| 
| o 


=|6(r) — sn(#)| + 2d [a U, (2) — a, cos va] 


v=” 





=|¢(z)-a(a)|+ OS 
v=n+1 


= Hh log n cu cu log 


n nN n 


Now let ¢(a) be any function whatever that is continuous in0=a=c7 
and vanishes for x = 0. Represent by 6 any positive quantity, and let 
w(6) denote the maximum of |¢(a2) — ¢(21)| for values of 2 and 2 in 
the interval subject to the restriction that |a, — 21/6. It is obvious at 
once that w(6) is a monotone increasing function of 6, and that 


lim w(6) = 0. 
6=0 


It may be assumed further that w (6) /6 does not approach zero as 6 approaches 
zero, otherwise ¢@ would have a vanishing derivative throughout the interval 
and so would vanish identically itself. The relation just obtained is to be 
used to establish the following proposition: 

TueorEM III. If (x) ws continuous in 0 = x S 7 and 


(35) | (22) — $(a1)|S w(6) 
whenever 
| ary = |= 6, 


and if (0) = 0, then 


1 (2) — on(2)|Sea(7)logn, m=z, 
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The proof, after Theorem IIa has been established, is that given by Lebes- 
gue* for the corresponding property of Fourier’s series. We begin by deriving 
the following lemma: . 

Lemma V. If 

|p (x)|Se 


throughout the interval 0 = x = w, then 
|p (a) — on (x) |S ce log n, n =,2° 


It is obviously sufficient to show that |, (a)| itself can not exceed ce log n. 
Now it follows at once from (5), with (3) and (4), that 


[oe Ua (w)ae — [9 (x) cos pax de 5, 


or, since |cos ppv — cos nx|S c/n, that 


ff ote wrez — J 6(e)eos OME) ae 


From this and (81) and (32), 
lon Un (x) — dn cos na] =o 
Therefore 
Jon (2) — a0 (2)|S LS ce log n, 
and as it is well known} that 


[sn (2) |= ce log n, 
the lemma follows at once. 
Now let a function y (x) be defined as equal to ¢ (a2) at the points x = i7/n, 





47 =0,1,---,n, and linear between these points. Because of (35), 
a; 
(36) 19 (2) — ¥(z) |= 20( 7) 
throughout the interval. Furthermore, (2) satisfies (28) with 
_ w(r/n) 
2) —og/n 


Let us denote by o, (v) the sum of the first n + 1 terms of the Sturm-Liouville 
series for (2), and by oj, (2) and o2,(a) the corresponding sums formed 
for (x2) and (2) — w(2) respectively. Of course 


One) a Tin (2) = Tm (x). 


* Loc. cit., pp. 201-202. 
t See, e. g., Lebesgue, loc. cit., pp. 196-197. 
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By (37) and Theorem IIa, 
ly (%) — cu(e)|=- gz: ip ateie) = co( 7) log nN. 
By (36) and Lemma V, 








T 
Ton (2) |S cw (2) tos n. 
As it follows from (36) a fortiori? that 


Ip(xz)-y(a)|= cw (=) tog n, 
the identity 


b(x) — on(x) = 6(@) — P(x) +H (2%) — om () — om (2) 


gives the demonstration of Theorem III at once. 
If ¢(x) is continuous, but ¢(0) + 0, let 


o(x)= o(0)+ x(2). 


Theorem I is applicable to the Sturm-Liouville series for the constant ¢ (0), 
with & = 1; for of course a constant has a first derivative of limited variation, 
and it was pointed out in connection with that theorem that for k = 1 the 
function developed need not vanish at the ends of the interval. Hence the 
remainder after n terms of the series is 0 (1/n). On the other hand, Theorem 
III may be applied to the function x(a). If w(6), formed for this function, 
is such that the ratio of 6 to w(6) remains finite as 6 approaches zero,* then 


LCS) Jol e(Z)oen]. 


and @(a) still has the property that 


b(2) = on (2) + 0| o( 7 )log m |, 


but it is no longer true that the constant multiplier in the O-symbol is inde- 
pendent of ¢. 


3. SUMMATION OF THE SERIES 


The theorem expressed in (26), concerning the degree of convergence of the 
Fourier’s series for a function ¢ (2) of period 27 having a (k — 1)th derivative 
that satisfies a Lipschitz condition, was proved by an indirect method. It 
was obtained as a consequence of the two following propositions: 

(a) If @(a) is a function of the character described, it is possible to define 
for each positive integral value of n a finite trigonometric sum of the nth order 





“25 Moule assumption goes somewhat beyond the earlier one, that w (6)/é6 shall not approach 
zero, that is, that the ratio of 6 to w (6) shall not become infinite. 
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at most which represents ¢(a) approximately with a maximum error not 
exceeding a constant multiple of* 1/n*. 

(b) If @(x) is any functionf of period 27 which can be approximately 
represented by a finite trigonometric sum of the nth or lower order with an 
error nowhere exceeding €, and if s, (2) is the corresponding partial sum of 
the Fourier’s series for 6 (2), then, for n = 2, 

|o (x) — & (x)|S Ke log n, 
where K is an absolute constant. 

It may not be unprofitable to observe that each of these propositions, 
which are interesting for their own sake, has its analogue in the theory of the 
Sturm-Liouville series. For (6) this analogue reads as follows: 

If ¢(2) can be approximately represented throughout the closed interval 
(0, z) by a linear combination ¥, (x) of the characteristic functions Up (2), 
Ui(x7), ---, Un(w), with constant coefficients, with an error nowhere 
exceeding €, and if 7, (x) denotes the corresponding partial sum of the Sturm- 
Liouville series for ¢ (2), then, for n 2 2, 


lb (a) — on (x)|S ce log n 
throughout the interval. 

Here, as everywhere in this paper, c denotes a constant independent of ¢, 
but depending conceivably on \(2) and on the coefficients in the boundary 
conditions. 

The truth of the assertion is an immediate consequence of Lemma V. 
The partial sum of the Sturm-Liouville series for 6 (a) is obtained by adding 
those for 2, (2) and for ¢(x) — 2n(x); the partial sum for 2, (2) is 2, (2) 
itself, and an error can arise only in the partial sum for ¢(x) — 2, (2), to 
which Lemma V applies. 

The generalization of (a) is somewhat less trivial. Let us recall the method 
by which that theorem itself was proved in the paper A.§ 

If & is the integer which appears in the statement of the theorem, and n is 
any positive integer, let x be the smallest integer for which 2x —k > 1, 
and m the largest integer for which x(m — 1) does not exceed n, and let 


Sr(t) = ie | 1C= 1) (x + 2kw) + (—1)' kp (a@+2(k —1)u) 
(38) —7/2 


Mm sin U 


* D. Jackson, Dissertation, Géttingen 1911, Theorem VII; A, Theorem III; B, Theorem III. 

+ Integrable in the sense of Lebesgue. 

t Lebesgue, loc. cit., p. 201; also, earlier, Lebesgue, Annales de la Faculté des 
Sciences de l’Université de Toulouse pour les sciences mathé- 
matiques et les sciences physiques, series 3, vol. 1 (1909), pp. 25-117; 
pp. 116-117. 

§ The neater proof given in B seems less convenient for the present purpose. 


$e tho (2 + 2u)]| du, 
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where the numerical coefficients in the integrand are the binomial coefficients 
corresponding to the exponent k, the last being omitted, and h,, is a constant 


defined by the equation 
1 ile | sin mu i 
> = Sais Saal du e 
he _z/2m sin u 


It is shown in A* that S, (a) is a trigonometric sum in 2 of order not higher 
than k(m — 1), and so not higher than n, and that S, (a) represents ¢ (2) 
with the required degree of approximation. 

This information as to the form of S, (a) will not be enough for us here. 
We shall show thatt 


(39) S,(@) =f 4 (4) Ba(t—@)de, 
where Hi 
(40) T(t — @) = 20 An cos v(t — x), 


and the coefficients A,,, are constants independent of d. It will be sufficient 
to show that each of the k terms of which S, (x) is composed in (38) has this 
form. Consider any one of these terms, say that containing ¢(a + 2ru). 
The binomial coefficient and the factor -+ hm may be left out of account. 
The change of variable t = 2 + 2ru gives 


t{—2a7* 
sin m 


tr /2 - ; 2k ut 1 a 9 
f (2+ 2m) | Sm] du = 5- $ (t) sea Abe 
—1 /2 x2—rr <A 


Mm sin uU ; x 
m sin 


2r 





Because of the periodicity of the functions involved, this is, except for the 
irrelevant constant factor 1/(2r), the same as 


t—27** 
sin m — 


rr or 
I g(t) eae dt. 


t m sin De 


Let the interval of integration be broken up into r intervals, each of length 27, 
and let these be reduced to a common interval by change of variable. In 
this way the last integral can be brought into the form 


: Le 2) ax 
sin m( 743) 











—(r—2)r r—l 9 9 
(41) i o(t) > : Hi Ad wi 
Jee j=0 : —2 2995 
m sin + —— 
( 2r 2r ) 


* The notation has been changed somewhat. 
+ Cf. B, pp. 347-348, where only the case k = 1 is taken up. 
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Now it is a familiar fact* that [(sin mv) /(m sin $v) ? is a finite trigono- 
metric sum in v, of order m — 1, involving only cosines, and so, if this ex- 
pression is raised to the xth power, there will be obtained a sum of the same 
character, of orderxk(m-—1). That is, each term under the sign of summa- 
tion in the integral just written down has the form 


x(m—1) 


t—2x 2 
ys B, cos é( == 4 UE), 


i=0 ff 





where the coefficients B; are constants. On performing the summation with 
regard to 7, a double sum is obtained which can be written thus: 


«(m—1) a — ert 207 . uf ae r—1 ' 7 
(42) De B; | cos pss cos ae — sini —— > sin ur | : 


i=0 j=0 r  j=0 





Since 


r—1 nA 
407 

> cos 2 

, 


j=0 





is zero unless 2 is divisible by 7, and the corresponding sum of sines is always 
zero,{ the expression (42) really involves no sines of multiples of (¢ — x)/r 
at all, and the cosines of only such multiples of (¢ — 2)/r as are at the same 
time integral multiples of f — x. It has the same form as the right-hand side 
of (40), with the coefficients for which the second subscript is greater than 
n/r all equal to zero. As the integrand in (41), regarded as a function of f, 
is now seen to have the period 27, the interval of integration may equally well 
be taken as that from — 7 to 7. ‘To justify (39) and (40) it remains only 
to combine the terms corresponding to the several values of r. 

The approximating property of S, (a2), stated precisely, is this: If @(a), 
of period 27, has a (& — 1)th derivative satisfying the condition (25), then, 
for all positive integral values of n and all values of z, 

16 (2) — S, (2) A" 
where K;, is a constant depending only on k. 

Of course the number & enters into the definition of S,(a). If ¢ had a 
derivative of order / — 1 satisfying a Lipschitz condition, 1 > k, it would not 
in general be true of this S, (2) that |¢(a)— S,(a)| remains inferior to a 
constant multiple of 1/n’; to attain this degree of approximation, it would be 
necessary to define a new S, by means of a new T,,. But it is readily seen, 
on following through the demonstration in A, that the function 7, (¢ — x) 
formed for any particular value of & applies equally well for any smaller 


] 


*See Fejér, Mathematische Annalen, vol. 58 (1904), pp. 51-69; p. 53. 
t See, e. g., Bécher, Introduction to the theory of Fourier’s series, Annals of Mathe- 
matics, ser. 2, vol. 7 (1906), pp. 81-152; p. 135. 
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value of &, and this is important for what follows. It will be well to give a 
summary of the facts that will be needed about the functions S, and 7; in 
the form of a lemma. 

Lemma VI. The positive integer k’ being regarded as fixed, there exists for 
every positive integral value of n a cosine-sum T,(t — x), of the form (40), 
such that of @(a) ws any function of period 2x whose (1 — 1)th derivative, 
L=k’, everywhere satisfies the condition 


|o2 (a2) — 6 (a1) |S wlae — a, 


then the corresponding S, (x), defined by (39), satisfies for all values of x the 
relation 


|o(x) — 8, («) |=, 


where g depends only on k’. 

For the purpose of obtaining a theorem on the approximate representation 
of a function which has a (& — 1)th derivative satisfying a Lipschitz con- 
dition, by means of linear combinations of the functions U, (x), the number k’ 
in the lemma is to be set equal to k + 1, while / is to be given the values 
k + 1 and k successively. 

The former value is used in studying the behavior of the coefficients A,,. 
Let cos va be substituted for @(x) in the lemma. It satisfies the relation 


d* dk 


Tak COS P&2 — Fz COS vari | S v1) x — ay], 








as is seen at once by applying the mean-value theorem to the kth derivative. 
Therefore 
| 


cos ve — | Tn n(t— a) cos vt dt = Tar 





On the other hand, it follows from (40) that for »y 2 1 


il T,,(t — x) cos vt dt = TAy, cos v2, 


so that 
yet 


g 
|ecos va — Ay, cos vx| = ane 





for all values of a, or, setting x = 0 in particular, 


kt 
(43) [i An eee 
The same reasoning applied when v = 0 shows that 
} 
Ano = or 


precisely. 
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It appears on substituting (40) in (39) that for any function ¢ (2) 


1 Tv 
S.(2) =5- [ota 
+2 { ne | 00s ve [7 4 (4) 0s vt dt + sin re [” o(t)sin at |} 


Tm 
= ao + > dy, (a, cos vx + b, sin vx), 
v=1 


where a,, b, are the Fourier coefficients of ¢, and the numbers d,, = 7An, 
are independent of ¢. That is, the functions S, (a) are formed by applying 
a particular method of summation to the Fourier’s series for @. Rewritten 
in the new notation, (43) states that 


k+1 





(44) ihc ee es 
For the sake of uniformity we will introduce a coefficient dnp = 1. 

We are now in a position to define the approximating function desired. 
Let it be assumed that ¢(a) and (a) satisfy the hypotheses of Theorem II, 
and let a, denote as before the general coefficient in the Sturm-Liouville series 
for ¢(a). The function to be used is the following: 


DG) => dp, a, U, (2). 


It will be shown that as n becomes infinite 2, (a2) converges uniformly to a 
function y (2), which is then necessarily continuous, so rapidly that 
ly (2) — 2,(2)| 

does not exceed a constant multiple of 1/n*. When this has been done, it 
will remain to be proved that (x) and ¢(x) are identical. 

Suppose @(a) defined for values of x outside of the interval (0, 7) so as 
to be an even function of period 27. This function will have everywhere a 
(k — 1)th derivative satisfying a Lipschitz condition of the form (25), so 


that Lemma VI is applicable with 1] =k. Since ¢ is even, S, (a2) now has 
the form 


n 
Sn (a) = do dy a, cos vx, 
v=0 


where 


By us 
a, == [ $(t)cosvtdt, v=1, 
T Jo 


with a corresponding formula for ao. 
Trans. Am, Math. Soc. 31 
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Consider the difference 
Lapp (Z)— 2n(Z); 


where p is any positive integer. It is equal to 


Sntp (@) — 8, (2) + 2 (dnp, » — d,,)[ a, U, (%) — 4, cos va] 
(45) o, es 
+ >) dnp,» la, U,(#) — a, cos va]. 
v=n+1 


By Lemma VI, 
|Snin(%) — Sa(x)|=|[¢(2) — 8, (2)] —[¢( 2) — Site (2) ]|S 
From (44), 


29H 
ne * 


2qve"t 
dare. vain dae = nett ’ 


and from (27), the correctness of which was established under the hypotheses 
that we are using now, 


B 


(46) la, U, (a) — a, cos va| = A» 


where 6 is a constant. Hence the absolute value of each term under the 
first sign of summation in (45) is less than or equal to 2g6/n**!, and the 
absolute value of the sum of n terms does not exceed 2g8/n*. As for the 
other sum, it follows from (44) that 


ees = i apie 


for all values of n, p, and v, while (46) is still satisfied, and so 





n+p 

oD dnt-n, » | Uy eye te COS ve | 

v=n+1 
<1 sh 1+ 
v=n+1 n 


Combining these facts, we see that the absolute value of Zapp (2) — Zn (a) 
does not exceed 1/n* multiplied by a quantity independent of x, n, and p. 
Consequently =, (2) does uniformly approach a continuous limiting function 
W(x) as n becomes infinite, and 


Y(a) = Z,(x)+ 0(=) 


uniformly for all values of 2 in the interval from 0 to 7. 

There would be no difficulty in showing that if 6%» (0) = 0, the absolute 
value of Y(a) — 2, (a) does not exceed cu/n*, where c is independent of ¢; 
but as in other cases of the same sort we will not go into detail on this point. 
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It is still to be proved that the limiting function Y(a) is identical with 
g(x). It might be interesting to know whether it is true that a convergent 
series will always be summable by means of the factors d,,, and that the 
value so obtained will always be equal to the sum of the series. We shall 
leave this general question aside, and confine our attention to the special 
problem in hand, making use of the fact that s, (7), S,(a), and o, (2) all 
converge to the value ¢(a2). The proof is as follows: 

Let 2 be any number in the intervalO =z=r. 

Let ¢€ be any positive quantity. 

Let S?(xz) denote the sum of the first ¢g + 1 terms of S, (a), and 27 (x) 
the sum of the first g + 1 terms of 2, (a2), when n 2 q. 

Two integers n and q are to be chosen subject to seven conditions; the 
possibility of fulfilling these conditions will be made clear after the conditions 
themselves have been written down. 

Let g be a number such that 


(47) |p (x) — 84(x)|< €/7, 
(48) |og(%) — ()|< €/7, 
(49) [[ 2. (#) — 2i(x)] —[S,(#) — Si(2)]| < €/7 


for every value of n > q. Let q, once chosen, be held fast, and let a number 
n > q be chosen so that 


(50) eal eb. () |< ef7, 
(51) Pe ey 5(2)|< €/¢, 
(52) pena 10 (2) |) < €/7, 
(53) ly (x) — 2, (a)|< €/7. 


That (47), (48), (52), and (53) can be satisfied, is an immediate consequence 
of the convergence of the respective sums involved. In (50), 


qg 
8q(«) — S4(x) = D (1 — dy, )a, cos vz, 
p=! 


and for a fixed value of q the right-hand member involves n only in the differ- 
ences 1 — d,,, and approaches zero as n becomes infinite. Similar reasoning 
applies to (51). In the remaining condition (49), 


n 


S(t) —U(z)= dD da, U, (2), 


S,(v) — Si(a#) = > dny Gy COS V2, 


v=q+1 
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and the difference of these expressions is, except as to notation, the second 
sum in (45), and is inferior in absolute value to a quantity which is inde- 
pendent of n and approaches zero as g becomes infinite. Hence (49) also can 
be fulfilled. Of course it will be essential that all seven conditions be satisfied 
simultaneously, but as each by itself is satisfied for all values of qg or of n 
from some point on, there will be no difficulty in finding a single value of ¢ 
for the first three, and then a single value of n for the last four. 

With the justification of the seven inequalities, the proof is practically 
complete. It is found upon adding that the sum of the quantities inclosed 
in bars on the left-hand sides is simply y(a) — @(«#), and as the absolute 
value of this sum can not exceed the sum of the absolute values, it follows 
that 

lo (x) — W(x) |<e 


for suitable values of gq and n. But ¢ and w are independent of q and n, 
and as ¢ is arbitrarily small, it must be that Y (a2) = ¢(a) exactly. As this 
has been proved for a value of x which is any value in (0, 7), the equation 
is an identity. The conclusion is as follows: 

THeorEM IV. Jf d(x) and d(x) satisfy the hypotheses of Theorem II, 
there exists for every positive integral value of n a linear combination 2, (x) of 
the functions U,(#),v = 0,1, +++, , with constant coefficients, such that 


$(2) = 2,(2) + 0(4) 


uniformly throughout the interval O Sa Sr. 
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SINGULAR INTEGRAL EQUATIONS OF THE VOLTERRA TYPE* 


2 


BY 


CLYDE E. LOVE 


1. Introduction. It has been shown by Evans{ that the equation 


(1) b(x)=flw)+ f K(w, tho (tydt 


has a unique finite and integrable solution provided that, for all values of 
«2a and of t=2, (a) the functions f(a) and K(xz,t) are bounded and 
continuous; (b) the integral 


[| K(@, #)|de 


exists; (c) a constant b can be found such that 
ii Dice.) dic Nt (Cee 


Equations of the form (1) sometimes arise,{ however, for which the con- 
ditions of Evans’s theorem are not satisfied. Various cases in which this is 
true are considered in the present paper. In each instance an attempt is 
made not merely to prove the existence of a continuous solution, but also to 
determine its behavior for large values of x. 

The independent variables x and ¢ will be restricted to real values. Funce- 
tions of the single variable x will be considered for values of 2 lying either on 


the range 

E CaO 
or on the range 

Jf maa = b, 


* Presented to the Society, September 8, 1914. 

TAtti della Reale Accademia dei Lincei, ser. 5, vol. 20 (1911), pp. 
656-662. Cf. also: Ibid., vol. 20 (1911), pp. 7-11. 

t For instance, in the theory of linear differential equations. Cf. Dini, Annali di 
Matematica, ser. 3, vol. 2 (1899), pp. 297-324; ibid., vol. 3 (1900), pp. 125-183; also 
papers by the present writer: Annals of Mathematics, ser. 2, vol. 15 (1914), 
pp. 145-156, and American Journal of Mathematics, vol. 36 (1914), pp. 
151-166. 
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where b is arbitrary; functions of the two variables x, ¢ will be considered for 
values of 2 and ¢ in the domain 


te x 


IIV 


a, Lis 


For brevity we shall speak of these three regions as the interval J, the inter- 
val IJ,, and the region T respectively. | 

The functions f(a) and K (2, #) are assumed throughout to be continuous 
in J and in T respectively. 

2. Theorem 1. [f the integral 


[| K@, F(a 


converges in I, converges uniformly in I,, and has in I the property that 


(2) [| K@, ofa < olf (2)| (0<6<1), 


where 0 is a constant independent of x, then equation (1) has in I a continuous 
solution 6 (x) expressible in the form 


(3) p(x) =f(x)p(x), 
where p(2) is a continuous function such that 
lo(z)|<1/(1 —@). 


The method of iteration,* when applied to the equation (1), leads to con- 
sideration of the series 


(4) Bie) 200 oh Sewy 


n=0 


where 


u(x) = f(x), 


imay= fof ff K(a,t)K (t,t) 
e/ x t PONS 


-0° K (is, ba) K (ie, ti) f U1) dint dies ee 
I Ket) vias (n=1, 2, vee). 


We shall first show by mathematical induction that, in J, wu, (a) is contin- 
uous and satisfies the inequality 


(5) | ttn Ce) | < O" [fF Cx) | (wel O see 
* Cf., for example, Bécher, An Introduction to the Study of Integral Equations (1909), p. 14. 
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Assume that wp,_1(2) is continuous in J, and that 
| un—1 (e) |S Or |f (x) |. 


Then u, (2) is continuous in J and satisfies (5). For, since the integral 


[kor lat 


converges uniformly in J,, we can find for every value of e > 0 a value of u 
independent of x, such that 


(6) f iK@ ora <e, 


where yw’ has any value greater than uw, and x lies in ,. Now 





[" Ke, £) up (4) dt =|" |K¢(e, t) Un—1 (t) | dt 
= wf" K¢e, t)f(t)|dt <e, 


by (5) and (6). But this last relation establishes the uniform convergence 
of u(x) in I,, and hence its continuity at all points in J, since an interval J, 
can always be found so as to include any preassigned point in J. Further, 


im (a)|ef |K(2, t) Un—1(t)|dt = wt ["|K(2, EVE (Ly dtr O77 (x) 
by (2). 


To complete the proof by induction we need only note that our assumption 
regarding Up_1(2a) is justified, by hypothesis, for n = 1. 
As a consequence of (5), we have 


(7) Slum (2)1< 745 a f(a), 


so that the series }0%=? w,(a) is absolutely convergent in J, and ¢(2) as 
given by (4) is defined in that interval. Further, the same series is uniformly 
convergent in J,, by Weierstrass’s test, since 


| ttn (a) |< NO", 


where N is the maximum value of |f(a)| in J,. The function ¢ (a) is there- 
fore the sum of a uniformly convergent series of continuous functions, and is 
itself continuous. 

Let us now multiply the series for ¢(¢) by K(a,t) and integrate term 
by term from x to ~. ‘That this is allowable appears from the following 
theorem :* 


* Bromwich, Infinite Series (1908), p. 453. 
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If the series D7=9 fn (x) converges uniformly in any fixed intervala Sux Sb, 
where b is arbitrary, and of F(a) 1s continuous for all finite values of x, then 


fF@(Laele=d [Pe paar, 
provided that the integral 
®(2)=[- |F(2)| D1 f(a) lde, 


converges. 

For, if we take a = 2) 2 =3tf (1) = K.( 2) 1) fn (he th Ct ee 
necessary to show that the integral (2) converges. But this follows at 
once from (7) and (2). 

Upon performing the term-by-term integration mentioned above, we obtain 
the equation 


[/ K(@, t)9 (t)dt = Da (2) = (2) -F (2), 


which shows that ¢ (a) as given by (4) is a solution of (1). 

From (7) it appears at once that we may write (2) in the form (3). The 
function f(a) cannot vanish in J, by (2), so that p(a) is continuous. This 
completes the proof of the theorem. 

That the solution thus obtained is not necessarily the only continuous 
solution* appears from the following example. The hypotheses of the theorem 
are evidently satisfied by the equation 


b(a)me tae [eto (tat, 
since : 
i \K (ryt) ydtauteee yee fo edt = se: 
The equation evidently has the infinity of solutions 
@ (2) = 2e + ce*?, 
where c is an arbitrary constant, the solution given by the theorem being 
obtained by taking c = 0. 


Similar examples can be constructed for each of the cases still to be treated. 
In case the hypotheses of the theorem are not satisfied for all values of 


* Tt may be remarked that in the case treated by Evans (loc. cit.) there may likewise be 
more than one continuous solution. The equation 


o(e) =144er f° eg (t) dt, 


which evidently satisfies the conditions of Evans’s theorem, has the family of continuous 
solutions 

o(x) = 2+ ce”, 
where c is an arbitrary constant. 
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x in I, but only for sufficiently large values, say x = a’ > a, we may proceed 
by ‘“ prolongement ’’* to obtain a continuous solution valid throughout I. 
Write the equation (1) in the form 


() b(a)=fila) tf K(a, t)¢ (tat, 


where 
fix) =f(2)+ f K(x,t)o¢(t)dt. 


Our theorem may be used to determine ¢(2) for x 2 a’, after which fi (7) 
becomes a known function, and (8) reduces to a regular Volterra equation 
whose solution in the interval a = 2 = a’ may be found by the usual methods. 
A similar remark will apply to each of the later theorems. 
3. Theorem 2. [f there exists a continuous positive real function h(x) such 
that the integrals 


fik@orw@la,  ["|K(@,d|aceyat 


converge in I, converge uniformly in I,, and satisfy in I the inequalities 


(9) [1K @, of |d < hee), 


(10) [ |K (a, t)| h(t) dt < 0b() UU <3 9 


where @ is a constant independent of x, then equation (1) has in I a continuous 
solution @ (a) expressible in the form 


(11) p(t) =f(xa)+h(x)p(x), 
where p(a) is a continuous function such that 
lp(x)|<1/(1 — 8). 
Corouuary. [f the integrals 


fik@orola, [ik @, ola 


converge in I, converge uniformly in I,, and satisfy in I the inequalities 


Pik@orola<y, f [K@ place, 


where N is a constant, then equation (1) has in I a continuous solution $ (x) 
expressible in the form 


p(x) =f(x)+ p(x), 
lp ()|< N/(1— 4). 


where 


* Cf. Evans, loc. cit., p. 662. 
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To prove the theorem, consider again the series (4). We note first that 
Un (a) is continuous in J and satisfies the inequality 
(12) 4G 2) << Oh Cr) (n =1, 2, +++). 


For, if we assume that w,_1(2) has these properties, the same will be true 
for Un (a), by argument similar to that of § 2. But the assumption holds for 
ui (a), by hypothesis. 

It follows from (12) that the series (4) converges absolutely in J and uni- 
formly in J;. By making obvious modifications in the argument of § 2, 
we see that (2) as given by (4) is continuous in J, and satisfies equation 
(1) in the same interval. 

By (12), we have 


= 1 
ile () tae), 
n=1 
so that 
1 
O(a) eon 19 ie). 
The form (11) for ¢(2) results at once. 
The corollary is merely that case of the theorem in which we may take 
h (x) =n 


4. Theorem 3. If there exists a continuous positive real function n(x) for 
which the integral 
fo ncaa 
exists, and such that, in T, i, 
(13) |K (x, t)f(t)| <|f (a) |n(t), 
then equation (1) has in I a continuous solution (2) expressible in the form 
o(r)=f(r)[1+(2)], 


where e(x) is continuous and has the property that 


lim e(z7) = 0. 
r= 
We may evidently assume without loss of generality that 


(14) Hi n(t)dt <@ (Oe ii 


z 


For, if this is not true throughout J, it will be true in the interval x Za’, 
where a’ is sufficiently large. After establishing the existence of a continuous 
solution of (1) in this latter interval, we may by prolongement* extend it to 
all values of x in I. 

* Cha $2: 
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It results from (13) and (14) that 


f ik@. ofl sip [aed < alf(@)| 
; ; (ieee) 
Further, the integral 


fk, ora 


converges uniformly in J;,, by the following (Weierstrass’s) test. 
Suppose that for all values of 2 in the interval a= az =b the function 
F(a, t) satisfies the condition 


Ee Cae M(t), 


where M(t) is a positive function, independent of x. Then if the integral 


fo maa 


f Ee Cart) at 


is absolutely and uniformly convergent for all values of x in the interval 
hid 


Let us write 


converges, the integral 


fik@ormla= [ike ormlat [1K @, os @le. 
The test applies at once to the integral last written if we take 
m=b, F(a,t)=|K(#,t)f(t)|, M(t) = Nn(t), 


where WN is the maximum value of |f(a)| in Ip. 
Thus the conditions of Theorem 1 are satisfied in the present case, and by 
that theorem there exists a continuous solution of (1) of the form 


o(r)=f(r) p(x). 
p(w)=1+ (2), 


If we put 


it appears by (4) that 
f(z)e(a) = Lm (2), 
and by (7) we have 
[f(a)e(#)|S > lu (@)| <p g FIL, 


or 
Je(x)|< 0@/(1 — @). 


{ Cf., for instance, Bromwich, Infinite Series, p. 434. 
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Now 6 may be taken arbitrarily small if x be taken sufficiently large, so that 
lite (eee Oe 
This completes the proof. - 
5. Theorem 4. If there exist functions h(x) and n(a)* such that the 
inequalities 
(15) JK (a, t)f (t)|< h(x) a(t), 
(16) |K (x, t)|h(t) < h(x) n(t) 


are satisfied in T, then equation (1) has in I a continuous solution (2) ea- 
pressible in the form 


o(e)=f(x)+h(x)e(x), 
where €(x) is continuous and has the property that 
lim e(2)= 0. 
Coroutiary. If there exists a function n(x) such that the inequalities 
JK(a,t)f()| <n), = |K(«, t)|< a(t) 


are satisfied in T, then equation (1) has in I a continuous solution @(2) ex- 
pressible in the form 
p(x) =f(«)+ (a), 
where 
linse (a) = 0. 


From (15) and (16) it appears that (9) and (10) are satisfied. The integrals 


f [K@,orlae and f \K@, placa 


are readily seen to satisfy the other conditions of Theorem 2. Hence equation 
(1) has a continuous solution 


o(@)=f(a)+h(xje(a), 





where 
VG Foe 
<(@)— Ger ty ee 
Now by (15) . . 
uy (2) 
Sa 
and by (12) 


l s< 0 
hay lm (@)1<7=y cy b 





* The functions h (#) and 7 (2) have the same properties as in Theorem 2 and The- 
orem 3 respectively. 
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so that 
le(a)|<6+6/(1 — @). 
The desired result follows as in § 4. 
To prove the corollary, take h(a) = 1. 
6. Application. The foregoing results may be used in a variety of ways to 
discuss particular equations of the form (1). The following may be mentioned 
as a typical application: 


Let p(a), q(x), and r(a) be polynomials in 2 such that for large values 
of x 


R[p(x)] < Rli[q(«)] < R[r(2)], 


where R[a] means the real part of x. If for sufficiently large values of 2, 
and for values of t = 2, we may write, in Poincaré’s sense, * 


f(x) © ex "(ao $o4 ), 
K (x, t) 0 oP af er P(b, + Pa poy ~), 


where a, B, Y, Go, °*+, 60,0, °** are determinate constants, then for the 
same values of x the equation (1) has a continuous solution ¢(a) such that 
we may write 


(x) f(x). 
To prove this statement, we note first that 2 may be taken so large that 
|K (x, #)|< Miler aF [ler P|, [Ff () | < Nales™ a" |, 
where NV, and N2 are certain constants. Thus 
(17) [LK (2, t) f(t) | < Ni No|e?@ a® e270 pty], 
Let us now apply Theorem 4, taking 
ie ye cel te on (a) LV etre La 


where JN is the larger of the quantities N; and N; Ne, and k is the larger of 
the quantities 


Rla+ sp], Rle+y]. 


R[q(«)] < R[r(x)], 


fo nca 


*Acta Mathematica, vol. 8 (1886), p. 296. 


Since 


the integral 
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exists. We have directly, by (17), the inequality 
|K (x, t)f(t)|< h(x) n(#). 


Also 

|K (a, t)|h(t) < Ny |e? a® er | < h(x) y(t), 
since 
(18) R[p(«)] < Rl[g(x)]. 


Thus the hypotheses of Theorem 4 are satisfied, and equation (1) has a con- 
tinuous solution of the form 


o(x)=f(x) + h(x)e(x) 
An + wn (x) 


gn 


= 0 | ag +E + [+1 xt lez), 


where n is an arbitrary positive integer and 
hin, (2) 05 lim<e(@)'= 0% 


Put 
E(x) |e? oF | 
eP@) a ) 








e(2)= 
On (2) = wy (2) + EP O—I@) gB—etn E(x), 
Then we have 
ie) bo ears eae 
It appears by (18) that 


On + Wn (a) | 
on : 
limve.4e) = 02 
whence we may write 


o(x) e0t9 at (ay + + ), 


Thus ¢(z) has an asymptotic expansion coinciding with that of f(a), which 
was to be proved. 

It is believed that the present theorems may prove useful in the study of 
certain problems in the theory of linear differential equations. (The writer 
hopes to consider applications of this type in a later paper.) 

UNIVERSITY OF MICHIGAN. 


ON THE REDUCTION OF INTEGRO-DIFFERENTIAL EQUATIONS * 


GRIFFITH C. EVANS 


Certain integro-differential equat ons can be completely treated by first 
resolving an integral equation, and second, integrating a differential equation. 
In so far, such equations do not constitute a new problem in analysis, because 
they are reducible to equations of simpler types. From this point of view 
Volterra discusses the equation 


VV (a, ysl) + f f(t, 7) 920 (ay, 2|r)dr = F(x, 4, 2,1) 


which is satisfied by the potential V of an electric field in an isotropic medium, 
in the so-called “static case” of hysteresis.| By solving this equation, 
regarded as an integral equation, for V?V, we are led to the differential 
equation of Poisson to determine V . 

We may however have the case that an integro-differential equation whose 
solution is subject to certain boundary conditions is reducible to one or more 
problems in equations of more elementary character only when account is 
taken of these conditions. This is the point of view to be developed in the 
present paper. It is a point of view which can be extended to more general 
types of functional equations. 

We shall treat, in the following pages, the reduction of boundary value 
problems in the case of the integro-differential equation of parabolic type, 
and quite briefly that of hyperbolic type, to problems in linear differential 
and integral equations separately. It is worth while perhaps to specially 
mention § 2, in which the generalization of the integro-differential equation 
of the second order to an equation of the first order involving integration 


* Presented to the Society, December, 1912, and December, 1913. Since the first writing, 
the paper has been entirely revised, partly to include new material, and partly to take ad- 
vantage of the material of Prof. W. A. Hurwitz’s thesis, Randwertaufgaben bei Systemen von lin- 
earen partiellen Differentialgleichungen erster Ordnung, Diss. Goéttingen, 1910, of 
which the author was ignorant at the time of the first writing. 

+ V. Volterra, Lectures delivered at the celebration of the 20th anniversary of the foundation 
of Clark University (Sept., 1911), p. 75; Sulle equazioni integro differenziali, Rendiconti 
della R. Accademia dei Lincei, vol. 18 (1909), p. 174; Sulle equazioni integro- 
differenziali della teoria dell’elasticita, ibid., vol. 18 (1909), p. 297. 
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around an arbitrary path demands a corresponding restatement and treatment 
of the non-homogeneous linear partial differential equation of parabolic type.* 


1. THe INTEGRO-DIFFERENTIAL EQUATION OF PARABOLIC TYPE 


1. The region and its corresponding equation. ~ For the parabolic differ- 
ential equation the earliest boundary value problems referred to an open 
rectangle as the boundary. Afterwards the results were extended to curves 
of a more general nature. 

In connection with the integro-differential equation 


du(x,t) u(x,t) _ =i ) EMT) Ae 
At, ane ES 


there is a boundary value problem based upon the open rectangle: if under 
proper conditions a chain of values is given along the three sides of this rect- 
angle, the given equation then uniquely determines them along the fourth 
side. In fact, for all the partial integro-differential equations heretofore 
considered, the boundaries have been of this sort. And if we wish to extend 
the results to a more general type of region, it is also opportune for us, as it 
turns out, to consider a slightly more general type of integro-differential equa- 
tion. 

We shall take as the open boundary the curves ¢ = fp on the left, and the 
curves x = &(t) above, and w = &,(t) below. We shall assume that 
£(¢) and &(¢) and their first and second derivatives remain single valued, 
finite and continuous; moreover that £(¢) > £(¢) for any value of ¢ 2 t. 
The derivatives £|(¢) and £(t¢) are to vanish only a finite number of times 
in the interval f =¢=t,. For simplicity we shall impose also the unneces- 
sary restriction that « = £(¢) shall have no maximum and 2 = &(t) no 
minimum, in the interval t) < ¢ < t,. 

We shall adopt Professor Hurwitz’s convenient notation ,Q, for the space 
bounded by these curves and by the straight lines ¢ = a on the left and t = b 
on the right. 


Along the open boundary is to be given the continuous chain of values 


j(v) when t= % [a(t ScZzetany 
(a) F(a#,T,)= j-¢1(¢) when et 
go(t) when x = &(t) 


* For an extensive treatment of the differential equation of parabolic type see Hurwitz, 
loc. cit., on which our § 1 is based, and also for a treatment that demands different conditions 
E. E. Levi, Sul Vequazione del calore,y Annalidi Matematica, vol. 14 (1908), p. 187. 

+ This restriction may be removed by an extension of the present method of proof, or by a 
continuous prolongation of the equation and its solution. 


(hy asia 
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where the functions f (2), ¢1(t), and ¢2(t) are supposed to have continuous 
first. derivatives in the range under consideration, and 7, is used to denote 
the t-coérdinate of the left-hand point on the boundary whose other coérdinate 
isx. When it is necessary to use the ¢-coérdinate of the right-hand boundary 
point whose other coérdinate is x, we shall denote it by ¢,, tiz, ete., according 
as the right-hand limit of the region is formed by ¢t = t, t = t, ete. 

In connection with this region and these boundary values, we shall investi- 
gate the equation 


du (a, t) SS du(x, 7) 
(1) at > i ae A AG Ey Toe eee dr. 


zx 





We shall say that a function w(2,¢) is regular with respect to this equation 
if within the region and on its boundary w and du/dx remain finite and con- 
tinuous, and within the region 0? u/dz? and du/dt exist except on a regularly 
distributed set of curves,* and are integrable linearly in the Riemann sense. 

2. The theorem of reducibility for equation (1). In equation (1) let 
A(a,t,7) and its first partial derivatives with respect to the three argu- 
ments be finite and continuous functions within and on the boundary of the 
region, and inside that boundary let 0A (2,t,7)/d7 = A1(a,t,7) have a 
derivative in regard to x that remains finite and continuous, except on a 
regularly distributed set of curves. 

Under these conditions, there 1s one and only one regular solution u(x,t) of 
the equation (1), which joins on continuously to the boundary values (a). It can 
be reduced to the form 


(2) waist) =u (mi) — ff k(m, tile, t)u!(w, t)de de, 
to2ty 


in which u' (x,t) is the regular solution of the differential equation 


Tenet) Ow“ (2; 1) 
8) Lo) 





‘de Mone t, OR Gey shy: 


which takes on the boundary values (a), and k(ay, tilv,t) ds the function 
associated to 


K(a1,t|2,¢) = ates tay, ti) A(a; te) 
2°V7r 
(4) tig 
-f{ Ayia EL yOAe, | a1, dr} 
t 


by means of Volterra’s relation 





* See M. Bécher, Introduction to Integral Equations (1909), p. 3. 
Trans. Amer. Math. Soc, 32 
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k(n, tle,t)+K(m,tle,t)=f f Ka tl8, e)k(E rl, t) db dr 


124, 


=f f ka tlé,r)K (Erle, t)dedr. 


14, 


(5) 


By g(x, t\x1, t) 7s denoted the Green’s function for the equation 


au_ au, 
Ot = 0a?” 


It shou'd be noticed that w’(a,t) depends on the boundary conditions, 
but that K (a1, t:|2,¢) is independent of them, and is determined merely 
by the coefficients of the equation and the nature of the region. We shall 
now give a proof of this theorem. 

3. The equivalence of the integral and the integro-differential equations. 
By means of an integration by parts, the equation (1) may be rewritten in 
the form 


Ou(z,t) O'u(a, t) 
ot Ox 





= A(t, 0) ules t) — Aa eee reer ae 


(6) 
-{ Ayla, t, Tue hoa 


We have the theorem:+ Jf (2, y) ws continuous in the given region, and 
af in the neighborhood of a point (a1, yi) within that region 0¢/d0x exists and is 
continuous, then the function 

1 
Tee) —= | { ote, tits) th) oO Coro 
201 
tot, 
is regular in the neighborhood of the point (a1, y1) and in that neighborhood 
satisfies the differential equation 


au ou, 
Af tee sno 


Moreover it vanishes on the open boundary of the region Q. 
If we examine the function A(z,t, T7,) F(a, T7,) we notice that its 





* We may write 
; g(#,tla,h) =haetg’, 
where g’ is regular and : 
(a —a2)e — hs 
Be ne Ieee ieee ny VT 
hap (x, t| 21, ti ) (head ek (ty—t) 


(see for instance loc. cit. Levi, § 7). 
1 This is a slight but obvious generalization of Hurwitz’s theorem VIII 6 (Hurwitz, loc. 


cit., p. 85), to which the same proof applies. 
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derivative in regard to a exists and is continuous except on a finite number of 
lines parallel to the t-axis, namely, those lines which pass through points 
where £; (¢) or £&(t) vanishes, and the two lines a = £(t)) anda = & (to). 
Hence we know that the regular solution wu’ (2, t) of (3), which satisfies the 
given conditions (a), exists and is uniquely determined. If we write then 
u(x,t)=wu'(x,t)+v(a,t) we have the following integro-differential 
equation to determine v (2, t) ; 


soc, ty) Ole, t) | : 
ot - Ox? = A(a,t,t)0(2,t)— fo Ai(ast,7)0(e,7) dr 





(7) 
pA Catt te (est) -f Ai (et, tu Ce, 7) ar, 
i 


with the condition that it be regular, and join on continuously to zero boundary 
values. 

By means of the customary analysis with Green’s theorem, we find as a 
necessary condition on (a, t) that it satisfy the equation 


1 
om t= ef [ge tle 4) | Ala, t, dole, 8) 
4 to ty 
-{ Ai (x,t, r)0(a, r)def ded 
T. 


tag) Joe teat | Ala, t, tw (a, 2) 


| Air, i, 7) u Ca, r)dr } de dt 
I, 


(8) 


whence, if we add w’ (21, t;) to both members, it follows that we must have 


1 ° 
u(a,t) = watt se f fale tla, t){ (2,4 tule, t) 
(9) ify 
-f[ Ai (x,t, r)u(a, 7)dr | de dt, 
Ty 


This, by a permissible change in the order of integration, since g (2, t|a1, t1) 
is a continuous function divided by vt; — ¢t, may be written in the form 
(10) u(a1,t) = uv! (21, t1) +f [K(m, |, t)u(a, t)daxdt, 

toMty 


where K (21, t:|2,¢) is given by (4). It is necessary then that wu (a1, ti) 
be a solution of (10) within the region. 
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On the other hand if w(a1, ¢:) is continuous and a solution of (10), it will 
be regular and a solution of (1), and will join on continuously to the boundary 
values (a). In fact 


Obs Uae Le dg (a, t|a1, tr) 
O02 -an todd O21 A(z,t,t)u(a, t) 


toQt, 





-{ ATUL Lee) lees r)dr | de dt, 
i 


zx 


and is therefore finite and continuous. Hence if we put 


abs) ¢(2,t)= Ale ft, tua, t) — { Ay (es 7) Ue ae 
e ie 
we see that 


d¢ (a, t) és 0 
Ox ~ Ox 





[A(a,t,t)u(e,t)]— f St Ai(@,t, r)u(e, 1) Jr 


Zz 


ie 
+ Ai(z,t, T,)u(a, T.) 


represents a function of 2, ¢ which is continuous except for discontinuities 
regularly distributed. On some of these lines of discontinuity 0¢/dx will 
become infinite. But referring to the theorem of Professor Hurwitz already 
quoted, we see that the function i(a,t) determined by giving ¢(2,t) the 
value from (11) will be regular and a solution of equation (7), which takes on 
zero boundary values. Moreover, as we see from equation (9) this % (a, t) 
is precisely w(a,t) — wu’ (a,t) where u(x,t) is the supposed continuous 
solution of (10), and w’(av,t) is the w’(a,t) already specified. Hence 
u(x,t) will satisfy (6), and therefore (1), will be regular, and will take on 
the given boundary values (a). Our assertion is therefore proved. 

It may be noticed here that the discontinuities in the derivatives of highest 
order in the integro-differential equation (1) appear as projected through 
the region from points on the boundary, on account of the dependence of 
the equation on the chosen region, a fact which has no analog in the theory 
of the parabolic differential equation. 

4. The integral equation (10) and its solution in closed form. It merely 
remains to show that (10) has a unique continuous solution, which can be 
written in the form (2). 

We can show directly that equation (10) has one and only one continuous 
solution. In fact, the solution may be written in the form of an absolutely 
and uniformly convergent series of continuous functions* 

* Evans, Sull’equazione integro-differenziale di tipo parabolico, Rendiconti della 


R. Accademia dei Lincei, vol. 21 (1912), p. 28. The proof applies with obvious 
modifications to this case. 
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(12) u(a,t) = .u™ (a, t), 
n=1 
where 
wu) (2, £1) =| [ Kim, Fie buen Ce, ty da de, emai ky. 
to2 ty 


au C2; t, ) = 4) (2a, t, ) . 

In order to reduce the solution to the closed form (3), we go through a 
process which incidentally gives us another proof of its existence. We must 
determine the function k(21, t:|%,¢) which satisfies Volterra’s relation 
(equation (5)). 

To this purpose let us consider the series formed in the usual way 
(13) — >) Ki (2, ti]z, t) 

1 

in which 

en emieen) sy) = Cty ys ttt) 

Kay, ti|2, t) aa f fxm, ty Se 7) Deane 7|2, t) dé dr. 

124, 
Of this series every term but the first remains finite. In fact for the second 
‘term, since from the explicit expression for K (21, t1|a, ¢) 
KK (a, 418 sy, 


in which M is some constant, we have 


; *s Ir 
UGGrredhes mC Ce, rhea, t awed [ mals 
(14) 0 cere et) RCE, 712, t)| PNG rN 
Simi? A, 








fy 


where A is some constant. Hence that term remains finite. The (nm + 2)th 
term is in absolute value not greater than the expression 


C{D (ti — t)}" 


n!} 





J ea Os 


where C and D are certain constants,—provided of course that we are dealing 
with integrable functions. If we neglect for the moment this proviso, we see 
that the series, starting with the second term, is absolutely and uniformly 
convergent. 

The first term is integrable over the given 2, ¢ region for any given values 
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of x1, t;, and is continuous in the neighborhood of any point (a1, ti|2, t) 
provided that we do not have both 2; = 2, and t; = t. It is understood of 
course that ¢; 2t. Let us now consider the remaining terms in regard to 
continuity, and incidentally therefore in regard to integrability. 

The second term, as we have shown, remains finite, and is continuous 
except when we happen to have a; = 2, tf; = ¢. Let us then examine the 
value of this term in the four dimensional neighborhood of a point 


Os IDAHO 


where (X, 7’) is within 2, and show that by taking our neighborhood small 
enough, we can make the value of this term as small as we please (= 7) pro- 
vided that we keep ¢, = ¢; in other words, that the second term is continuous 
at any point (X, 7|X, 7’), if it is given there the value zero. 

By referring to the explicit expression for K (21, t:|a,¢), we see that the 
only term in Ky (a1, ti|2, ¢) that requires examination is 


ea A(a,7,7T)A(2,t, oe (1-4) EBA) dE dr , 
Ar Vi Ve 





Qe, 


Let us divide the region of integration for & into three parts, c, to X — A/2, 
XY — A/2 to X + A/2,and X + A/2 to co, where c; and ce are respectively 
the minimum and maximum values of xinQ. If we write |A(2,t,t)|< N, 
and make use of the inequality (14), we see that the above expression is in 
absolute value less than the expression 


= A +e [ “de e719 A—1) (E29 A(t) 
ids dé i ; ——=___ aT 
1 t Vii eae 


+E" a ae [ Sia ae £)2/4(4)—7)—(E—2)2/4(7—1) 
dr. 
X+A/2 t en ear, 


Let us now choose |v; — X| and |w — X|=A/4, and A small enough so 
that the first term of the expression is less than 7/3. In the two integrals, 
the values of |x: — | and |& — 2| will always be at least as great as A/4, 
and the integrands therefore less in absolute value than a certain constant, 
independent of the choice of 2 and 2; within the given interval. Hence if we 
take |t; — T| and |t — T'| < e, keeping t; = t, we may choose € small enough 
to make each integral separately in absolute value less than 7/3, and thus 
verify the desired inequality. 

Accordingly the second term in (13) is continuous within the region. Hence, 
as is immediately verifiable, all later terms are continuous in the same region. 

If now we define k (a1, ti|a, ¢) as the series (13), it will obviously satisfy 
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the symmetrical relations (5). The continuous function w(a,¢) defined by 
(2) is now seen to be the same as the w(a,¢) determined by (10); for from 
the symmetry of the relations (5) and of the equations (2) and (10), it follows, 
in the usual way, that the w(a,t) defined by (2) is the unique continuous 
solution of (10). Thus the closed form of the solution is established. 


2. THe GENERALIZED DIFFERENTIAL AND INTEGRO-DIFFERENTIAL 
EQUATIONS OF PARABOLIC TYPE 


5. Introduction. The complication of the methods of §§ 1-4, which are the 
classical methods, is due to the fact that we must insure the existence of 
0?/dx? and 0/d¢ for functions which we wish to consider as possible solutions 
of any of the various parabolic equations. The possibility of avoiding these 
complications is suggested by trying to consider the complex of derivatives of 
highest order as a single differential operator 

do 20 
dx? Ot’ 
rather than as the combination of two. 

Such a definition may be reached in several ways: we may for instance in 
forming this expression require that the increments of 2 and ¢ continue to 
satisfy a certain relation as they approach zero.* It is more convenient for 
us, however, because closer to a possible physical interpretation and less 
laborious in its analysis, to define the operator by substituting for the parabolic 
differential equation 





Ou Ou 
(1) reiasa 1 Es 0) 


the generalized equation 


ee) | Gear uae |= f face aca 


in which s is an arbitrary closed curve of a kind later to be described, and o 
is the enclosed region.t Similarly for the integro-differential equation 


* We can generalize Green’s theorem so that it applies to this operator. The corresponding 
operator has been defined by H. Petrini in the elliptic case for Poisson’s equation, Les dérivées 
premiers et secondes du potentiel, Acta Matematica, vol. 31 (1908), p. 127-332, see 
introduction and page 181. 

+ Compare Professor Bécher’s treatment of the equation A? u = 0 by means of the relation 


f ou] on = 0: 
M. Bocher, On harmonic functions in two dimensions, Proceedings of the Ameri- 
can Academy of Science, vol. 41 (1905-06). 
We may regard the passage from equation (1) to equation (2) as equivalent to defining 


fe) 0 aed 0 
(2 -3) = tim = J, { Sat + ( )ax |. 
The corresponding definition is used by Ignatowsky, Die Vektoranalysis, Leipzig (1909-10), 
in his treatment of A?, but his treatment is not exact at all points. 
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du Ou ; 
Ai see ibewers T)u(a2,7)dr 


we can substitute the generalized equation 


[| Soar + ade |= f fae f Al(eyiscyule, dr 
8 v o T, 


By establishing the corresponding generalization of Green’s theorem we 
can give a treatment of the boundary value problems for these equations. 
It is not necessary that any derivative of f(a, t) should exist, or that f(z, t) 
should satisfy any restriction of the type of Levi’s condition,*—a result that 
applies also to the corresponding generalization of the non-homogeneous 
elliptic equation. Likewise in the treatment of the integro-differential equa- 
tion, it is unnecessary that any derivative of A(2,t, 7) should exist, or that 
A(a,t,7) should satisfy Levi’s condition. 

6. Regular functions, standard curves, and Green’s theorem. We say 
that a function is regular with reference to a generalized parabolic equation 
and a given region if with its first derivative with respect to 2, it is continuous 
within and on the boundary of the region. The generalized parabolic equa- 
tions are defined with reference to the integration of regular functions along 
certain classes of curves within the given region. These curves may be called 
standard curves and defined as follows. 

A standard curve is a closed curve which does not cut itself at any point, 
composed of a finite number of branches. For each branch, the codrdinates 
of a point are given by two functions ¢(q) and ¥(q), throughout a finite 
interval for g; 6(q) and Y(q) are assumed to be continuous throughout the 
closed interval, and therefore finite, with their derivatives of the first order. 
It is assumed that ¢’(q) and ¥’(q) vanish only at a finite number of points, 
and do not both vanish at the same point. Hence no line parallel to the 
x-axis or t-axis can cut a standard curve in more than a finite number of 
points, unless it includes itself a branch of the curve. 

We are now in a position to state Green’s theorem: 

If u and v are regular, and f and g are continuous, throughout a given simply 
connected region, and uf for any standard curve s contained wholly within the 


region 
ee 
[| soa + uae | =| [ta 
(2) F 
v 
[| - sat eae | =| f oe 
then 


(3) P| (fe = Z2) ae + nea | = ff cp + ug) de ae, 


* Levi, loc. cit., § 8, Art. 23. 
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7. Proof of Green’s theorem. Let us form the functions 


u=-[ aw [ u(a+t2’,t+t’)dz’, v= | a” { o(ata”’,t+t’) da” - 
70 0 0 0 


r=[ a’ [ lao t+? yd a={ a" | g(xta’,t+t’) dx” 
0 0 0 0 


keeping |t’|< a, |2’|<a, |t’’| <a, |x’’| < a, where a is a positive constant 
less than the smallest distance of any point of s to the boundary of the given 
region. . 

If we displace the standard curve s parallel to itself by an amount whose 
components are 2’, t’, it will still remain within the region, and equation (1) 
will give us, by the corresponding change of variable, 


f{*= ae ) dttu(ata’,t+t')de| 


=f fiete tte yded. 


If we integrate this equation from 0 to 2’ in regard to 2’ and from 0 to ¢’ in 
regard to ¢’ we shall have 


(4) f[ Peete at U (2, a;t,t)de|= f [ F(a, 2st, ¢)dedt, 


since all the functions involved are continuous. But by a change of variable 
E=a2+2',n =t+1’, the expression for U becomes 


te af 20! 
u=f dn [ RO PEs 


so that we have the formule 








au ort? 
Gans fu(e- 2,4) — ule, 4)}dn, 


eo! 
ea fle tte) ue, NM, 








O02? 


OL Uae Sete tein) Saat 
t Oa Ox Le 


all functions which are finite and continuous in og and ons. Hence 


gU  #U au 
ieee aa )do = [| Gra + Uae, 
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But F is continuous in a, and therefore from (4) we have 


COR, Dstt jane ol Cpe bate 
ot ie da? 








HN ire AN LOD | 


Similarly, we find the equation 


OVi(a, eT no ale es tet) 
ot e Ox? 





= Ge eee 


From these two equations it follows by means of Green’s theorem, as ordinarily 
stated, that 


6) ge Ae a 


OV tot ett 
Ox 





— Ula, esto) 





tae + UC ee 
(5) 


x Veet de |= f [{V@,ast P@, aH) 
+ U(a, 238, 0) G(x, 25 t,t”) bdo. 


Referring to the definitions of U and V , F and G, we see that 


aU Vv 


= U(r tel, ta tals =v(ate2”,t+t’), 


dx’ At! dx" dt” 
oe / , OCG ” ” 
oe oF IKE), ar of IKE ett ye 


Hence if we differentiate (5) in regard to a’, t’, x’, t’’, under the integral 
sign, as we have a right to do, since the resulting functions are all finite and 
continuous, we get the formula 


Sle ee eeraye ork 7 


mee ite) 








—u(eta’,t+t) dt +u(a+a’,t+t’) 


Ox 
Xo(eta", ttt’ )de | = f{ocetar tte”) 


Xf(ata ttt )tulete ttt )g(ata",ttt’) bdo. 


If in this we put a’ = a2” =?’ = t’’ = 0 we get equation (3), which we wished 
to prove. 
If the boundary of the region is a standard curve the theorem will still hold if we 
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take s as the boundary itself. This can be shown by extending the function u 
across s in the following manner. 

Let us isolate each vertex of the curve, and each point of the curve where 
there is a vertical tangent, unless it is an interior point of a vertical branch of 
the curve, by a small circle. Consider the portion of the curve between two 
successive circles. If this portion is vertical, we shall define wu and du/dx 
throughout a small neighborhood on the outside of the curve by means of 
the values which they possess on the vertical line itself for the same value of a. 

If the portion is not vertical it will not have a vertical tangent at any 
interior point. Let us denote by r(t) the values of du/dz along this portion 
of the curve, and define w throughout a small neighborhood on the outside of 
the curve as that solution of the equation 


cu = r(t) 
which takes on along the curve itself the already known values of w. 

I’ now we surround each circle by a slightly larger circle, and take as a 
contour s’ the curve composed, first, of the portions of s between the successive 
circles, last constructed, and second of the portions of these circles interior 
to the region, we shall have for s’ , if we take the circles small enough, a standard 
curve, and it will lie wholly within a region for which w and du/dz are con- 
tinuous. Green’s theorem will then hold for s’. We get Green’s theorem 
for s if we let the circles approach zero as a limit. 

8. The generalized parabolic differential equation. As the region to be 
considered, we shall understand that enclosed by the lines ¢ = fy on the left, 
and ¢ = ¢, on the right, and by the curves x = &(t) above and 2 = &,(t) 
below. We shall assume that €(¢), &(¢) and their first derivatives remain 
single-valued, finite, and continuous, and that &(t)> &(t),t2t). The 
functions £(¢) and &(¢) are to have only a finite number of maxima and 
minima in the interval f) Stitt. 

Along the open boundary is to be given the continuous chain of values 
(a) of $1, under the conditions there stated. The function f(z, ¢) is to 
be finite, and continuous within the given region. 

Under these conditions there is one and only one regular solution u(a,t) of 
the generalized parabolic differential equation (1'), which joins on continuously 
to the boundary values (a). It has the form 


1 . 
(6) u(%,t) = wu’ (a, tr) tof foe, heey ty Fat) tt ae 
where wu’ (a1, t,) vs the regular solution of the equation 


du'(x,t) Gu'(a,t) 
(7) at on Ox? 
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which joins on continuously to the boundary values (a) ,* and g(a, tla1,t,) is 
the Green’s function for this same equation. 

From Green’s theorem it follows that under the given conditions the solu- 
tion of (1’) must necessarily have the form (6). On the other hand we can 
show directly that (6) does give us a solution which takes on the boundary 
values (a). In fact we shall show this if we show that the function 


if 
(8) 2(21, t1) = suc lJ (es tles, wf (x,t) de de 


to ty 


is regular with respect to (1’), takes on continuously the value zero on the open 
boundary, and satisfies (1’). 
Let us write 


a(@,7)=2Z2(2,t)+ w(2,t) 


bey i 1 
Lig, th) = { i Saas Oy eT (ee 
Coy, 2Nird « aera Tp 


to ty 


and 





We know that Z (a1, t,) is regular with regard to (1’) since with its derivative 
in regard to z it is continuous within and on the boundary of Q.{ It is also a 
solution of (1’), as we can show by performing the indicated integration. 

9. Formule of integration. Let / be a straight line lying wholly within 0, 
of which the end points are (a1, b;) and (a2, b2), with by > 6;, and let 2’ 
be the x coérdinate of the point on that line whose other codrdinate is f, i. e. 


dg — ay 


2 Fee (t{—bi) +a. 





If we enclose this line in a small parallelogram, which we allow to vanish, we 
can easily deduce the following formule. 
If lis perpendicular to the t-axis, we have 


[des ff tore (a, tla, tf (aw, t)ded 


to@t 
(T) a, 7 
= tim f f de dt f(a, t) [ hoo (x, t|a1, t) dar. 
5=0 a 


to t1—8 


If J is not perpendicular to the ¢-axis, we have 





* For the existence and uniqueness of wu’ (x, ¢) under these conditions see G. E. Levi, 
loc. cit., §§ 2, 5. 
| See E. E. Levi, loc. cit., p. 234. See also § 7. 
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fi dex [J hora, tar, tf (a, t) de dt 


fs) ay! a9 to® 
= | [ avaty(z, of Io a2, €| 21, ty) day, 


tobe a! lay 
fats ff tase (2, tlm, nf (a, Dae dl 


(II,) brie 
— [| [ ax dtf(x, 7 [ trata, i121, t, ) dt,. 


tobe t lb 


In these formule, as before, we write 


(t1 — 2 piri At) 


ae 





hag Cr; t\a1, ti) = i 
from which it follows that 
0 aN 
Ox, hoin (x, t\an, tr ) = er a hy so (2, tloi5 ty ) . 
v4 


10. Application to equation (1’). With reference to these formule let us 


form the expression 
c 


where C denotes a closed polygon of a finite number of sides, the boundary 
of which does not anywhere cut itself. If we denote by ;C the portion of the 
contour composed of points of which the ¢-codrdinates are greater than the - 
value ¢, and by b the maximum f-coérdinate for any point of the contour, 
we shall have the equation 


IZ (r,t 
fF oe a +2 (21, ts) dr | 


Oho: thay, ty) 
eee of] Ce HAT) at han (2, tan, der |. 


The ae integral of the second member of the above equation is 
however, as is well known, equal to 





2Vx if the point (a, t) is inside C, 
0 if the point (2, ¢) is outside C, 


since ho; is itself a solution in 21, t; of the homogeneous partial differential 
equation (7). The boundary points form an aggregate of zero external 
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measure, and since the curvilinear integral remains finite, contribute nothing 
to the value of the second member. If then we divide ;,Q into two parts, 
one consisting of the portion of Q inside C, and the other the portion of Q 
outside C’, we observe that the value of the double integral over the latter 
portion is zero, on account of the zero factor in the integrand. Hence we have 


[| oe ae + ola, 4) dz, | = {fre t) dx dt, 


the double integral being extended over the interior of C. 

Let us now finally consider any standard curve entirely within Q. In the 
first place it is rectifiable, and its length is by definition the limit of the peri- 
meter of an inscribed polygon as the vertices of the polygon become infinite 
in number, in such a way as to make the polygon approach the contour. In 
order to construct the approximate polygons in a perfectly definite manner, 
we may imagine the 7th branch of the standard curve s to have the coérdinates 
of its points expressed in terms of the parameter q, as we have already de- 
scribed, and take as the vertices of the polygon the n, interior points of division 
corresponding to equally spaced values of g in the interval (the vertices of 
the curve therefore are not vertices of the polygon). By taking every n; large 
enough, we get in this way a polygon of the kind already described, namely 
one of a finite number of sides which does not cut itself. If we denote the 
total approximate polygon by C,,, we shall have 


f [2a + Zac | = ee t) de dt. 


As each n; becomes infinite the right-hand member approaches the double 
integral over o. The left-hand member approaches the integral over s, 
since the functions Z and 0Z/dz are finite and continuous, and the curve s 
is rectifiable. In fact the integral around s may be regarded as the limit of 
a sum, the values of the functions being taken at the vertices of the polygons; 
and from the continuity of the functions w and du/dx in the two-dimensional 
region it follows that the integral around C, can also be made to differ by as 
little as we please from that sum, and from its limit, by taking all the n, large 
enough. 

The function Z is therefore a solution of equation (1’). 

Let w(a,t) be that solution of (7) which has on the open boundary of Q 
the same values as Z(x,t), reversed in sign. Since Z(2,¢t) is finite and 
continuous within and on the boundary of 2, w(2,¢) will be regular with 
respect to (7), as the existence theorem for (7) tells us. The function 


3(2, bt) = Ze, b) ee a) (a) 
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will therefore be regular with respect to (1’), will take on zero values on the 
boundary of ©, and will satisfy (1’), for any standard curve lying wholly 
within the boundary. It follows moreover from Green’s theorem that it must 
be expressible in the form (8). This is what was to be proved. 

11. A generalized integro-differential equation. Let us consider now an 
integro-differential equation of parabolic type corresponding to the region 2. 


If we denote by f integration along that portion of a line parallel to the axis 
of ¢ which is inside the region 2 and between the lines ¢ = t) and ¢ = t,, the 
integral equation that we desire to consider may be written 


(9) [| Goat uae | =f f ded [ A(x, t,r)u(e, rar, 


tot 


where by s is meant any closed contour of the kind that we have already 
specified. 
If w(x, t) is continuous, the quantity 


{ 4@, 1, T)UC 2, 7) aT 
tot 


will be a continuous function of z and ¢.* Hence by the theorem of §§8, 
in order that w(a,t) be the regular solution of (9), which takes on the bound- 
ary conditions (a) it is necessary and sufficient that it be a continuous solu- 
tion of the equation 


Peet bie th Cte bt) 


+n ff dedtg(x, ther, t) { Ale,t,r)u(z, r)dr. 
Iver 


Qt, to t 


(10) 


This equation, however, is merely an integral equation similar to that 
already discussed in part 1. For by rewriting this equation in the form 


u(ay, tr) = Telcos y ty) 


toe fae f teoce, that) f Ala ts r)u(e,r)dr, 


to ty tot 





* According to our conditions the boundaries x = é,(¢) and x = &(¢) cannot have 
portions consisting of horizontal straight lines. If it is desired to admit these, we must also 
generalize the theorem of § 4 to apply to functions f («, ¢ ) which are finite and discontinuous 
in a regular manner, — a generalization which is immediate. 
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and interchanging the order of integration with respect to ¢ and T we have 
the equation 


Ue Cp at) eth ee) 


+= [ode f druce, r) [9(2, tla, )A(@, t, rd, 
QVr Cy ae rt 


which is again the same as 


Olt, i) = Ww Clie) 


+5 eff deduce, df a 7|a1,t)A(o, 7, lame 


to Qty 


(11) 


But this equation, according to the method of part 1, has a unique continuous 
solution of the kind there specified. We have then the following 

THEOREM. There ws one and only one regular solution u(x,t) of the equa- 
tion (9) which joins on continuously to the boundary values (a). It may be 
reduced to the form 


w(art) =u (mt) — f f(a, tile, t)! (a, t)de de, 


tot 


where k (21, ti|x, t) is the function associated to 


if ° 
Ka; ty |2, t) = naa q(x, 7|21, ti) Ake Ts Vag 
1 
by means of Volterra’s relation. 


3. Tue INTEGRO-DIFFERENTIAL EQUATION OF HYPERBOLIC TYPE 


12. In this last section we consider very briefly the hyperbolic integro- 
differential equation of the following simple type,* 


OF U0, tT eee 7 u(x, 7) 
(1) 4x2 — ap -{ ie, ty See Ts = dr, 





in which A (2, t, 7) is a continuous function, with continuous first derivatives, 
in a region 
Ober tie 7 


a-rt+tSe¢sactr-—-t. 





* This equation has been treated by the method of partial solutions by V. Volterra, Vi- 
braziont elastiche nel caso della ereditd, Rendiconti della R. Accademia dei 
Lincei, vol. 21 (1912), p. 1. See also V. Volterra, Lectures delivered at the celebration of 
the 20th anniversary of the foundation of Clark University (1911), p. 80. . 
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The region of variation for the point (a, ¢) is thus a triangle whose vertex is 
at the point (a,7r) and whose base is on the z-axis bounded by the points 
(a —r,0) and (a+r,0). The solution of this equation is to be regular,* 
and is to satisfy the boundary conditions 


Ucar Oh ee 
CU aat) 
(8) | ee | = fle), 


in which f(x), fi(a) and their first derivatives are continuous functions 
of x in the range of valuessa —r SuaSa+r. 

As long as we base our treatment on the characteristic function of Riemann, 
which is itself regular, there is no need of generalizing the equation in order 
to get rid of the second derivatives. We therefore limit ourselves in this sec- 
tion to a treatment that corresponds to §1, and content ourselves with a 
bare mention of the resulting theorem. 

THEOREM. Under the given conditions for A(a,t,7) there is one and only 
one regular solution of (1), w(x, t), which joins on continuously to the boundary 
values (8B). It may be reduced to the form 





x+t T 2 
@) —-u(a,t)—au(a,t)— [dg [Ua tl, rw’ (E, nde, 
a—t 0 
where 
T=t—-2+f for Ser 
Tae tee —& for £ Sa, 


where u’ (x,t) ws the regular solution of the equation 


Per eT). Ou (2.4) du (Len) 
0 ES erie | ene RR 


+| 2% a 2 | ee 
OT q=t 


= - (2,1, 0f(2)+| 2S | ce) 


that takes on the boundary conditions (8), and where l(a, t|é, 7) ws the func- 
tion associated to 


1 ty 302A : t, 
@ E(w tile,t)=3 (m1, tle, 7) ae ar 








* That is, is to be continuous, with continuous first derivatives, and integrable second 
derivatives ( 9?/dx? and 0?/di?) in the given region 0O=tSr,a—r+tSrSa+r-t. 
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by means of Volterra’s relation. By G(ay,ti:|x,t) ts denoted Riemann’s 
characteristic function for equation (8).* 

In the case of the region that we are considering Volterra’s relation may 
be written as 





(5) W(a1,ti|a,t)+ Drie eat) =e ff t@vale, 7)l(&,7|v,t)dédr, 


the double integration being extended over the shaded area in the accom- 
panying diagram. 
Tue Rice Institutes, 
June, 1914. 


* That is, the solution of the equation adjoint to the first member of (3), which takes on 
the value 1 for z = 21, y = yi, and satisfies the conditions 


dG A(a,t, t) 
2 a Be 


we SEN along the linex +t =a, +h. 
2 





G along the linex —t = a1 —th 
and 


INVARIANTS IN THE THEORY OF NUMBERS* 


L. E. DICKSON 


1. Polynomials in the coefficients of a form f (a1, +--+, a») which have the 
invariantive property with respect to all linear homogeneous transformations 
on 21, -+:, 2, with integral coefficients taken modulo p, where p= is a prime, 
are called formal invariants modulo p of f if the coefficients of f are independent 
variables, but are called modular invariants if the coefficients of f are integers 
taken modulo p. The concept of formal invariants modulo p was introduced 
by Hurwitz;} but the only known results concerning them relate to the binary 
quadratic and cubic forms.{ On the contrary, a simple and effective theory 
of modular invariants has been g:ven by the writer. A new method of de- 
riving modular invariants from seminvariants is given in §8. But the main 
purpose of this paper is to present a simple general method of constructing 
formal invariants. The method is applicable also to formal seminvariants 
and, more generally, to the invariants of any linear congruence group (§ 7). 
Moreover, the new point of view forms an adequate basis for a general theory 
of formal invariants. 


CONSTRUCTION OF FORMAL INVARIANTS 


2. The method of construction will first be illustrated by the simple example 
of the binary quadratic form 


Q = az’? + bry + cy’ 


for the case of modulus 2. The only real points (i. e., with integral codrdinates) 


modulo 2 are 
Seay AU ie P, =(0,1), P; =(1,1). 


The corresponding values of Q are 
ey Cc, s=atbd+e. 


By the interchange of 2 and y in Q, a and ¢c are interchanged, also P; and P2. 


* Presented to the Society at Providence, September 7, 1914. 
tj Archiv der Mathematik und Physik, ser. 3, vol. 5 (1903), p. 25. 
t Dickson, On Invariants and the Theory of Numbers, Madison Colloquium Lectures, Ameri- 
can Mathematical Society, pp. 40-54. 
497 


498 L. E. DICKSON: INVARIANTS [October 


By the transformation # =x +y,y' = y, Q is replaced modulo 2 by a form 
with the same a and b, but with c replaced by’s; then ¢ and s are interchanged, 
as well as P. and P;. Since any binary linear transformation with integral 
coefficients modulo 2 is generated by the preceding two, it follows that any 
such transformation gives rise to a permutation of a,c, s amongst themselves, 
and the same permutation of P,, P2, P3. Hence any symmetric function 
of a,c, ss a formal invariant modulo 2 of Q. 
The elementary symmetric functions are, modulo 2, 


Ne q=@+ac+e+(a+e)b, k =ac(a+b-+e). 


They form* a fundamental system of rational integral formal invariants 
modulo 2 of Q. 
3. Consider the system of forms Q and 


L = nx + ky. 


The values of J at the points P;, Pe, P3 are 7, £, n + &, respectively. The 
latter undergo the same permutation as the P’s when / is transformed linearly 
($ 2). Hence, if ¢ is any polynomial in two arguments, 


are permuted amongst themselves when @Q and / are transformed linearly 
modulo 2. Hence any symmetric function of these three ¢’s is a formal 
invariant modulo 2 of Q and J. 

Taking ¢ (a, 7) to be 7, ay, and an’, in turn, and employing the elementary 
symmetric functions in each case, we get the following formal invariants of 


@ and I: 
N=Etipte, wain(Etn), gF=(atbE+(b+e)n, 
t=acin +s(an+c&)(E+n), w=(a+b)@+(b +e)’, 
0 = achy? + 8(an’ + ch’) (2 +7), 
and kr,kr?. From ¢ = an‘, we get 
U =(a+b)4#4+(b +e)nt = du 4+ 7. 
Also ¢ and v can be expressed in terms of simpler invariants: 
t=qv0.+/7? + bu, vo=g’+uz4+dU. 


Whether or not the reduced set b, g,k,, 7,7, wform a fundamental system 
of formal invariants modulo 2 of Q and / has not been investigated. 
But if we pass to modular invariants by regarding a, b,c, £, n to be integers 








* Madison Colloquium Lectures, p. 42. 
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taken modulo 2, we have k = bg, r = 0, wu = J, and the reduced set b, q, 
d\, 7 form* a fundamental system of modular invariants of Q and I. 
4, Passing to the general case, let 


jh es ea ae he aes hp aiesin ho Oe 


be forms of total degrees d;, --- , d; in the independent variables 21, +--+, tn. 
Let the modulus be p and let g; be the greatest common divisor of p — 1 
and d;. Set gq; =(p—1)/g;. Then for any integer p not divisible by p, 


pus ies aes alg =] (mod p) : 
by Fermat’s theorem. Hence, since f; is of degree d;, 


i@ae me 5 Ply EF = (fi Oars pias On fs (mod p). 


Using homogeneous cooérdinates, let (a1, ---,2,) be the same point as 
(p21, **+, pt), when p is any integer not divisible by p. The preceding 
formula shows that f% has a definite value at each real point (i. e., one with 
integral codrdinates taken modulo p). The values at the various real points 
are merely permuted amongst themselves by any linear homogeneous trans- 
formation on 21, +++, %» with integral coefficients taken modulo p. In fact, 
the real points are permuted by such a transformation. We thus have the 

THEOREM. We obtain a formal invariant modulo p of the system of forms 
fi (ar, +++, %),t =1,---,t, of we take any symmetric function with integral 
coefficients of the quantities 

o( fi; at? my) 
given by substituting in turn for the x’s the codrdinates of the 
Pees Dice Dot tread es 


real points. Here o is any polynomial in its t arguments with integral coef- 
ficients, and q; 1s the quotient of p — 1 by the greatest common disor of p — 1 
and the degree of fi. 

Each q; is unity if p = 2 (cf. §§ 2, 3); also if p = 3 and each f; is of even 
degree. For example, if t = 1 and 

f= fy = ax". + 2bay, + cy", 
and p = 3, the values of f at the P = 4 real points (1, 0), (0, Wen (love lane 
(— 1, 1) are respectively 
a Cc, a—b-+e, at+b-+e. 


* Madison Colloquium Lectures, p. 57. 
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The elementary symmetric functions reduce modulo 2 to zero and 
ac — Bb’, (a+ec)(a+b—c)(a—b-—e), 
ac(a+b+c)(a—b+ec), 


respectively. The first is the discriminant D of f. The last two are y2 = T 
and ayo = J in the notations of the Madison Colloquium Lectures, pages 43-45. 

A further evident invariant is the product of all non-proportional linear 
functions of a, b, ¢ with integral coefficients taken modulo 3. Hence its 
quotient 


B=b(b+a)(b—a)(e—a)(e—b)(e +b) 


by TJ is a formal invariant. In the place just cited it was proved that D,T, 
J, B form a fundamental system of formal invariants modulo 3 of f. 

If p = 5, the sum of the products by twos of the squares of the values 
of f at the six real points is 


3 (ac — b?)? (mod 5). 


Hence as before we are led to the algebraic discriminant, as well as to invari- 
ants peculiar to the number theory case. 

5. The present method is particularly useful for forms in three or more 
variables, since the construction of formal or'modular invariants by earlier 
methods is excessively laborious and dependent largely upon special devices. 

As an illustration, consider 


F(a) = a1 22 %3 + Qo 0173 + a3 21 2X2 + 0123 + be x2 + Os x3 
for the modulus 2. Its values v; for the seven real points are 
bi, bo, bs, ai +b, +bs, ay + bi + ds, a3 +b; + be, 
= (a; + 5;). 
Since their sum is zero modulo 2, we readily get 
D5 1% = dards + Do at + a1 a2 +4143 +4203 = a, 
Dd) i = D1 m3 = Da bi + Do at bi + DS aa}, 
D> 21 02 03 04 = @ DOT + Do arbi (ar + b1) (bo + b3) + > ay ae by do 
+ (a1 dz a3 + A1 Aa bs + ai G3 bg + a2 361) > a1 
+ D7 bi + D2 OT bs + by be bs D7 bi. 
The second is congruent to the sum of the formal invariants 


A=aa243 + Diaibi, Ai =a: a2,a3 + > abi + Do aa}, 
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which, with a modular invariant J, are given on pages 69 and 74 of the Madi- 
son Colloquium Lectures. Note that A is the discriminant of F. 

If we take each a; and b; to be an integer modulo 2, we find that our third 
invariant reduces to the modular invariant J +a+1. Setd =a+A4+1. 
It is proved on page 76 of the same book that A, A, and J form a fundamental 
system of modular invariants of F. 

As shown indirectly in § 6, we cannot construct a fundamental system of 
modular invariants of F by use of the real points only, but succeed if we use 
also points whose coérdinates are Galois imaginaries. 


CRITERIA FOR THE EQUIVALENCE OF Moputar Forms 


6. An important application of modular invariants is that to the question 
of the equivalence of two modular forms under linear transformation with 
integral coefficients taken modulo p. We can treat this question by means 
of the idea underlying the foregoing construction of invariants, without 
actually constructing them. For example, consider the ternary quadratic 
form modulo 2. As well known, such a form is equivalent to one and but 
one of the forms 


v1 % + 23 [4], U1 X2 + ai sai v3 [6], X1 V2 [245 ai [4], 0 [O]. 


After each form we have given the number of real points for which it is con- 
gruent to unity modulo 2. Hence no two of these forms are equivalent, with 
a possible exception in the case of the first and fourth. To show by the same 
method that the latter are not equivalent, we employ the points each of 
whose coordinates are 0, 1, 7 or 7 +1, where j is the Galois imaginary for 
which 

(1) P+j+1=0 (mod 2). 


Now 2; vanishes for just five such points, viz., (0,0,1) and (0,1,a), 
wherea = 0,1,jorj +1. But 222 + 23 vanishes for just nine such points, 
nee), 0); (0,0,0), (1,5, 0*), where db = 1, 7, or 7 +1. Hence 
the two forms are not equivalent. 

The second of our five forms vanishes for just nine such points, viz., 
(0,0,1), (1,j,@), (1,7 +1,a@). Finally, x, 22 vanishes only for nine 
such points. Hence the five forms vanish for respectively 6, 8, 4, 2, 14 
imaginary points whose coérdinates depend upon 7. Thus the classes of 
conics modulo 2 are completely characterized by the number of their rmaginary 
points whose codrdinates are functions of a root of (1). 

We readily find the characteristic invariant J; for the kth class, i. e., an 
invariant with the value unity for any form in the kth class and the value 
zero for the remaining forms. For the class represented by our second form, 
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I, is the sum of the products six at a time of the values of F for the seven 
real points. For the class represented by 2 22, [3 is the sum of the products 
by twos of those values. We get J; + I, by using the products by fours; to 
get J, itself, we employ imaginary points as above. Finally, 


l+h+lo+]3 +14 = Is. 


CONSTRUCTION OF FORMAL SEMINVARIANTS 


7. The preceding method is readily extended to the general case of the 
formal invariants of any system of forms under any group of linear trans- 
formations modulo p. 

By way of illustration, consider the form Q of § 2 and the group composed 
of the identity and 


Tr: we=aet+y, y =y (mod 2). 


It is therefore the question of the formal seminvariants of Q. Since T' leaves 
unaltered the point P; of § 2 and interchanges the points P, and P3, a and 
any symmetric function of ¢ and s are formal seminvariants. The elementary 
symmetric functions are a + 6 and cs. These with a form in fact a funda- 
mental system of formal seminvariants modulo 2 of Q (Madison Colloquium, 
page 42). 

Similarly, the system of forms Q and / (§ 3) have the formal seminvariants 
modulo 2 


a, nn, o(c,€&)+¢(s,n+é), (c,&)- (8,7 +), 


where ¢ is any polynomial in its two arguments. 


DERIVATION OF MopuLarR INVARIANTS FROM SEMINVARIANTS 


8. The method will be illustrated for the binary quadratic form Q (§ 2) 
and the modulus 2. The coefficients are integers taken modulo 2. To make 
the treatment self-contained, we shall first derive a fundamental system of 
modular seminvariants. The transformation 


(a ty sass Baa ely yay 


replaces Q by ax? + bry +c’ y’, where c’ =c +(a+0)t. Hence a and b 
are seminvariants of Q. Ifa +6 =1, we take t =c and have c’=0. If 
a +b =0, then c’ =c and the value of ¢ is given by 


J =(l+a+b))c. 


Since J has the same value for equivalent forms Q, it is a seminvariant. The 
first column of the following table gives a representative of each class ¢1, «++ , ¢s 
of forms Q. 


oe 
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REPRESENTATIVE OF THE DETERMINED BY CHARACTERISTIC 
Cuass SEMINVARIANTS SEMINVARIANT 

Q=’+ayt+y ai=0 le Jeol Cs leat 
Qo = 2? + zy a=b=1, J=0 ab(J + Haan ererce 
Q; = y? i 0 — Oe eo (abs 1)J=r4+Jd 
Q = di 0.—_ O10 a+ili)(b+ a ot Ney 
Qs = x a=1, b6=0 a(b aa 
Qs = xy a=0, dD=1 (a+1)b 











By definition, the characteristic seminvariant of a class c; is one having the 
value unity for each form of the class c; and the value zero for each form in 
the remaining classes. In the present case, the characteristic seminvariant 
of class c; was found by inspection from the values of the seminvariants in 
the second column which specify that class,—it is a product in which any 
factor is one of those seminvariants or the sum of it and unity, according as 
the seminvariant is 1 or 0 for the class. 

To derive the invariants of Q from its characteristic seminvariants, we 
separate the forms Q into classes C; of equivalent forms under the group G of 
all binary linear transformations modulo 2. Now G is generated by (2 + y, y) 
and (y,x). Since classes ¢,, ---,¢, are each composed of a single form, 
and since the forms Q; and Q, are unaltered by (y, 2), while Q2 is changed 
into a form of cs, and Q3 into Qs, we see that the classes under G are 


Crier; Cy = c2 + 66, C3 =¢3; +65, Cy =) tga 


Hence, for 7 = 1 or 4, the characteristic invariant I; for class C; is the 
characteristic seminvariant for c;. But J, is the sum of the characteristic 
seminvariants for co and cs, and J; the sum of those for c3 and c;. Thus the 
characteristic invariants are 


i= 17, I, =a7 +6), Iz3=r7+J7+ab+a=I2+0+1, I,=T1. 


In § 2 it was shown that b, q, k form a fundamental system of formal 
invariants modulo 2 of Q. Taking the coefficients to be integers modulo 2, 
we obtain the modular invariants b, q = 6, k = bé, where 


b=h+d2, §6=ac+(b+1)(at+e)=h4+]3. 
Conversely, from b and 6 we get 
x = bb, I =(b6+1)(6 +1). 


This new method of deriving all modular invariants from the seminvariants 
is more direct and simpler than the method employed in the Madison Col- 
loquium, pages 28-32. 


ADDENDA AND ERRATA, VOLUMES, 11, 14 
VOLUME 11 


Page 25. Ernest B. Lytie.* Proper multiple integrals over iterable fields. 
1. Consider the fundamental relation 


(A) ref [ref firs fo 


where f is any limited function defined over the limited field 2{, and where 
the integrals are Pierpont integrals and hence are applicable to fields which 
are not metric (defined in these Transactions, vol. 11 (1910), p. 26). 
The problem under consideration here is to find the most general conditions 
upon the field 2{ under which relation (A) is true. 

Pierpont has shown} that relation (A) is true when the field 2 is metric. 
In a former papert the author found a more general class of fields called 
iterable for which relation (A) holds true. This class of iterable fields includes 
all metric fields and some non-metric fields. 

In this note I show that iterability of the field 2{, that is, 


f€=%, 


is also a necessary condition that the class of limited functions over 9 simul- 
taneously satisfy relation (A). 

2. THrorEeM 1. [Jf all limited functions defined over MA satisfy relation (A), 
then I zs iterable. 

Consider the contraposite, if 2{ is not iterable then not all limited functions 
over %{ satisfy (A); and we see that to prove Theorem 1 it is only necessary 
to show there exists a limited function over a non-iterable field which does 
not satisfy (A). Such a function is as follows: 

Example 1. In U ={2x, y}, let OS a 1; for rational & let Oe eee 
and for irrational z letO =y =4. Letf(a, y) = 1 over this Y. 

This 2 is not iterable, for 


* Presented to the Society (Madison), September 8, 1913. 

+ These Transactions, vol. 7 (1906), p. 167. 

tThese Transactions, vol.-11 (1910), p. 25. 
504 


| oe 


ADDENDA AND ERRATA 505 


and therefore { © does not even exist. Further, f(x,y) here does not 


satisfy relation (A), for 


isk and f [s=s. 
Ju J UG 


By combining Theorem 1 above and Theorem 14, p. 35 of my former paper 
cited above, we get the following important theorem: 

THEOREM 2. In order that all limited functions over YX simultaneously 
satisfy relation (A), it is necessary and sufficient that YX be iterable relative to x. 

3. It is to be noticed that iterability of the field is not necessary in order 
that a single particular limited function satisfy (A), as the following example 
shows. 

Example 2. Let 2{ be defined as in Example 1 above. Let f(x,y) =1 
when 2 is rational and f (2, y) = 2 when z is irrational. 

Here again % is not iterable, but relation (A) is satisfied, for 


[rq3, Jira. [fren fret. 


4. Correction. I wish to call attention to an error in Theorem 8, page 31 
of my former paper cited above. This theorem as there stated will not hold 
for certain fields involving a Pringsheim aggregate* which has a two-dimen- 
sional content greater than zero while each linear section parallel to the z-axis 
(or y) has a linear content equal to zero. 

The proof as there given will hold if we restate the theorem as follows: 

THEOREM 3. Let f(x,y) be limited over the limited field UX = %1 + Xe 
where %, and %X» are so defined that on each linear section parallel to the x-axis 
(or y) the points of %, and Xz are each everywhere dense with respect to the other. 
Let f(x, y) = 0 over X,, and f(a, y) =0 over A.. Then relation (A) is true. 

Theorem 8 was used in no other place, so this error affects no other part 
of that paper. 

The author is indebted to Prof. R. G. D. Richardson for calling his attention 
to the above error; also for suggesting the truth and method of attack of 
Theorem 1 of this paper. 


THe UNIVERSITY oF ILLINOIS, 
November 7, 1913. 


* Pierpont’s Lectures on the Theory of Functions of Real Variables, vol. 1, p. 546. 
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VOLUME 14 


Page 65. OswaLp VEBLEN. Decomposition of an n-Space by a Polyhedron. 

Page 66, line 4 of $4, for “consisting” read “whose interior consists.” 

Page 66, line 6 of §4, for “The” read “A.” 

Page 66, line 9 of §4, before the word “According” insert the sentence 
“Tt is easily seen that a region has at most one boundary.” 

Page 66, line 4 of §5, between the words “two-dimensional” and “ poly- 
gonal”’ insert “polyhedral or a.” 

A polyhedron is defined in §5 as a set of n-dimensional polyhedral regions, 
together with their boundaries, subject to certain restrictions. ‘These re- 
strictions are not properly stated. Instead of modifying the statements as 
they stand, I propose to make a change which simplifies the whole matter 
without any loss of generality. 

It is easy to prove, by an argument like that in §7, that the set of points on 
any polyhedral region together with its boundary can be regarded as com- 
posed of a finite number of convex polyhedral regions together with their 
boundaries. Hence any set of points consisting of a finite number of poly- 
hedral regions and their boundaries may be regarded as consisting of a finite 
set of convex polyhedral regions and their boundaries. In view of this obser- 
vation, we replace the definition at the bottom of page 66 and the top of 
page 67 by the following: 

An n-dimensional polyhedron is a set of points [P]| which satisfies the 
following conditions: (1) | P] consists of the points in and on the boundaries 
of a finite number of n-dimensional convex polyhedral regions, Fi, F:,---, Fz, 
no two of which have a point in common, and which are such that whenever 
there is an (n — 1)-dimensional convex region contained in the boundary 
of each of g F’s and containing no point in or on the boundary of any other F, 
g is an even number; (2) there is no subset of | P |] which has the property (1). 

This change in the definition renders superfluous the corollary (1) of §16 
on page 72, but makes no change in the rest of the paper. 

It is perhaps desirable to call attention to the fact that, according to the 
definition employed in this paper, the boundary of a general region need not 
be a closed set of points. It does, however, require the boundary of a convex 
or polyhedral region in a number-plane to be closed. 
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